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PEEFACE. 



In compiling this work, the Author has tried to make prominent 
the fact that Graphic Methods are only the instruments by 
which particular numerical results are often easily obtained, and 
if considered apart from physical conditions and quantities, they 
are simply mathematical exercises, and of little real use to the 
engineer or the engineering student. For this reason some of 
the designs hate been worked out in detail, and the chapter on 
working stress has been written. 

The sequence of chapters might have been altered perhaps with 
advantage ; but as many of them are comi)aratlvely complete 
in themselves, this is not a matter of great importance. The 
reason for introducing the theory of bending so early was, that 
in the Author's opinion it is preferable to show the application 
to concrete structures of the various graphic methods given in 
the te;(t ; and as that involved the design of a strut, and that 
again involved the theory of bending, the Author did not hesitate 
to introduce it where he did. Should any reader not be familiar 
with the different methods of deducing results there shown, he 
may pass them over and use the results in the design he has in 
hand. 

Much has been introduced into this work which is not to be 
found in many books on Graphic Statics, such as the theory 
of counterbracing, maximum bending moment with moving 
loads, design of a plate girder, stability of masonry structures, 
masonry and metal arches, and the theory of structures con- 
taining redundant members ; but the Author has not attempted 
to treat these sections exhaustively from every point of view, 
but rather to introduce them in their general aspect, and thus 
pave the way for a further study of works much larger than 
this. At the same time it is hoped that the reader may be able 
to find in these pages much that will be useful to him in his 
ordinary work. 

London, May, 1806. W. W. F. P. 
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SYMBOLS GENERALLY USED IN THE TEXT. 



/ 83 stress intensity per square inch. 
E — Young's modulus of eLasticit j. 
F ss applied force. 

H ss moment ; generally bending moment. 
h ss distance from neutral axis to outside fibre in beams. 
h s rise tn arob. 

H ?. horizontal component.in arch ring. 
I a geomedrloal moment of inertia alx>ut an axis through the centre of gravity 

of section. 
B = radius of curvature in beams and bending. 
R a i^sultant force in connection with masonry. 
B = total stress in member produced by loada when redundant member is 

removed. 
B a seaction at end of beauL 
« a load. 
I a length. 

d = depth or thickness. 
A a area. 

p a radius of gyration. 

n in struts given by equation d=.nP. See page 78. 
t in struts given by equation a = ep. See page 85. 
e in struts = constant. See page 101, table of 102. 

ib a --. in struts. See table, pages 150 and lOS. 
pt . • .» 

m a -— . in equation S m a elongation. 

A ifl 

B a total stress in fliember, in problevis requiring the principle of work for 

solution. 
dl = elongation of 2, a S m. 



ERRATA. 



Page 88, Une 9 from top, for t> h read 6 H. 
„ 88, line 18 from top, for R I read K L. 



If 

II 
II 



ii 
II 



40, line 21 from top, for elongation read compression. 
107, line 7 from bottom, for rows read irons. 

150, circular section, moment of inertia should be — - D^. 

64 

151, angle and tee section, at top of page, the dimension - in the figure 

should be 6 ; and in the expression for moment of inertia, t bhould 

read t*. 
231, R lies on the horizontal through T, and immediately above S. 
235, line 8 from bottom, for \ read \. 



„ 236, Une 6, for two-thirds read one-half. 



GEAPHIC STATICS. 



CHAPTER I. 

Introductory. 

The term "graphic statics" is generally meant to imply 
the art of solving some useful statical problems graphically — 
that is, by the mere drawing of lines. Since the solution of 
problems other than statical is given by one or more 
equations, and equations can be represented graphically by 
curves, it is clear that the solution of problems of almost 
any description may be represented graphically, and in 
many cases problems may be completely solved by graphical 
methods ; hence it is not surprising to find under the 
heading '* Graphic Statics" problems solved graphically 
which are more nearly related to other branches of natural 
philosophy. 

A diagram or curve in itself represents a mathematical 
fact or relationship altogether independent of any physical 
phenomena, and it is onlv when the several components 
of the figure are assumed to represent phvsical quantities 
that the diagram can bear any physical interpretation. 
A diagram may fulfil two different objects : it may present 
to the eve a picture representation of the intensity > or 
degree of certain phenomena; or it may be used to obtain 
a solution to a problem by the mere drawing of lines. 
In both instances it may be found to possess manifold 
advantages over other processes of representation or 
solution, but in all oases judgment should be exercised in 
its application. 

Its relation to engineering work is much of the same 
nature as that of the slide rule or mechanical calculator. 
It is a means to an end, whereby a more or less complicated 
mathematical operation is simplified and facilitated, the 
result being often obtained with the expenditure of but 
an infinitesimal amount of brain power. The study of 
** graphics" in the abstract only would be of little use, 
except as a factor of mathematics ; it is in its application 
to the concrete problems of the engineer and the physicist 
that its intrinsic value becomes apparent. Even then it is 
only a portion of the whole problem to be solved ; for let 
B 
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US take as an example the design of a roof truss. The 
drawing of the stress diagram is only the beginning of the 
design. The compression members have to be designed 
to resist crippling as well as direct compression, while those 
members that resist external transverse forces have to be 
made strong enough to resist bending as well as the other 
straining actions. It is thus evident tnat graphic statics is 
intimately related tOj and mixed up with, structural design 
in general, and it is on this account that some of the 
succeeding problems will be worked out in full, and not 
merely the stress diagram given. In this way it is hooped 
that some of these notes may be of more than passing 
interest to the draughtsman or designer^ and that the 
student may form an idea of the ultimate object of the study 
of graphics. 

Gbaphic Solution op Equations. 

Although not of frequent occurrence, it is sometimes 
necessary to solve an equation containing a higher power of 
the unknown quantity than the second. It may b^ chance 
be solved algebraically in a few isolated cases, but it will be 
found that in most instances that occur in practice a 
solution may be easily obtained by a graphic metnod. 

As a first example, let us take a quadratic equation, 
because the solution may be obtained by easy algebraical 
methods, thus forming a check upon the graphic solution. 
The algebraical solution of the equation 

ic2 + 2 ic - 3 = (1) 

gives us a; c= 1 and - 3. Draw two lines at right angles, such 
as X X^ and Y Y ^, intersecting at O, the origin (fig. 1). Measure 
the several values of x from the line Y Y^. pamlel to X X^, 
and the values of y parallel to Y Y^ from tne line X X^. The 
positive values of x and y are measured to the right and 
upwards, while the negative values are measured to the left 
and downwards, respectively. 

The lines XX^ and Y Y^ are called the axes of x and y 
respectively. 

Now we may write equation (1) in the form 

x^ + 2x-S = y (2) 

equation (1) being really only a special form of (2), when y 
is made equal to zero. Give to x any values which may 
seem convenient, such as natural integers 1, 2, 3, &c., and we 
obtain a corresponding series of values for y. Again, by sub- 
stituting for X negative integers, another series oi values 
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of y will be found. Plot off these pairs of values of ^ and y 
as in fig 1. Thus, when a; « 1. ^ »■ o; therefore measure off 
from O along O X ^ distance O A, equal to unity. This is a 
point on the curve. Again, in equation (2) a; » 2, ^ » 5. 
Hence set off OB = 2 and BO » 5; then is a point on 
the curve. When a; = o, y = - 3; therefore measure off 
from O along O Y^ in the negative direction O D =» 3. Also^ 




when a?= -1, y« -4, which, when plotted, locates the 
point E. If this be carried on with a few more values of x 
and ^, and the points so obtained joined up in series, we 
obtain the parabolic curve F E D A C, which is the graphical 
interpretation of the above equation (2). The particular 
value of y which gives us equation (1) is zero; therefore, 
what values of x correspond to t/ = o. Now, y is measurea 
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ui)ward from the line X X^ j hence, as the distance is zero (in 
this particular case), the line X X^ will contain all points 
situated at a distance from it equal to nothing. The 
corresi)onding values of x are OA and OA^, wmch are 
numerically equal to 1 and - 3 respectively. 




These numbers are the roots of equation (1), found 
algebraically. This method, applied to any equation con- 
taining only one variable or unknown quantity, will 
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provide a solution. Virtually it is only required to draw 
the curve accurately near the points A and A^, where it 
cuts the axis of x ; but, at the same time, it should be 
drawn roughly throughout its different convolutions, so as 
to obtain a fair idea of the form of the curve. 

This process may be considerably simplified, as may be 
seen from what immediately follows. Equation (1) may be 
written thus — 

a?2 = 3 - 2a? <3) . 

Let x^ = y, and 3 - 2a; = y^ (4) 

akolet a;2 + 2a; - 3 = Y . . . . . (5) 

then ^ '^ y - y^ (6) 

But equation (1) is a particular case of equation (5), when 
Y «■ ; and therefore, when y - y^ =o, ory= y^ — that is, 
when an ordinate to the curve— y == x^ (for a particular 
value of x) equals the ordinate to the curve y^ = 3 - 2a? 
(for the same value of x). This can only happen where the two 
curves, y = x^ and y^ « 3 - 2y, intersect ; hence, plot the 
two curves represented by equation (4). These will be the 
parabola M O Q, and the straight line M P, fig. 2 ; they 
intersect in M and P. The numerical equivalents of the 
abscissse of these points — namely, of O A^ and O A — are the 
roots of the equation — 

a;2 + 2 a: - 3 =• 0. 

This method of solution is now obvious. Draw the curve 
represented by the equation x^ = y^ and the straight line 
^iven b^ 3 - 2a; = ^. The abscissse of their points of 
intersection represent the roots of the equation. 

If we analyse figs. 1 and 2, we shall find that the latter 
is only the K)rmer dissected ; and we can easily compound 
the two curves of fig. 2, so as to produce that of fig. 1. 
Thus, from equations (5) and (6), we see that 

y - 2^1 - Y = a?* + 2a? - 3 ; 

or, in other words, an ordinate Y, in fig. 1, is the same as 
the ordinate ^^ of the straight line. fig. 2, subtracted fro^i 
the similarly-situated ordinate y ot the parabola. In the 
figure, when 

a;=-l, y = l = RN, 

and yi=5 = RS; 

and hence 

Y = y-yi = RN-RS = RE--4. 
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At Py where the line and parabola intersect, 

Y»y -yi =- AP- PA«0; 

and hence the corresponding value of x gives one of the 
roots of the equation. 

This idea may be extended to equations other than 
quadratics. Take the equation — 

a' - a?^ + 3a: - 1 « « y, say. 
This is made up of three separate equations, namely — 

«' =■ yx> ^^ "" ^2* and 3 a: - 1 = y.. 
When taken together, we have — 

y = yi - yj + ys 

for the same value of x^ and hence the sum of the first and 
third ordinates, minus the second, gives the value of the 
ordinate of the curve — 

a?' - a;^ + 3 a: - 1 « y. 

If a solution of this equation is required, it will be found 
rather easier for the beginner to draw the two curves 
represented by — 

a:' = y, and a:* - 3 a: + 1 = y^. 

The abscissa of their intersection gives the real root of 
the equation, the other two being imaginary. 

It will be found convenient to plot the curves a:* = y, 
a:' « y, and x^ » y, on a piece of squared paper (fig. 3} ; the 
larger the paper the better. The squares should be divided 
into ten equal parts, and every tenth line should be thickened. 
This expedites the plotting considerably. For the sake of 
clearness in the figure, the squares have not been divided 
into ten equal parts, the figure being so smalL 

Now, should it be required to solve the equation — 

a:« - 4 a: - 2 = 0, 

all that remains to be done is to draw the straight line 

y « 4 a: + 2, 

which can be done by merely plotting two points in the line. 
The curve y = a:^ is already drawn, and the intersections A, 
B, and C of this curve and the line give the solution of the 
above equation. It will be noticed that the intersection 
occurs at three points; hence there are three real roots to 
this eauation. They are x = 2*2, x « *63, and x » 1*64, 
Instead of actually drawing the line y » 4 a: + 8, a very 
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fine piece 3f^wire or silk thread can be stretched between 
two points in it, and the points of intersection noted. In 
this way the squared paper does not become filled up with 
lines. This method is recommended by Prof. B. H. Smith 
in his treatise on " Graphics." 

Simultaneous equations may be treated in a similar 
manner. Let it be required to solve the equation — 

X - y^ + S ==0) ^'^ 

Plot both of these curves, and the co-ordinates of their points 
of intersection are the real roots of the above simultaneous 
equation (see fig. 3). They are x = 2*09, y = - 2*35, and 
a: = - 1*2, y = 1*32. The equation— 

3 logio a? - 4 a: + 24 = . . • . . (8) 

is easily solved by first plotting the curve — 

y = logio Xy 

and then the straight line — 

3y-4a; + 24 = 0. 

The abscissae of the intersections, as usual, give the roots. 

Equations containing trigonometrical functicms are just 
as easily solved. 

It will be noticed in fig. 3 that the curves generally 
have a greater range in the vertical than in the horizontal 
direction. Should this be inconvenient, the vertical scale 
can be taken a fraction of the horizont'il scale, say one-tenth 
or one-hundredth. This will have the effect of widening 
the curves out considerably. 

Diagrams in Three Dimensions. 

Up to the present time the only equations taken have 
been those in which there were only two variables, and 
they have in every case represented curves that existed 
wholly in one plane. The two variables represented the 
dimensions of the curve in the plane when measured from 
well-known and recognised fixed lines called axes. If now 
an equation should contain three variables instead of two, 
it is evident that it cannot be represented by a single curve 
in one plane, as heretofore, but will necessitate another 
dimension or direction in which to measure the third 
variable. In the previous cases, the two axes were taken 
at right angles to one another. Now add another axis 
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■vrbich la perpeiidiciilar to each of the other two, and which 
passes through the origin. This axis denotes the direction 
lii which the third variable should be measured. 

As it is not possible to represent a solid in the same way 
aa a plane figure, we must resort to some sort of projection 
on a plane. 

As an example, let us take the equation— 

PV=RT (9) 

which represents the relation between the pressure volume 
and temperature of a gas, in which P = pressure per square 
foot, V — volume in cubic feet, K — a constant = 63'2 for air, 
and T — the absolute temfwrature on the Fahrenheit scale. 
Forthesake of plotting it ia easier to use pounds per square 



inch, which, if represented by p, the above equation becomes 
p Y ■= -368 T (for air). Now, from 0, fig. 4, draw P and O V 
at right angles, these being the axes of pressures and volumes 
respectively. Then take OG inclined at any angle, say 
45 deg., to O V. It is in reality perpendicular to the plane 
containing P and V, and along this line or parallel to it 
the absolute temperatures are to be measured. 

Give any value to T in the above equation, say 493, corres- 
ponding to S2 on the ordinary scale (Eissuming absolute zero 
to be at - 461 deg.), and measure olT K = 493. Then 
whatever values p and V can have in the equation 
p. V. =- -368 X 493 will be plotted on the plane throuah E 
parallel to the plane containing P V, namely, A £ D. This 
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plane is shaded with vertical hatchings for the purpose of 
emphasising it. The pressures are only taken up to 120 lb. 
per square inch, and the volume to 18*2 cubic feet. Hence 
A E = O P = 120 lb., and E D = OV - 18*2 cubic feet The 
points in the curve B J C are obtained by giving values to 
V, and solving the equation for jo. The values given to V 
are plotted on along ED from E, and then the corresponding 
values of p erected at the ends of those abscissae. 

In the same way the curve T Z U is plotted in the plane 
S X W, when the temperature is assumed to be 1,000 deg. 
Fah. — that is, 1,461 deg. on the absolute scale, and therefore 
O X » 1,461 = T. Again, the curve Q R is plotted for an 
absolute temperature of 2,461 deg. 

If we join up the terminals B, T, Q of the curves, we find 

' they all lie on a straight line through the point P. Similarly, 

E U C y is a straight line. This fact might have been 

anticipated from a glance at the original equation, which 

may be written as — 

y ^ ;368 rp 

P 
All the points Q, T, B, and P are at the same height above 
the base of the diagram, namely, 120 lb. As p is here con- 
stant, the equation shows that V varies as the temperature 
T, the equation being of the first degree ; Q P must 
necessarily be a straight line. The same reasoning also 
applies to EV. The hollow-curved surface Q B C E is 
the graphical representation of equation (9), in the same 
way that the plane curves in previous figures represent 

graphically the respective equations from which they were 
erived. For most purposes the equation can be converted 
temporarily into one of two dimensions, by giving one of 
the variables a definite value ; the corresponding plane 
curve can then be plotted. If other values are in turn given 
to the same variable, and the several curves plotted, we shall 
have a series of curves of the same kind, apparently in the 
same plane, which, with certain limitations, will represent 
the curved surface to a certain extent. Three such curves 
are Q E, T^ Ui, and Bi Ci, all of which are in the plane 
F Q H. But, upon a closer inspection, it is manifest that 
these curves are no more than the curves Q E. T U, and 
B C projected on the plane F G H by lines parallel to the 
axis O G. 

This diagram belongs, strictly speaking, to thermodynamics, 
but it is here given as a fair representation of an equation 
containing three variables. 
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Drawing Parallel Lines. 

The essence of graphic work in general depends upon 
the accuracy with which a line may be drawn parallel to 
another line on any portion of a sheet of paper with ease 
and celerity. An ordinary rolling parallel rule may he 
used, but to be of general use it must be of considerable 
length, at least of from l^ft to 2 ft. The longer the rule 
the more nearly parallel the line, but the longer the rule the 
quicker one end moves off the drawing board, so that, at 
oest, it is only a compromise. Two set squares may be used, 
but if the line to be drawn is a long way from its parallel 
companion, there is everv chance of the final line being 
considerably out of parallelism, besides the inconvenience 
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of shuflling the set squares one after another down the 
board. 

The only way in whnSh ^diagrams containing parallel lines 
<»n be quickly and accurately drawn is by the use of 
the clinograph, fig. 5, which was invented and patented 
by Mr. Joseph Harrison, Wh.Sc., A.M.I.C.E. It consists of 
a couple of arms connected by a stiff joint, one of which 
slides along the edge of the T square, the inclination of the 
other being adjusted so that its edge coincides with the line 
to which another has to be drawn parallel. By placing 
the foot gainst the edge of the T square, a perpendicular, 
instead of parallel, line can be drawn (see B, fig. 5). The 
author has found that work with this instrument may be 
still facilitated by cutting off the pointed end of the arm 
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near the joint, and shaping it in the form of a circle, to 
which the drawing edse is a tangent (see fig. 5, B). In this 
way the arm may oe directly set parallel to a ^iven line by 
bringing the circular end up to the line until it touches it, 
and then swinging the arm round until its drawing edge 
coincides with the given line. The circular end should 
have its centre in the axis of the rivet pin of the joint. 
This instrument will also be found of great use to students 
in practical, plane, and solid geometry. 



CHAPTER II. 

The Laws of Equilibrium. 

The whole of Uie subiect " Statics '^ is based upon the two 
laws of equilibrium, which fact has hardly been emphasised 
as it should have been in most of the student's text-books. 
Such abortive terms as the " principle of the lever," so often 
to be found in the applied mechanics examination papers of 
the Science and Art Department, would perhaps never be 
used at the present time had the principles of equilibrium 
been taught as they should have been. 

A body^ may be said to be in equilibrium when all the 
forces acting on the body mutually balance each other, both 
as regards translational and rotational effect It may, per- 
haps, be put in another wav, thus : Let a body be perfectly 
free to move. Any force, either great or small, will, it applied 
to the body in the above state, make it move \ the greater 
the force applied, the greater will be the velocity produced 
in the body. If now a bodv, which is perfectly free to move, 
does not move, then, clearly, there can be no resultant force 
acting upon it — that is, the forces acting mutually balance 
each other. This state of balanced forces is called equilibrium. 
The two laws of equilibrium may now be cited. 

If any number of forces act upon a rigid body, and main- 
tain it in equilibrium, then — 

I. Hie sum of the components of these forces in any one direc- 

tion must he zero ; and 

II. The sum of the mom>ents of these forces about any point in 
their plane must he zero. 

These two laws are almost self-evident ; for, in the first, 
if the sum of the components in any one direction be not 
zero, it must be some definite resultant force, which will 
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make the body move. But as the body does not move, then 
there can be no resnltant force in any direction. Similarly 
with the sum of the turning effects or moments of the forces. 
Because the body does not turn, there can be no resultant 
turning effort acting upon it — that is, the sum of the 
moments must be zero. These results will be more deeply 
impressed upon the student's mind if he will take a ^w 
cases of equilibrium and draw the diagram of forces to scale. 

There are a couple of results in connection with the 
equilibrium of a body which it will be well to bear in mind. 

The first is that tlte force diagram of a body in equilibrium 
must be closed. This will be seen at once, thus : If the 
polygon of forces (force diagram) of a body not in equilibrium 
be drawn, the polygon will not be complete, but will require 




MACTIOM. (NOMUII 

Fig. 6. 



a single line to be drawn direct from the starting point to 
the finishing point, before it is completed or closed. This 
line represents the resultant of the set of forces. If, now, 
the boay is in equilibrium, there can be no resultant force, 
and therefore no line will be required to be drawn to com- 
plete the polygon | or, in other words, the polygon will be 
complete without it. 

Another is, that if only three forces act upon a body' in 
eouilibrium,tke directions of these forces must all pass through 
tne same point. For, if possible, let the three forces P, Q, 
and S maintain the body, fig. 6, in equilibrium. The 
resultant of P and Q must be R bv the parallelogram of 
forces, and its direction must be parallel, equal, and opposite 
to S, from the first law of equilibrium. If the direction of 
S does not pass through the intersection A of P and Q, it 
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must lie at some distance a from it Then the two equal 
and opposite forces R and S will produce a couple tending 
to rotate the body, equal to S a. But as the oody is in 
equilibrium, there can be no resultant turning effort acting, 
and hence S a must be zero. As S cannot be zero, then a 
must be zero — that is, S must pass through A, the inter- 
section of the other two forces. 

Again, if a hinged rod in equilibrium is acted upon by a 
nurnher of forces at its extremities onlj/y then the stress in the 
rod must act along its axis. 

In fig. 7 let one end of the rod A B be acted upon bv the 
forces Fj, F2, F3, and F4.. These forces will have a resultant, 
say Bi. From the first law of equilibrium, there must be 
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an equal parallel and ppposite force Ba at the other end 
Each of these can be resolved parallel and perpendicular to 
the axis of the rod. The parallel components will be equal 
and opposite, and the perpendicular components will form 
a couple, whose moment is the length of rod multiplied by 
the component. But as the rod is in equilibrium, there can 
be no resultant couple acting upon it; therefore the moment 
of this couple must be zero — that is, the perpendicular 
component must be zero ; and hence the resultant force on 
each end must be wholly along the axis. The internal 
force, or stress, which resists the external force must be 
equal and opposite, and therefore must act along the axis 
of the rod. 
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CHAPTER III. 
Sheabino Foecb and Bending Moment. 
If there is Kny excuse needed to account for the intro- 
duction of the investigation of shearing and bending action 
at]tJiis early stage, bSore considering the cases ot simple 



direct stress. It is that in so doing -we meet -with the 
graphical determinations of the conditions of equilibrium of 
a body, which will be more or leas used throughout the 
whole of Graphic Statics. 

The author has often found students to possess very hazy 
notions as to the meaning of the terms shearing force and 
bending moment, and he therefore proposes here to approach 
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the matter from a very elementary^ point of view, in the 
hope that, by so doing, some of the intellectual fog may be 
cleared away. The beam, fig. 8, is supported at both ends, 
and loaded with three weights of 5, 8, and 10 tons, as shown. 
The supporting forces are at once obtained from the applica- 
tion of tne two laws of equilibrium. From the first we get 
the sum of the external forces acting on the beam is zero, or 

Ki + Kg - 5 - 8 - 10 = (10) 

From the second law, the sum of the moments of all the 
forces about any point in the plane of the forces is zero. 






^-arficui Hn^K^ttr 



Fig. 9. 

Take moments about any point A in the line of action of 
the right-hand supporting torce, and we get 

20Ki - (6 X 12) - (8 X 10) - (10 X 4) = . . (11) 
therefore Ri = 9 tons. 

Substituting this value of Ri in (10), we find that Rg = 14 tons. 
This operation of finding the supporting forces is nearly 
always the first to be carried out in finding the bending 
moments, shearing forces, or the stresses in a hinged 
structure. 

SHEARING FORCE. 

Take any transverse section of the beam, say that at C, 
and find the sum of all the forces acting on that part of the 
beam to the right of the section C. 

Sum of forces = Rg - 10 = 14 - 10 = 4 tons. 
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In other words, the resultant of all the forces to the right of 
C is 4 tons ; or the forces to the right of C are tending to 
make the portion A C of the beam move bodily upwards in 
the same way that a single upward force of 4 tons would do. 

Again, in the same manner, the sum of all the forces to 
the left ofC = Ri-5-8 = 9-13=-4 tons, the nega- 
tive sign showing that this resultant force acts in the 
negative or downward direction. 

Hence we have on each side of the section C a resultant 
force of 4 tons — one urging the right-hand portion of the 
beam in the upward direction, the other urging the left- 
hand portion in the downward direction. ^This action is 
precisely the same as would be produced if the beam were 
inserted between the knives of a hydraulic shearing 
machine, and the knives replaced by simple blocks of metal, 
as indicated by the shaded portions of fig. 9, and a total 
pressure of 4 tons brought to bear upon the hydraulic 
piston (neglecting friction). This action is called a shearing 
action, and either force of 4 tons is called a shearing force. 

Obviously, then, the shearing force over any transverse 
section of a loaded beam is the sum of the forces on one side of 
the section ; either side being taken at will. 

The shearing force at any section of a beam may be 
represented graphically by plotting ordinates at different 
points along the axis of the beam, the length of the ordinates 
being proportional to the shearing force. Thus, the shearing 
force near the end A, iig. 8, must be Ro (neglecting the 
weight of the b€».m), that being the sum of the forces to the 
right of the section. This shearing force remains constant 
as the section is moved from A to the line of action of the 
load, 10 tons. Between the loads 10 tons and 8 tons the sum 
of the forces to the right of the section will be R2 — 10 = 4 
tons, and this is constant between these loads. Similarly, 
between the 8 tons and 5 tons the shearing force is R2 - 10 
_ 8 = - 4 ; and between the latter load and the end the 
shearing force isR2 -10-8 — 6 = -9 tons. 

Draw a line A^ Bi parallel to the axis of the beam, and of 
the same length, ana plot the ordinates representing the 
shearing forces. Beginning at Ai, assuming the upward 
direction as positive, we plot off Ai Di = R2 = 14 tons to 
some convenient scale. As the shearing force is constant 
between the loads, the upper ends of all the ordinates 
between Di and Ej must lie in the line Ei Di. At / erect 
the ordinate /Fi = R2 - 10 = 4 tons. The line GFi will 
be horizontal for the same reason that E^ D^ was horizontal, 
c 
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Proceeding in this way, between h and ^, the shearing force 
was found to be - 4 tons ; therefore, plot gr Hj = - 4-— that 
is, equal to 4 tons in the downward or negative direction. 

Completing the diagram, and drawing the cross lines for 
the sake of emphasis, we get a representation of the shearing 
force throughout the whole length of the beam. To prevent 
any confusion of signs, it is better to keep to one side of the 
section throughout the whole length of the beam when 
commuting the shearing forces. There follows, from what 
has just been done, a simple mechanical rule for drawing 
the shearing force diagram. Begin at one end of the beam, 
and draw a zigzag line, such that the vertical portions 
represent in magnitude and direction the forces acting on 
the beam. Thus, at Ai erect an ordinate A^ Di = 14, in the 
same direction as Eo. Draw the horizontal line Di Ei to 
the line of action of tne next force. From Ei draw E^ Fi — 
10, in the same direction as the force 10 tons ; then, after 
completing the horizontal line Fi Gi, draw G^ H^ parallel 
to the force 8 tons, and equal to it. In the same way, Ji Kx 
= 5 tons, and Ll Bi => 9 tons. 

BENDING MOMENT. 

Take any transverae section 0, as before, at a distance of 
sav 8 ft. from the point A. Now the sum oi the moments of 
all the forces acting on the beam to the right of about the 
axis of the section is 8 Ro - (10 x 4) — 72 tons-feet in 
anti-watch-hand direction, which we mav call positive. 
Again, the sum of the moments of all the forces to the left 
of C aix>ut the axis of the section C — - (Ri x 12) -t- (5 x 4) 
+ (8 X 2) = - 72 tons-feet The two resultant moments 
about the section are equal and opposite in sign or 
direction, and hence their sum must oe zero, which we 
should naturally expect from the second law of equilibrium. 
Either of these moments is called the bending moment at 
the section C. Hence we define the bending moment at a 
section as the sum of the moments of all the forces on one side 
of the section. It will be noticed that all moments which 
tend to make the beam turn about the section in watch- 
hand direction are called negative moments ; and all those 
tending to make the beam turn in anti -watch-hand direc- 
tion are called positive. In the same manner all forces 
acting in some particular direction are considered positive ;: 
those in the opposite direction negative. The particular 
direction mav be chosen at will 

The bending moment at any section X between R2 and 
the load 10 tons, distant x feet from R2 = R2 ^ = 14 a; tons- 
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feet = y, say. Then, when a; =- 0, y = ; also when a? « 4, 
2( » 56 ; and as the equation ^ » 14 a; is of the first degree in 
x^ and y similar to the second part of equation (4) it 
therefore represents a straight line. Hence measure off 
from A2, a; = 4 in the left-hand direction, and erect the 
ordinate y = 56, giving the point E2. Join A2 E2. Again, 
take another section C between the loads 10 and 8 at a 
distance x ft from A. The bending moment at C = sum of 
moments of forces to right of C = (R2 x a?) - 10 (a; - 4) = 4a? 



rxy^ooooon nononoqcTX^ooooo 




^ Pio. 10. 

+ 40 "= y, which represents another straight line. Give to 
X its least value, 4, then ^ = 56 tons-fee^ the same result 
obtained just previously. Next give x its maximum value, 
nameljr, 10 ; then y « 80. Set off A2 »i = 10, and m H2 = 80, 
and join H2 E2. Carry this process on, and we find the 
bending moment under the load 5 tons is 72 tons-feet. 
Plotting n K2 = 72, and joining H2 Ko and K2 B2, we obtain 
the bending moment diagram B2 A2 £2 ^2 K2, such that the 
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bending moment at any section of the beam, say Z, is 
represented by the ordinate Zi Z2 of the bending moment 
diagram lying immediately below Z ; also the shearing 
force there is represented by the ordinate pq of the shearing 
force diagram. 

In constructing the bending moment diagram, the student 
will iind it well to always take the moments of the forces on 
the same side of the section, so as not to confuse the signs, 
the same as in the shearing force diagram. It will be 
noticed in fig. 8 that the boundary of the bending moment 
and shearing force diagrams only changes direction under- 
neath the loads, and hence all that is required is to find the 
bending moment or shearing force under the loads, and plot 
the diagram from those quantities. 

Before going on to the consideration of the construction of 
the bending moment diagram by a purely graphical method, 
we will take two more examples, one with a continuous load 
and the other with a mixed load. 

In the first place, given a beam sustaining a uniformly 
distributed load of three-quarters of a ton per foot run, find 
the bending moment at any section along the beam, which is 
20 ft. long. 

The beam is shown in fig. 10. loaded uniformly, and 
supported at the ends. Then, taking the general case in 
which the load is w tons per foot run, and the total span of 
the beam is I feet, the bending moment at any section F 
distant x from the right-hand end is the sum of the moments 
of all the forces to the right of the section F, and therefore 

= R2 ^ ^ ~ moment of x feet of load about F 

wl X X 

- wx X 



2 2 



w 



-|(^a;-a;2) = y,say (12) 

If this equation be plotted after giving several values to x, 
the resulting curve will be found to be the parabola D AGH, 
whose vertex A lies underneath the centre of the span. The 
vertical intercept cut off by the parabola and the cnord H D 
represents the bending moment at a section of the beam 
lying vertically over the intercept. 

If the above equation (12) is not at once recognised as 
representing a parabola, it may be compared with the 
general equation of the second degree — 

Ax^ + Bxy + Cy^ + J) x + Ep + ¥ =-0, 
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which represents an ellipse if 4 AC is greater than B^, a 
parabola if 4AC = B% and a hyperbola if 4 AC is less 
than B2. In (12), B = 0, and C = ; hence 4 AC = B^, and 
hence the curve is a parabola. But perhaps it may be more 
easily seen by transforming the equation thus : Divide 

equation (12) by — — , add -- to both sides, and we have 

2 4 



('-i)'-i(t-) 



which is of the form X'^ = <J Y, where X = a; - - and Y = 

72 

^ y ; which means that the vertex of the parabola lies 

at a point represented by a; « o^^'^ ^ ~ ^~Qr • 

Now, knowing the curve is a parabola, and the position of 
the vertex, it is easier to describe the curve by graphic 
methods rather than to find the co-ordinates of different 
points on the curve and then plot them to scale. A very 
easy method is the following : Draw the base line H D 
parallel to the beam and equal to it in length. Bisect H D 

in S, and set off S A = — g-. Through A draw A C parallel to 

S D, and through D draw D C parallel to S A. Divide A C 
and D C into the same number of equal parts (six in figure), 
and to each of the points of section C], C2t <^c., draw lines 
radiating from the vertex A. Now at each of the points of 
section Ai, Ao, &c., erect perpendiculars. The points of 
intersection of the perpenilicatars with the corresponding 
radiating lines all lie on a parabola. Therefore, after 
obtaining the points, draw through them a curve ; this is the 
required parabola. 

It may be easily proved that the curve so formed is a 
parabola. A^ M is parallel to C C4 ;^ therefore from similar 
triangles we get 

AA4_A4M 

AC CC^ 
and as A A4 is the same fraction of A C as C C4, is of C D, 

A A4 ___ O \^^ 

XC "CD 

* The point M is the point of iuteraection of the paraooia and the radiating 
line A0«. 
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therefore A4,M _ CC* 

ca CD 

CO 
Multiply both sides by ^* , and we have 



A4M ^ /Cgy. /AAA 

CD VCD/ "Vac/ 



2 



the ratio to be found in a parabola. 

Another short method of drawing a parabola is that given 
in the left half of fig. 10. It is a theorem in conies that the 
tangent cuts the axis at a point as far on one side of the 
vertex as the ordinate cuts it on the other side. Therefore 
S A == A T. Again, if two points such as H and A are taken 
on the curve, and the chord H A be drawn together with the 
tangents S H, S A, at H and A respectively, tnen the middle 
point G of the intercept S E, cut off from a line through the 
intersection S parallel to the axis, is a point on the curve. 
This process being carried further by drawing the chords 
H G and G A, and the tangent Q G K at G (which is parallel 
to H A), the middle points 9 and p of the intercepts parallel 
with the axis through the intersections Q and K are points 
on the curve. By having the tangents to the curve at a 
number of points it is possible to obtain a more exact shape 
of the curve when only a few points are taken. The area 
contained between the chord H D and the parabola is not 
cross-hatched, as in the previous case, as it would take away 
some of the clearness of the figure. 

The shearing force at any section F, distant x from the 
right-hand endf, being the sum of the forces to the right of 
F, will equal Ro - the weight of that part of the load to the 

right oiF=^-^-wx^yy say. This is evidently a straight 

line figure, 1/ being a maximum when a? = or a? = /, and a 
minimum when x = -, Therefore put up the ordinate 

NP='|?andMW= -^K Join WP, and we get the 

shearing force diagram. In the above the numerical values 
for w and I can be substituted and the several quantities 
obtained. 

In the third example we have a beam A C, fig. 11, resting 
upon two supports situated at distances of 3 ft. and 7 ft. 
from the ends. A concentrated load of 7 tons is situated 
3 ft. from the left support and 7 ft from the right support. 
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A load o( 5 tons is imiformly distributed over the two 
portions that overlap the supports. 

The total atnOQut of overlap -'(3 + 7) ft, and 5 tons 

distributed uniformly over this length of beam 'would be at 

the rate of half a ton per foot rtm. To find the supporting 

forces, we have from the first law of equilibrium 

Ri + E, - 5 - 7 - 0, 






rrnrrrrrrrrri 



and from the second law (taking momenta about L) 

(3i X 3i) -(7X7) + (B, y 10) - (Ij x llj) = 0, 
or Ki =- 6'4 tons, 

and hence Rj = 12 - 54 = 06 tons. 

The bendii^ moment at any section between C and L 

distant x from ^ ^ T ^'^''^^^ 

The curve y = ^ 
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when plotted with the positive axis of y downwards is p 

parabola EF. The bending moment at J = (3^ x lOJ) — 
(6*6 X 7) = - 1095 tons-feet. Put up in the negative 
direction O G = 10*95, and join G F. The remainder of the 
diagram is merely a repetition of the abova 

At two points where the bending moment diagram 
boundary crosses the base line D E the bending moment is 
zero. These two points are situated at distances of 10 in. 
and 5 ft. IJ in. respectively from H. The distinctive feature 
of a positive or negative bending moment is, that while one 
produces an upward sag, the other produces a downward 
sag in the beam. 

The shearing force diagram, fig. 11, is easily obtained. 
Beginning at C, the sum of the forces increases with the 
distance until L is reached. Just beyond L the sum of 
forces to the right of section = 6'6 - 35 = 31 tons ; hence 
the sudden jump upwards of the diagram underneath L. 
The shearing force remains constant until J is reached, and 
then the boundary moves downwards through a distance of 
7. The remainder of the diagram is evident from preceding 
examples. 

There is one fact which might be noticed at this stage of 
the investigation^ it is that the ordinate of the bending 
moment diagram is a measure of the area of the shearing 
force diagram up as far as the ordinate. This may be 
easily verified by experiment, for take that portion lying 
under L 0. The area of the shearing force diagram is the 
area of a triangle whose height is 3*5 and base 7, namely, 12^. 
Again, the bending moment at J is — 9*45, and the area of 
the shearing force diagram lying under J C is 12J - (7 x 3*1) 
= - 9-45. 



CHAPTER IV. 

Graphical Determination of Reactions and 

Bending Moment. 

Let us take the beam, fig. 12, loaded with three weights 
Wi, W2, W3 tons, as shown ; the distance of the weights from 
the line of action of the supporting force K2 being a?!, X2^ x^ 
feet respectively, the total span being I feet. The arrows 
in the figures denote the lines of action of the several 
forces. Now, instead of naming a force by a letter near it, 
as is often done, we will here adopt the method first in- 
troduced by Professor Henrici and Mr. Bow, which is to 
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n&me a force or member by the two letters that occur on 
either sidfl of it. For instance, between C and D we find 
the force Wj ; hence in the upper portion of the figure the 
force W^ may be desisnated by C D. Therefore, having put 
down the lines of action of all the forces acting on the b^m 




(neglecting ita weight), label each of the spaces between a 

Eair of forces ; thus the space between W,^ and W^ has been 
kbelled C, that between W^ and Wj labelled D, that between 
W3 and Rj labelled E. that between R^ and R, labelled 
A, and that between Iti and W, Ijibelled B. Now, the 
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supporting force Ex is designated A B because it lies 
between A and B ; or in passing from the space A to that 
of B we must cross the force Ri, The diagram so far drawn 
is purely a diagram of lengths or distances. 

Now draw a polygon of forces for the beam. Starting at 
&, draw 6 c, cd^ and d e equal to and parallel to the forces 
B C, C D, and D £ respectively ; that is, equal and parallel 
to Wi, W2, and Wr. It will be here noticed that in the force 
polygon the lines representing forces are named by the 
letters at their extremities, which letters are the " italics " 
of the capital letters designating the position of those forces 
in the length diagram. This rule will be followed through- 
out these notes, and it will be found to possess many 
advantages. The line he de \a sometimes called the ** line 
of loads, and, of course, need not necessarily be a straight 
line in all cases. Because all the forces acting on the beam 
are vertical, the polygon of those forces must necessarily be 
a straight line, or, more correctly, two straight lines 
coinciding with each other. Thus having begun at h and 
arrived at 6, the only two remaining forces to be represented 
are K2 and Ej, and as the beam is in equilibrium, the sum of 
the vertical components of the forces must be zero ; or, in 
other words, we must arrive back at the point h from wnich 
we started to draw the force polygon, and therefore Ei + Eo 
= eh. The first point to be decided, then, is how much of 
eh represents Ei and E2 respectively. 

Produce the lines of action of all the forces acting on the 
beam. Take any point O, and join O h. Now, through the 
space B of the length diagram draw a line parallel to O 6, 
cutting the lines of action of the forces E^ and Wx in K and 
M. It may be drawn in any convenient position, but it is 
better to prevent any overlapping of the figures, if possible. 
Join O c, and through M draw a line parallel to it, passing 
through the space C, between the lines of action of Wx and 
W2, and cutting the latter in N. Join O d and O e ; then 
draw the parallel lines N P, P Q through the respective 
spaces D and E. All the lines through the spaces B, C, D, 
(&C., are parallel to lines drawn from the pole O to the points 
6, c, d^ &c. Now join Q E^ and through the pole O draw a 
line parallel to Q K, cutting the line of loads in a ; then (as 
will be proved later on) e a « E2 and ah = Ej. The shaded 
figure K N Q is called 9kfunicviar or link polygon. Produce 
the sides K M, M N, (&c , of the funicular polygon, until they 
cut the line of action of E2 in V, T, and S. Let V T, T S, 
and S Q be represented by Zx, Z2, and Z3 respectively ; also 
let Zx + Z2 + Z3 = Z. 
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From the second law of equilibrium we have 

Ri Z - Wi a-i - W2 a;2 - W3 a:8 = O . . (13) 

Because the two triaogles O 6 c, M V T are similar (the sides 
Ob.bCy and c O being parallel to the sides M V, V T, and 
TM), 

9± = ^^ = Ki (U) 

MV TV Zi' ^^ 

Also, because the triangle 6 H O is similar to the triangle 
V Y M (M Y being horizontal), then — 

Oh ^ OH OH /.^x 

MV MY " *i ^ ^ 

Combining equations (14) and (15), we have — 

^ = ^, or Wi a:^ = O H . Zi . . (16) 

Now, Wi a?! is the moment of Wi about a point in the 
line of action of E2 ? hence H (a constant), multiplied by 
Zi, is also the moment. of W^ about a point in the line of 
action of R2. It will be well to notice here the relation 
existing between these quantities. Zx is measured in the 
line in which the point is taken, about which the moment is 
reckoned, and its magnitude is determined by being cut 
off by two lines of the funicular polygon procluced, which 
are parallel to the two lines in the pole diagram, which are 
drawn from the pole to the extremities of the line repre- 
senting the force which is producing the moment. 

In the same way the moment of W2 about a point in the 
line of action of E^ is 

Waa^a = OH.Za (17) 

and the moment of Ws is 

V(,x, = OH.Z, (18) 

Substituting these values in (13), we have — 

RiZ - OH(Zi + Za + Z,) = O 

or, R, / = O H . Z (19) 

Now, comparing (19) with (16), and reasoning conversely, 
we see that as Z is the intercept V Q, cut off by the lines 
K V and K Q, drawn from a point in the line of action R^, 
parallel to O 6 and O a, therefore a h must represent Ri in 
the same way that b c represents Wi. It is then evident that 
« a represents R2. An easy rule bv which to remember 
which supporting force is representea by either a 6 or a 6 is 
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that, whichever supporting force is near the space letter in 
the length diagram, the same force will be near the same 
letter in the force or pole diagram. For instance, E2 is next 
to the space E; hence a e, which is next to c, will represent Eg. 

From what has been so far said with reference to fig. 12, 
it is clear that the lines there drawn are the graphical 
representation of the laws of equilibrium as applied to the 
beam in question. But the laws of equilibrium are quite 
independent of the form of a body ; hence the same construc- 
tion must hold for any and all bodies in equilibrium — that 
is, the polygon of external forces or line of loads must close 
or return to the point from which it started ; also the 
funicular (shaded) polygon must close. 

It has now to be seen how the bending moment diagram 
is to be obtained. Returning to the interpretation of equa- 
tion (16), let us take a point in the vertical line a <f>, about 
which to take moments. Then the moment of W^ about this 
point is evidently OH x <p, because d <f> is the intercept 
cut off on the line in which the point lies, about which the 
moment is taken by two lines emanating from a point in 
the line of action of Wi, parallel to the two lines in the pole 
diagram drawn from the pole to the extremities of the line 
representing Wj. In the same way the moment of Hi will 
be O H X /3 0. The bending moment at the section a is the 
sum of the moments of all the forces on the left of the 
section = OHx/30-OHx^0 = OHx/3^. 

Now, j8 ^ is the intercept on the vertical line through a, 
cut off by the boundary of the funicular polygon; and 
therefore the bending moment at any section is the vertical 
depth of the funicular polygon, multiplied by the horizontal 
distance O H. As this latter quantity is constant, the 
funicular polygon (shaded) is the bending moment diagram. 

We have next to find the scale of this diagram. The beam 
was drawn to a scale of lengths^ say p feet to the incL The 
line of loads or force polygon was drawn to any convenient 
scale, say q tons to the inch. Similarly, the pole O was 
chosen at any convenient ho>^-izontal distance from the load 
line, say r inches. Now, O H is a line in the pole diagram, 
which is a diagram 0/ forces, and therefore OH must be to 
the same scale as the line of loads — that is, q tons to the inch. 
Then the bending moment at 

a = 0Hx/3^«(rx^) tons x {^0 x p) feet 

^ (r X q X p) . ^0 , toQS-feet (20) 

Therefore the scale of /3 ^ is (r x g x />) tons-t'eet to the inch. 
Of course, jS <^ is here measured in inches. 
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All the lines in the upper portion of fig. 12 represent 
lengths, either real or imaginary ; at the same time, all the 
lines in the pole diagram represent forces, either real or 
imaginary. For instance, the triangle 6cO in the pole 
diagram has three sides parallel to the three lines M K, M N, 
and the vertical through M. Also a force W,, acting in one 
of these lines (the vertical through M), is represented in 
magnitude and direction hy he ; therefore the other lines, 
c O, O 6 represent forces which, if applied at M in the direc- 
tions M N and M K, would, with Wi, be in equilibrium. If, 
therefore, three strings were tied together so that their 
point of junction coincided with M, and two of them were 
attached to the points K and N such that their lengths 
were KM and MN, and a weight or force Wi applied 
vertically to the third string, then the tensions in the 
two inclined strings would be represented by O 6 and c O 
respectively. 

In the same way, the point N would be in equilibrium 
under the action of the three forces Wa, O c, and d O. Also 
at P, the forces Ws, Oc?, and eO would be in equilibrium. 
The point K would be in equilibrium under the action of 
the three forces Ki = a 6, 6 O, and O a. Similarly, at Q we 
should have K2 = e a, a O, and O e in equilibrium. In this 
way, all the lines in the pole diagram would be used twice 
over, which is evidence of the equilibrium of the supposed 
structure : for it is equivalent to saying that equal and 
opposite forces have been found in each member. The 
strings may be replaced by a series of weightless rigid links, 
without disturbing the equilibrium ; hence the name link or 
funictdar polygon given to the shaded figure. 

In this problem virtually lies the germ of graphic statics, 
and it is on this account it should be thoroughly understood 
before any further progress is attempted. 

As an example of the method just described, let it be 
required to draw the bending moment and shearing force 
diagrams of the beam in fig. 13, which sustains a concen- 
trated load of 5 tons at the right-hand extremity, and a 
load of 1*75 tons per foot run uniformly distributed over 
4*9 ft. of the beam, beginning at a distance of 1*32 ft. from 
the left supporting force. The right supporting force K2 is 
situated 4*21 ft. from the right-hand end. 

Divide the uniformly-distributed load into, say, six equal 
parts, and consider it as equivalent to six concentrated 
loads acting through their respective centres of gravity. 
In the figure those loads are denoted by arrows. Now 



label all the spaces between the forces as indicated in the 
figure, and put down to scale the loads in the load line b k. 



YM^JyA-J/zAj 
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and join the extremities of the loads to the pole O. To 
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construct the funicular polygon, draw through the space B 
a line parallel to O 6, cutting the lines of action of K^ and 
B C in t; and y. Then through the space C draw a line 
parallel to O c, and so on, until the points v and w remain to 
De closed by drawing the line v w. Then through O draw 
O a parallel to v w, and we have the line of loads divided at 
(a) into the two supporting forces, such that R^ « a 6 and 
Ra'=^<%* The (shaded) funicular polygon is the bending 
moment diagram. 

Because the left-hand load is uniformly distributed, we 
should naturally exi>ect the contour of the diagram 
immediately under this load to be a portion of a parabola 
(equation 12) ; but having considered the load as broken 
up into a number of small loads, we were only approxi- 
matine to the actual distribution, with the result that, 
instead of the parabolic arc m n, we have the series of 
chords between y and x, which very nearly coincide with it. 
The difference is so small as not to materially affect the 
result. Of course, the greater the number of pieces into 
which the distributed weight is divided, the more nearly 
does the diagram contour coincide with the parabola. 

The shearing force diagram follows immediately from 
previous problems ; the only point to be noticed is the 
substitution of the straight line p q for the zigzag dotted 
line. The latter is what we should get if we assumed the 
distributed load broken up, as in the bending moment 
diagram ; but it has been previously shown (fig. 11) that the 
contour of the shearing force diagram immediately under a 
uniform load is an inclined straight line, and the straight 
line pqhB& been drawn on the strength of that previous 
knowledge, it being more easily accomplished and more 
accurate than the zigzag line. In the same way, had the 
parabola been as easily described as the chords between x 
and ^, the parabola would have been drawn instead of the 
chords. It is merely a matter of facility. 

CENTRE OF GRAVITY. 

Another problem bearing directly upon the methods of 
reasoning just gone through is that of finding the centre of 
gravity of a number of bodies. We shall take only one 
casej namely, that of a set of bodies whose centres of gravity 
are m the same plane — that of the paper — from which others 
can be developed at will 

The centre of gravity of a system of bodies such as we 
have suggested is that point about which there is no- 
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tendency of the s^^stem to turn, however it may be sus- 
pended ; the relative distances of the bodies is supposed 
constant. It is then evident that the centre of gravity of 
the system is the poin)} through which the resultant of a 
number of forces must act, those forces being equivalent to 
the weights of the bodies ; and therefore it is that point 
through which a single force must act, which will maintain 
the weights in equilibrium. The result is exactly the 
same as if the thick horizontal line (fig. 14) represented the 
axis of a beam, and the several weights acted directly upon 



M 




Fig. 14. 

it along the vertical dotted lines through the centres of the 
bodies, the beam being supported by a single vertical force. 
The line of action of this force must pass through the centre 
of gravity of the weights. 

Label the spaces between the assumed vertical forces and 
draw the load line a g, the numbers near the bodies repre- 
sentinpf their weights. Take any pole O, and draw the lines 
radiating from O to the extremities of the weights, and 
then draw the funicular polygon in the usual manner, each 
space bein^ cut by a line parallel to the corresponding 
radiating line in the pole diagram. The two final lines 
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parallel to O a and O g intersect in a point X, through which 
the single vertical resultant force must pass. Hence this 
vertical line must contain the centre of gravity of the 
system. 

As the centre of gravity is independent of the position of 
the system, we may turn the system round until lines that 
were previously vertical are now horizontal, and vice versa. 
We may then repeat the process and obtain another pole 
diagram, funicular polygon, and line — ^now vertical, but 
previously horizontal — in which the centre of gravity must 
lie. The intersection Z of this line with the previous line 
through X must be the centre of gravity of the system. 

If the bodies do not all lie in the same plane, their centres 
can be projected on to a plane, and the projection of their 
centre of gravity on that plane can easily be found as above. 
The same can be done with respect to a second plane. These 
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Pig. 15. 

two projections of the centre of gravity are enough to 
determine its position in space. A plan and elevation will 
be found generally the most familiar projections to make. 

FLEXIBLE LINKED STRUCTURE. 

In fig. 15, m and n are fixed pins, to which are attached the 
ends of the link arrangement there shown. The problem 
is : Given the position of the several links, and the load at 
the end of the first link on the left being 5 cwt.. What must 
be the loads at the other joints so as to maintain the set of 
links in the positions given ? Also, What are the vertical 
supporting forces at each end, and the final equilibrating 
force between the two pins at m and n ? 

Put in the arrows clenoting the several forces, and label 
the spaces as usual. Then put down as much of the line of 
loads as may be known (here the only known load is A B » 
D 



34 GRAPHIC STATICS, 

5 cwt.). The two forces which, together with A B, are in 
equiliorium, are the tensions in the two links A O and B O ; 
and, as the stress in a link must act along the axis, the 
directions of the three forces are known, together with the 
magnitude of one of them. Hence a triangle can be drawn 
whose sides represent these three forces m direction and 
magnitude. Through the points a and h of the load line 
draw lines parallel to A O and B O respectively. These 
intersect at O. Through O draw lines parallel to O C, O D, 
O E, cutting the load line in c, cf, and e. Then bc,cdy and 
d € represent the loads B C, CD, and D E, which must be 
suspended from the joints to make the chain take up the 
particular position that is given in the figure. It is evident 
that this set of links is in reality the funicular polygon 
previously spoken of, and that if m, n be joined, and through 
O a line be drawn parallel to O F, this line divides the line 
of loads into two parts, namely, the supporting forces e f 
and a/; and the line 0/ represents the stress exerted 
between the two pins to keep them apart in the positions 
shown. Also the lines O a, O 6, &c., represent the stresses in 
the links O A, OB, &c., while the horizontal line O h 
(dotted) is the horizontal component of each of the stresses 
O a, 06, <&c., in each of the links ; therefore the horizontal 
component of the stress in any and all links of a linked 
structure, with vertical loads (such as in the figure), is 
constant. 

SIMPLE HINGED TRUSS. 

In fig. 16 we have a truss supported at both ends, and 
loaded with one ton at each of three intermediate points. 
The several members are hinged together, without friction, 
all the forces being applied at the joints ; hence the stresses 
in the different memoers must act along the axes of those 
members, as in fig. 7. It is evident from the symmetry of 
loading that half the total weight is supported by each end 
force. Label all the spaces between the forces, and between 
the members, and draw the load line a d. Bisect ad in e ; 
then d e represents the right-hand supporting force, and e a 
that on the left. Now proceed to draw the stress diagram. 
Through a draw a line parallel to the member AF, and 
through e draw a line parallel to E F. The point / must 
lie in both of them, and hence it must be at their point of 
intersection. It will be noticed here that we have selected 
a couple of members, A F and E F, which have a common 
letter F, and therefore, as a space in the upper diagram 
corresponds to a point in the lower, it is evident that the 
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two lines parallel to A F and E F must intersect in /. This 
fixes the position of /. Now through 6 draw a line parallel 
to B G, and through / draw a line parallel to F G. 
These must intersect in g. Then through c and g draw 
lines parallel to C H and G H. These intersect in h. 
Proceeding in this way, the whole stress diagram is easily 
completed. Each line in the lower (stress) diagram repre- 
sents the stress in the corresponding member of the frame : 
for example, the line g h represents the stress in the vertical 
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post G H to the same scale that a h represents the load A B. 
It is customary to scale off the lines in the stress diagram. 
And tabulate the result thus : — 



Member 


E A 


AF 


EP 


FO 


BG 


GH 


CH 


HE 


DK 


EE 


ED 


Screw 
in tons 


|l-5 


4*4 


46 


1-7 


2-9 


1 


2-9 


1-7 


4-4 


4-6 


1-5 



In this particular truss it is easy to determine by 
inspection tne nature of the stress in each member. Firsts 
take the vertical post G H. If it were removed, the force 
B would make the two-hinged rods B G and C H sag 
downwards; therefore, as it prevents this, it must act 
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upwards on the force B C, or be in compression. Next take 
one of the intermediate members, such as F G. If F G 
were removed, the two rods A F and B G would sag down- 
wards under the action of the force A B, and therefore F G 
resists this force, or is in compression. // two Kinged 
members lie in the sarne straight line, they have no power in 
themselves alone to resist a force at right angles applied at the 
joint. This is evident from the fact that the resistance of 
friction at either joint is neglected, and as the stress in a 
hinged rod must act along the axis of the rod, neither of 
the stresses can have any component in a direction at right 
angles, and therefore neither of the rods can offer any 
resistance to a force at right angles. The stresses in F G 
G H, and H K being compressive, each of them tends to 
push the lowest joint further downwards, which tendency 
IS resisted by E F and E K ; therefore the stresses in each of 
these must be tensile. Again, at the remote hinge on the 
left side the horizontal component of the tensile stress in 
E F is resisted or balanced by the stress in A F ; therefore 
this latter stress must be compressive. The stresses in each 
member of so simple a structure could be easily calculated, 
instead of being found graphically, but the methods of 
calculation will be left to some future occasion. 

SIMPLE ROOF TRUSS. 

The roof truss in fig. 17 is assumed to be symmetrical, and 
symmetrically loaded with 2 tons at each of the intermediate 
joints ; hence the supporting forces must be equal. As 
before, label all the spaces between the external forces, and 
put down the line of loads or force diagram 6 g. The point 
a of bisection ofbg corresponds to the space A in the frame 
diagram. Having completed the lettering of the spaces in 
the upper portion of the figure, the stress diagram may be 
proceeded with. Through a and b draw lines parallel to 
the members A H and B H, intersecting in h. Then through 
k draw a line parallel to H K, and through a draw a line 
parallel to A K These intersect in h ; therefore h and k are 
one and the same points, and hence the line hk is of no 
length at all ; that is, there is no stress in the member H K. 
As H K bears no stress, it can be removed without affecting 
the strength of the structure. In the same way, when the 
stress diagram is proceeded with, R S will be found to be a 
useless member. This result may have been anticipated 
from the remarks made when dealing with the previous 
truss. The members AH, AK, and HK are connected 
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together by a. hinge, the two former being in the same 
straight line. This being so, there. can be no stress in H K, 
because it is perpendicular to A H and A K. 

It is now necessary to determine the kind of stress in 
each of the members of the structure. Starting with the 
point of application of the left supporting force AB, we 




Fio. 17. 

have at that point three forces in equilibrium, and there- 
fore thev should be represented in the stress diagram by the 
three sides of a triangla This we find to be the case, the 
stresses being a 6, 6 A, and ha. Also, if a number of forces 
are in equilibrium, and the directions of those forces 
be represented in the force diagram by arrow heads 
attached to the lines representing those forces, these 
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arrows will be found to follow each other completely round 
the force polygon in one direction. In the case in question 
we know ^ that A B acts upwards, and following this 
direction in a 6 round the triangle a 6 A, we see that the 
stress in B H and A H acts at the point of application of AB- 
in the directions b h and h a respectively ; that is, B H 

Eushes the point of application, while A H pulls upon it. 
a this way we see that 6 A is a compressive stress, and a A a 
tensile stress. Now, bepause h h pushes at its lower end, it 
roust also exert a push at the other end in the opposite 
direction, so as to maintain equilibrium in the rod itself ; 
and similarly there must be an equal and opposite pull 
<^erted by H A at its other end on tne bars connected with 
it there. 

At that point we have four other bars connected by a 
hinge, the direction of the action of one of them (H A) at 
the point being known. Jb'oUowing this direction round 
the polygon, a, ^, L m. n, a, we see that K / pushes the point 
of application, and tne corresponding stress is, therefore, 
compressive. Similarly, the stress in L M is compressive, 
while that in M N and N A is tensile. 

Tabulating the results of scaling off the stress diagram, 
we have : — 



Mea.ber 


AB 
6 


BH 


AH 


KH 


AK 


EL 


CL 


LM 


DM 


Stress in tons. 


-15-6 


+13 





+13 


-2-8 


-11*9 


-1-5 


-10-8 



MN AN 



Only one-half of the stresses have been tabulated ; the 
remaining half of the truss being similarly loaded, and 
symmetrically placed with respect to the former half, the 
stresses will be the same. This is obvious from a glance 
at the stress diagram. 

WARREN GIRDER UNSYMMETRICALLY LOADED. 

The first case of unsymmetrical loading is that of the 
Warren girder, fig. 18, of which the lower boom contains 
five bajrs, and the upper boom four. It is loaded at three 
hinges in the lower boom with weights of two, five, and 
seven tons. The first part of the problem is to fina the 
supporting forces. These may be calculated, but unless all 
the lengths happen to be integral numbers of feet, the 
process of calculation may be advantageously replaced by 
the graphical method previously given. Set down the 
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line of loads e 6, take any pole O, and draw the radiating 
lines of the pole diagram. Then draw the funicular 
polygon a, /3, 7, d 0, with the closing line a <f>. Through O 
draw Oa parallel to a ; then e a is the magnitude of the 
supporting force £ A on the left, and a b that on the right. 




/ft- 



Fio. 18. 



It may be well to notice here that, in beginning to draw 
the funicular polygon, we drew the line a p anywhere across 
the space E, parallel to Oe, If the line of action of the 
force AE were unknown, the point a would be undetermined, 
and therefore it would be impossible to close the funicular 
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polygon as it now stands, and the supporting forces would 
remain undetermined. But, returning to the diagram (fi^. 
18), it is evident that the funicular polygon will still retain 
its form and dimensions if we move it bodily upwards, 
vertically, until the point a coincides with the point of 
application of the supporting force A E ; and, bv so doing, 
we ensure that a shall be in the line of action of AlSj whatever 
be its direction. Therefore, when the direction of A E is 
unknown, the first line of the funicular polygon must always 
he drawn through the point of application q/" AE. Should the 
direction of the other supporting force be unknown also, it 
is evident the problem is insoluble, because the funicular 
polygon cannot be closed. 

The stress diagram follows immediately without any 
difficulty, but the kind of stress in each member should be 
noted, as the unsymmetrit^al loading does not allow all 
symmetrically situated members to possess the same kind of 
stress. Following the general practice of denoting com- 
pressive stress by a negative sign, and tensile stress by a 
positive sign, because a compressive stress produces a 
negative strain or elongation, and a tensile stress produces 
a positive strain or elongation, we have the following 
table showing the magnitude and kind of stress in each 
member. 



Member.. 


A £ 


EF 


FG 


GH 


AG 


EH 


HK 


AE 


KL 


DL 


LM 


Strega in ) 
tons .. ) 


4-5 


+2-7 


+53 


-6-3 


-5-4 


+ 8 


+5-3 


-10-7 


-3 


+12-2 


+3 


Member.. 


AM 


MN 


ON 


NP AP 


PQ 


AQ 


QB 


AB 


AF 


— 


Stressln 
tons .. ' 


-13-7 


+2 8 


+12-2 


-28 -11 


+10-8 


-10 8 


+65 


9-4 


-6-8 


— 



UNSYMMETRICAL STRUCTURE. 

In fig. 19 we have a structure much resembling a heavy 
crane in appearance, loaded with a single weight of 5 tons, 
and supported at two points, one of which is a, the lowest 
point in the structure, the other point being the little square 
projection at the ]3oint of the arrow head in the line ^ </>, As 
usual, the quantities to be determined first are the magni- 
tudes and directions of the two supporting forces. From 
the nature of the structure in the figure, the supporting 
force C B is horizontal, and a is the point of application of 
the other support. The whole structure is maintained in 
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Equilibrium by three forces, and therefore these three forces 
must all pass through one point. The lines of action of the 




"^^rJm^ 
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two forces, A C and C B, intersect at 4> ; therefore the third 
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force A B must also pass through 0. Hence join a 0, and this> 
line represents the direction 01 the force A B. Having now 
the directions of the three forces and the magnitude of one 
of them, namely, A C, it is easy to construct the triangle of 
forces ah c. 

This result may have been obtained direct from the use of 
the funicular polygoo, thus : Set down the line of loads a Cy. 
and draw the line c 6 of indefinite length. Take any pole 
O, and draw the radial lines O a and O c. As the magni- 
tude and direction of the force A B are both undetermined,. 
we must begin to draw the funicular polygon through the 
point a. The first line is drawn through the space A 
parallel to Oa. The space A is bounded by the lines of 
action of the forces A C and A B, and therefore a line drawn 
through it must cut the lines of action of these two forces. 
Hence through a draw a line parallel to O a. It cuts the 
line of action of A C in 8. Through S and across the space 
C draw the line S /3 parallel to O c, cutting the line of action 
of the horizontal force in jS. It will be seen that the link 
/3 9 of the funicular polygon is correct, thus : The next space 
to A is C, which is bounded by the lines of action of the 
forces A C and B C ; hence the corresponding link in the 
funicular polygon must cut the two lines of action of A C 
and B C, which it does in d and A 

Join /3 a, and through O draw a line parallel to it, cutting 
cb in b. The finding of the point b determines thf^ magni- 
tude of B C and the direction and magnitude of A B. Join 
a b ; then a b represents the magnitude and direction of the 
supporting force A B, while c b represents C B. The stress 
diagram can now be drawn similar to previous figures. The 
results are here tabulated : — 



Member 


CB 


BA AD 


U B 


E D 


£A 


E P 


FO 


Str.ssintoDS 


7-8 


9-3 


+ 58 


- 11-6 


- 1-7 


+ 5-3 


+ 6-7 


- 5-2 


Member 


PB 


CO 


HG 


AH 


AL 


HK 


KG 


LK 


Stress in toos 


- 14 5 


- 14-3 


- 2-1 


+ 10-8 


4-12- 


7 


- 8 


- 16 9 


+ -3 


Member 


CM 


LM 


AN 




M V 


NP 


AP 


C P 








Stress in tons 


- 21-4 


- 14-7 


+ 10-3 


+ 10-4 


- 6-5 


+ 12-3 


- 11-5 
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It will be noticed that each trapezium in fig. 19 contains 
H diagonal member. Each of those members may have 
joined the other two comers instead of those shown. The 
consideration which lead us to adopt one or the other of 
these, or both, at the same time must be deferred until we 
have investigated the elastic properties of materials. We 
shall then also be in a position to decide upon the most 
advantageous form of eacn individual member. 

The junior student who maj be unfamiliar with any of 
the mathematical passages in the succeeding portion of 
these notes, will do well to take the results upon trust and 
use them freely in any of the designs whiich may be given. 



CHAPTER V. 
Bending of Elastic Material. 

Hitherto we have only dealt with the application of 
external forces to material in general, without investigating 
the behaviour of that material when subjected to those 
forces, or considering in any way the action between one 
particle and another inside the material itself. It is now 
proposed to deal with as much of this portion of the subject 
as will enable us to apply the graphic methods to structural 
design. 

Experiment demonstrates that all material is more or less 
elastic, and that some of the metals possess this quality in a 
very marked degree. By elasticity is meant the tendency 
of a i)iece of material to return to its original condition 
after it has been deformed. Experiment also shows that 
there is a limit to the elasticity of a piece of material, and 
that this limit is reached long before rupture occurs ; in 
other words, if a piece of material is deformed within certain 
limits — depending on the kind and nature of the material — 
it will return to its original condition when the deforming 
forces are removed ; but if it is deformed to an extent which 
lies outside of the above limits, then the material will not 
finally return to its original condition ; also, that if the 
applied forces are continually increased beyond the limit of 
elasticity, rupture will occur at some distance beyond that 
limit. 

Now, within the elastic limit a definite relation exists 
between the deforming force and the amount of deformation 
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produced by the force. This does not hold good outside the 
elastic limit. This relation, which is deduced from experi- 
ment, may be stated thus : The amount of deformation is 
proportional to the deforming force. For instance, in a bar ♦> 

or rod which is subjected to a pair of equal and opposite 
forces, applied at its ends, tending to stretch it, the amount 
of elongation is directly proportional to one of the applied 
forces. If the forces are doubled, then the amount of / 

elongation will also be doubled. The rod offers a resistance ^ 

to each of the applied forces equal in magnitude to one of ^ 

them. If, then, we take an imaginary section of the rod, the 
resistance offered by one part of the rod to the other part, C' 

across the imaginary section, is called the total stress over 
that section. The intensity of this resistance — that is, the 
amount of resistance per unit of area — is called simply the 
stress at that section. 

The whole deformation of the rod when subjected to stress 
is called the total strain^ but the intensity of the deforma- 
tion per unit of length is called simply the strain. We may 
then write — 

Stress- *?*5L^I?^?PP"-?^ . . . (21) 
sectional area 

Strain= *o**U^°"»-5*i?" .... (22) 
original length 
and 

— -— V =a constant for the same piece of material . (23) 
b train ) 

When the material is subjected to a pair of simple tensile or 
compressive forces, the above constant is approximately th^ 
same for the same kind of material ; and thus we derive 
from experiment the following average values for it : — 

Steel 29,000,000 

Wrought iron 26,000,000 

Cast iron 14,000,000 

Copper 14,000,000 

Phosphor bronze 13,000,000 

Delta metal 12,000,000 

Yellow brass 9,000,000 

Wood 1,500,000 

These figures are obtained when the stress is measured in 
pounds per square inch. The name which is given to the 
constant is "Modulus of elasticity/' and often called 
*' Young's modulus," to distinguish it from other moduli of 
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elasticity. Young's modulus is generally represented 
symbolicallv by the Roman character E, and will always be 
represented by it in these pages. 

Of course, tne above are only average numbers, as it must 
be manifest to the merest tyro that the hardness and 
ductility of the material will have something to do with its 
elasticity, and these quantities vary considerably ; neverr 
theless, the numbers as they stand may be used with 
confidence in calculations wnich refer to the average 
material. 

When a piece of material — ^saj a beam — is bent under the 
action of external forces, experiment shows that one surface 
is lengthened while the opposite surface is shortened by 
the action of the external forces. Now, if material is 
lengthened, it must be subject to tensile stress ; and if 
shortened, compressive stress will be found in it. Again, if 
lines are drawn on the surface of the beam parallel with the 
axis, and in the plane of curvature, it will be found that 
while the beam is bent the lines which are lengthened 
or shortened the most are those nearest the top or bottom 
surface, and that the amount of elongation or contraction 
diminishes gradually as the lines are situated further 
away from the top or bottom surface ; hence there will 
be some intermediate line which will be neither lengthened 
nor shortened. This line is the intersection of the surface 
containing all such lines in the beam with the plane of 
the paper. This surface is called the neutral surface of the 
beam. As the stress is proportional to the strain produced 
[equation (23)], the stress over the neutral surface must be 
zero, because there is no strain there. 

Now^ consider a small portion of a beam, fig. 20, which, 
when in the unbent state, is contained between the two 
parallel planes CD, NNi ; but when bent, this rectangular 

giece CN" NiD will assume the form CCi DiD, the line 
' N being lengthened to C Ci, and D Ni being shortened to 
DDi. A very thin longitudinal layer, HEi, in the un- 
strained condition will, when strained, be lengthened to 
HHi, the distance of the layer from the neutral surface 
being h. The elongation of the layer HE^ is E^Hi, and 
therefore, from equation (22), 

the strain = ^^ (24) 

JUL I^i^ 

Let / be the stress on the end of the layer — that is, the 
average force per square inch exerted upon it by that part 
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of the beam to the right of Hi, or to the left of H ; then, 
from equation (23), we have — 



E = 



f 



stress _^ 

strain "~ Ei^j^ 

"HEi 



(25) 



Now, H El = A Ai, and N A^ is parallel to A O ; also the 
two triangles Ei A^ H^ and A O Ai are similar. Hence 



(26) 



El Hi ^ El Ai ^ A 
AAi 'AO R 

where R is the radius of curvature of the line A A^, which 




>a»ciiCAi iMcwrti* 



Fio. 20. 



must equal A O, because two adjacent normals intersect at O, 
and, therefore, O is the centre of curvature of the curve 
A Ai. Substituting from (24) and (26) in (25), we get— 



TT - / or -^ — -^ 
R 



(27) 



Now, take an end view of the section of the beam whose 
width is . 6. The end of the layer considered above is shown 
cross-hatched at H H. The area of this end \%h,dh^ where 
^dh, represents the small thickness of the layer; and 
the total stress over the end of the layer \&f/h.dlu 
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Substituting the value of/ found in equation (27), we get — 

E 
Total stress over end of layer '^ ^ ,b .h,dh . . . (28) 

And as the cross-section of the beam is made up of the ends 
of these lavers, the resultant stress over the whole cross- 
section will be the sum of the total stresses over the ends 
of the layers making up the cross-section ; i,e.^ the sum of 

all the quantities ^'h .h,dh, where h varies from - A2 to 

-H h^y the negative sign indicating measurement below the 
neutral axis A A. In the nomenclature of the calculus this 
is expressed as — 






Total stress over cross-section = / ^,h ,h,dh. 

This total stress acts in a direction perpendicular to the 

glane of cross-section, and is therefore equal to the resultant 
orizontal force with which the portion of beam to the 
right of Ci Pi acts upon the portion to the left of it. As 
the beam is in equilibrium, and loaded with transverse 
forces, this resultant force must be zero, and consequently 
the right-hand side of the last equation must be zero. 

Now^he first factor is a constant ; hence/6 .h,dh must be 
zero. This is the analytical expression of the fact that the 
line from which h is measured passes through the centre of 
gravitv of the cross-section.''^ This line A A is called the 
neutral axis of the cross-section. 

Ketuming to equation (28), and the left-hand portion of 
fig. 20, we have : Moment of total end stress over layer 

E 
about the neutral axis through Ai = FA = ^6A*c2A, and 

XV 

the sum of all these moments over the whole cross-section 
must represent the moment of resistance of the beam at 
that section, 

/*E 
= / p . 6 . A* . c? A . = M, say. 

The first factor is constant, and the remainder of the 
expression represents the geometrical moment of inertiat 
of the shaded strip about the neutral axis ; and therefore, 
after it is integrated over the whole section, the result will 

* For proof of this theorem consult MiDchiu's " Stitics," chap, x.; or Thompson 
and Tait'a <' Elements of Natural Philosophy," Art 195. 
t See article on " Moment of Inertia." 
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be the geometrical moment of inertia of the cross-sectioi> 
about the neutral axis ; and if we write I for that quantity^ 
the above equation becomes — 

M = i I (28a) . 

As the moment of resistance is equal to the bending^ 
moment at the same section, we have, by combining (27) 
and (28a)— 

{--M <»' 



DEFLECTION. 

The radius of curvature of a plane curve, in terms of the 
co-ordinates x and y, is given by the expression — 

^ -^ * 

In general the amount of deflection of a beam is very 
small compared with its length, and therefore the inclination 
of the tangent to the curve of deflection at any point must 
also be small, andj necessarily, the tangent of the angle must 
l>e very small in comparison with unity, and therefore can 
be neglected when the ordinary approximations are required. 

Neglecting -j^ in comparison with unity in the above ex- 
d X 

pression, and substituting in equation (29), we have — 

dx'^ ' Wi ^"^^ 

and y^ff^^dx.dx, . . . (31) 

the bending moment M being expressed in terms of x. This 
is a convenient equation for some purposes. Let y^ represent 
the maximum deflection ; then, for a concentrated load W 
pounds, situated at the middle of the span whose whole 
length is / inches, I being constant — 



*8ee Edwards' " Differential Calculus," chap, x.; or Williamson's "Differential 
Odtlculus/' Art. "Curvature"; or Greenhill's "Calculus." 
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and for a total load of W pounds, uniformly distributed 
over the span, I being constant — 

^^ ' 384 "ET ^^^ 

Also for a concentrated load of W pounds, situated at a 

point of the span dividing it into two parts of length a and 

5, 1 being constant — 

W a2 62 

^^"3(a + 6)E.l ^"^^ 

With a single cantilever fixed horizontally at one end, and 
a single concentrated load at the other end — 

The same cantilever with a load W uniformly distributed — 

^• = 8ET ^^^ 

In cases where I is not constant, it will generally happen 
that it is some function of x which will be required to be 
put in before the integration is proceeded with. 

Equation (31) may sometimes be conveniently written 
thus — 



^=y/A'wh'''-''''- • • • ^''^ 



'0 -uu-o 

where the suffix denotes the several quantities at the 
origin at the centre of beam. This equation is obtained by 
multiplying the right-hand side of (31) by 

Mq ho 

T77? 

r 

which is equal to unity [see equation (29)]. 

The result of performing the integration of this last equa- 
tion for different conditions of loading and different kinds 

of beam is given on page 50 in tabular form. In every case - 

(the half depth of beam) has been substituted for h. The 
deflection at the origin is denoted b;^ ^o, and the deflection 
at any other point by y. The origin is taken where the 
tangent to the curve of deflection is norizontal. 
E 
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A beam of uniform section, loaded with equal weights at 
equal distances x from the middle of the span, will give a 
maximum deflection at its centre — 






3 [' - * (' - V)"] 



4£ 

Of course, in all the expressions above given for the deflec- 
tion, it is assumed that the deflection is small, or that the 

TABLE OP DEFLECTIONS. 



Form of croaa-section 

throughout the whole 

leogtii of heam. 

Uniform seotion 

Uniform section 

Uniform seotion 

Uniform section 

Uniform depth, uniform 
strength 

Uniform depth, uniform 
strength 

Uniform width, uniform 
strength 

Uniform width, uniform 
strength 

Uniform width, uniform 
strength 

Uniform width, uniform 
strength 

Uniform width, uniform 
8trength,unif orm depth 

Uniform section 



Where 
supported. 



How loaded. 



At both ends . 

At both ends . 

At one end .. 

At one end .. 
j- At one end .. 
\ At both ends . 
I At one end .. 
I At one end .. 
>■ At both ends. 
> At both ends . 
j- At both ends . 



At centre. 



Uniformly distributed 



At free end 



Uniformly distributed 
Uniformly distributed 
Uniformlydistributed 

At free end 

Uniformly distributed 

At centre 

Uniformly distributed 
Anyhow 



Bending moment constant throughout 



Maximum 
deflection. 



Vo 

y - 



=i/J* 



«* 



Ed 



'Ed 



y 
y 

y 
y 
y 

yo 
yo 



=i 



=J 



=2 



Ed 

fX 
Ed 

m 

Ed 

Edo 



Edo 
Bdo 



\4 VEdo 



'Ed 



angle of the slope is never sensibly different from the 
circular measure of that angle. 

For a full detailed account of the results in the above 
table, and how they are obtained, the reader is referred to 
Alexander and Thomson's "Applied Mechanics,'' vol. ii., 
pages 291 to 337. 
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The form of beam given in the last line of the above table 
is interesting. A constant bending moment may be pro- 
duced by applying two equal and opposite couples to the 
ends ; or it may be obtained by impressing upon the beam 
four equal forces, in pairs, near the extremities, similar to 
the forces upon the axle of a railway truck. As the bending 
moment is constant^ together with the cross-section^ ana, 
necessarily, the moment of inertia, therefore the radius of 
curvature will also be constant — that is, the curve of deflec- 
tion is a circle. This is apparent by substituting the 
constant quantities in equation (29). Also, because the half 
depth is constant, the stress in the extreme layers must also 
be constant throughout the length of beam. 

BEAM OP UNIFOEM STBENGTH, WIDTH, AND DEPTH. 

As this kind of beam is very nearlv related to the one just 
mentioned, and as it is much used in actual practice, we 
shall here give a simple deduction of the expression for its 
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FlU. 21. 



maximum deflection. It is evident that, as the depth and 
width are constant, the cross-section must be of the I or box 
form, and the thickness of the flanges must be varied to suit 
the bending moment This is the ordinary form of built-up 
parallel wrought-iron girder. The half depth being constant 
together with the intensity of stress over the flanges, equa- 
tion (29) shows that the radius of curvature must also be 
constont — that is, the deflection curve is a circle, which is 
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identical with the previous case ; and hence the maximum 
deflection 

This result may be obtained very simply, thus : In fig. 2 
let ^ be, as usual, the length of tne neutral surface KKi, 
while /^ is the length of the upper surface F Fi, and R is the 
radius of curvature of the neutral surface ; also d is the depth 
of the beam. Because the deflection B C = ^o is small, K Ki 
is sensibly equal to /, and from Euclid III., 36, we have 
2 R X B C, sensibly equal to B K^ ; or, 

2 R 2^0 = J (38) 

R+- 

Again, — = — = the strain = ^ 

which, if substituted in (39), gives 

2./ 
Replacing R in (38) by its value just obtained, we have 

^• = OT • • <^> 

The value of E, as used for built-up girders, is much less 
than for solid beams. Rankine gives 18,500,000 for built-up 
wrought-iron girders. 

GRAPHIC METHOD OF OBTAINING DEFLECTION. 

The deflection curve may be easily found graphically,, 
without introducing the integration previously used. We 
shall first consider the case of a girder made up of a pair of 
flanges connected by a web, in which the flanges resist the 
bending action of the external forces upon the girder, the 
shearing actions being assumed to be entirely resisted by 
the web. The depth a in this case is assumed to be uniform 
throughout the length of the girder. Such a girder, in 
which the strained condition is very much exaggerated, is 
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shown in fig. 22. It is supported at both ends and bent bv 
a uniform load, though the method holds equally well 
whatever the loading may be. The load being known, the 
bending moment at any section is easily determined, and 
when the area of the flanges is given, the stress intensity is 
at once obtained. For example, let M be the bending 
moment at any section, and/ the stress in the flanges, while 
A is the area of each flange. There will be a total stress 
over each flange equal to A / tons, and these two forces, 
acting in opposite directions at a distance d, apart, form a 
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couple whose moment is A,f,d., which must be equal to 
the oending moment. Equating these quantities, we have 



Ad 



from which a stress diagram may be plotted for the whole 
length of the beam. In this particular case it will be a 
parabola (upper portion of fig. 22) similar to the bending 
moment diagram, because d and A are both constant. 

Now, consider a thin slice N.U.H.E. ot* the girder, 
fig. 22, which in the unstrained condition was the 
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rectangular piece N U G B. The bending has shortened 
N B by the amount E B, while it has lengthened U G by 
the amount G H. From equation (22), we have- 
Strain = ^^^ elongation _ G H . 
original length U G ' 
therefore 

U G X strain = G H = R H x circular measure of G R H (42) 

The original unstrained position of H E was G B, and G B 
is parallel to N . U . ; therefore the angle between N U and 
E H is the same as the angle between E H and G B — that 
is, the angle G R H. This is then the angle between the 
two consecutive radii of the deflection curve, and as it is a 
theorem in geometry that the angle between two radii equals 
the angle between the two tangents at the extremities cf those 
radii, therefore the angle G R H equals the angle between 
the tangents at R and 0. These tangents cut the vertical 
through Y in D and I. Now, from equation (23), we have — 

Strain = ^ ; 

then, after substituting this in (42) above, we get — 

UGx^ = RHxGRH = ^xGRH. . . . (43) 

or UGx/=^xGRH;or5?^tanGRH, 

because the deflection is so small that the tangent of the 
inclination is sensibly the same as the circular measure of 
the inclination. But UG = CR = MT; hence the left- 
hand side of the above equation is the area of the shaded part 
of the stress diagram, and the equation may be translated 
verbally thus : The area of any portion of the stress diagram 
contained between two ordinates (such as W M and V T) is 

d E 
equal to the product of —^ and the tangent of the angle 

(G R H) between the tangents to the deflection curve at the 
two points immediately under the feet of the enclosing 
ordinates of the stress diagram. And, similarly, the area 

d E 
O W L Ui equals the product of -^ and the tangent of the 

angle which lies between the tangents to the deflection 
curve at O and Y. 
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The deflection of the end Y of the girder, due to the 
bending of the slice N . U . H . E., is I D, because, if the slice 
were not bent, then the tangent D R would coincide with 
I C. But D I = (^ — a;) X the angle between the tangents 
at R and C = (/ - a;) G R H, and after substituting the value 
of G R H from (43), we have — 

D I = (^ - a;) X I X UG X •/ = (^ - a;) ^'^^' x / 

The total deflection of the end Y from the tangent O A at O 
is the sum of all the deflections such as D J, due to the 
bending of all the slices of the girder between O and Y ; and 
hence total deflection A Y = the sum of all the quantities, 

where x may vary between nothing and O A. = /. This 
equation may be written thus — 

of which expression the product of the second and third 
factors represents the area of the shaded portion WM T V 

of the stress diagram multiplied by -j-= (which in this case 

is constant) ; while the first factor is the distance of the 
centre of the slice N U H E, and the shaded area W M T V 
from the vertical A L. We may now wri'te equation (44) 
thus — 



AY = ^.S [(;-a;) x areaWMTV] 



2 2 fmoment of every shaded area about L, of! 
d E L which the whole area L UiOi is made up J 

2 

dE 
2 



X moment of whole area L UiOi about L (45) 
X Area L Ui Oi x distance of centre of 



^ ^ gravity of L Ui Oi from L . . . (46) 

or, in other words, if a beam of length O A were fixed at 
the right-hand end as a cantilever, so that its neutral 
surface at that end is horizontal, and loaded with a load 
whose intensity is represented by the ordinates of the stress 
diagram, the new aiagram formed by multiplying the 
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bending moment at any point (due to this imaginary load) 
by -Tjj^^ and setting up this quantity as an ordinate from 

the base line O A, is that whose . bounding lines are O A, 
A Y, and the dotted curve O P Y the trace of the neutral 
surface of the bent beam in the vertical plane. O Y is the 
curve of deflection. The deflection, measured from the 
tangent O A at a distance from the tangent point O equal 
to X, is S P, which, from the above, must be tne moment of 

the area Oi Ui Si P^ about Si, multiplied by -j-p' 

a hj 

It will be noticed that the deflection at any point is 
measured from, and joerpendicular to, the tangent to the 
beam at the point O, and the point O may be taken 
arbitrarily, though it is generally advantageous to locate 
it immediately over a point of support or in the middle of 
the beam. We may now formulate this method of finding 
graphically the deflection curve of a bent beam. 

Draw a diagram^ shounng the intensity of the stress in the 
flanges over that portion for which the deflection curve is 
required; then draw the diaxfram of bending moment for this 
imaginary load, treating that part of the beam under con- 
sideration as a cantilever fixed at the end remote from the 
tangent point. The ordinate to this curve (from the tangent) 

multiplied by—T-= gives the deflection. The slice N U H E is, 

a ill 

of course, assumed to be indefinitely thin in the direction 

C E ; the reason why it appears so thick in the figure is 

that if it were taken smaller the several lines could not be 

distinctly seen. 

The above method is very fully discussed by Professor 
Claxton Fidler in his treatise on "Bridge Construction," 
and its chief advantage lies in the fact that the construction 
is the same whatever may be the method of loading the 
beam. 

In the above example we have selected a beam in which 
the direct tensile and compressive stresses have been 
resisted by the flanges only, while the web resists the 
shearing action. Since in a solid girder the stress at points 
intermediate between the neutral surface and the outside 
fibres is a function of the maximum stress in the outside 
fibres, and since the resultant of all those elementary 
stresses between those limits is a function of the maximum 
stress, it is evident that the above investigation also holds 
for solid beams, but the expression which then represents 
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the deflection will be the one above, multiplied by some 
constant, which will depend upon the form of cross-section. 

If in equation (44) d x he substituted for C E, and / is 
replaced by its value in terms of x, and then the integration 
be performed, the result obtained will be identical with the 
second case given in the table of maximum deflections. 
In general, the whole curve of deflection is hardlv ever 
needed J it is merely the deflection at some cardinal point 
where it is either a maximum or a minimum, and these 
points often occur such that when the direction of the 
tangents are known, the required properties follow imme- 
diately. 

We will now show that the tangent of the inclination of a 
tangent line to the bending moment curve at any point is 
a measure of the shearing force at that point. Let E F, fig. 
23, be a beam supported by and fixed horizontally in the 
wall at F, and let it be uniformly loaded with w lbs. per foot- 

run. The bending moment at H will be ^^^— pounds-feet. 

Setting down R S in the usual way perpendicular to O C 
and equal to the bending moment at H, and repeating the 
operation at diflerent points along EF, we obtain the 
bending moment diagram O S D C E^ of which O S D is a 
parabola, whose vertex is at O. Draw a tangent to the 
parabola at S, cutting O E in T, and draw the abscissa S N. 
Then, from a property of the parabola N O = O T.* The 
inclination of the tangent T S to the horizontal O E or N S 
is the angle NST, and 

tanNST=TN^20N^2ES^2xi^^ 

NS NS X — 

X 

= wx =^ load on E H. 

» sum of all forces acting on beam to the 
left of H 

= shearing force at H. . . . . (47) 

The same reasoning holds good whatever the loading may be. 

With the aid of the above theorem we may go a step 

further, and show that two tangents to the deflection curve 

intersect at a point immediately below the centre of gravity of 



* See Wilson's "Solid Geometry and Conic Sections," p. 99, or any treatise on 
conic sections. 
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that part of the stress intensity diagram which is situated 

immediately above that part of the deflection curve contained 

between the points of contact of the two tangents and the curve. 

In fig. 23 let the stress intensity be constant all along the 

beam ; then it can be represented by an ordinate of the dark 

area above the beara. The deflection at any point H being 

the moment of that portion of the dark area between E and 

2 
H about H, multiplied by j^, it can be represented by ES, 

and the whole curve is a parabola. The same reasoning 
applies to all kinds of loading, but this particular one is 
taken so that fig. 23 may serve as the illustration. Let the 
centre of gravity of the stress diagram be at G, distant ic 
from F. Then it has been previously shown that if we 



— JC 




Fio. 23. 



imagine the stress diagram to be divided into a very large 
number of small parts, whose areas are represented by 
Wi> W2» ^8* <fec., and whose centres of gravity are situated 
at distances a^i, iPg, x^, &c., from F, that (Wi + Wg + W3, + 
<kc.) a; = Wi a?! + W2 a?2 + W3 x^ + Ac, 



and 



= moment of whole dark area about F. 

= CD 

CD 



X = 



whole dark area 



(48) 



Again, the tangent to the curve at D is P D, and the tangent 
of its inclination to O C is ^. But by equation (47) this is 
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eauivalent to the shearing force at F, which equals the 
whole area of the stress diagram ; therefore we have 

D C 

^ p = whole area of diagram. 

Comparing this equation with (48), we see that a; = C P, 
or the tangent at D intersects the tangent at O immediately 
under the centre of gravity of that part of the stress diagram 
between D and O. 

Before proceeding to an example, there is one other 
relation to be shown to exist between the stress diagram 
and the deflection curve, and it is that the portion of the 
deflection curve immediately under a section where there 
is no bending moment is straight, and generally is the 
position of a point of inflexion. This may be shown in 
more ways thaii ona First, if there is no bending moment 
at any particular section, the beam will remain unbent 
there ; and if it were originally straight, it will continue to 
remain straight. If there is no bending moment, there will 
be no direct tensile or compressive stress on the flanges. 
Second, as a point of no bending moment is a point of no 
flange stress, this point will happen where the resultant 
stress diagram outline crosses the base line : and, taking the 
signs into consideration, it will be the point where the 
stress changes through zero from positive to negative, or 
vice versa (from tension to compression, or compression to 
tension). Beginning at any ordinate of the stress diagram, 
the area of the diagram will gradually increase as we move 
towards the point of zero stress, and will be a maximum 
when that point is reached. After the point is passed the 
negative area will be subtracted from the positive, and the 
sum of the areas must necessarily decrease. But the sum of 
the areas is represented by the inclination of the tangent 
to the stress curve [equation (47)] ; hence the tangent will be 
more and more inclined as the point of zero stress is 
approached. At that point the inclination will be a maxi- 
mum, and as the point is receded from the inclination 
gradually decreases. This point of zero stress is then a 
point wnere the curvature changes from concave to convex, 
or vice versa, and that is called a point of inflexion. At the 
extremities of a beam which is not fixed in any way, but 
only supported, the beam is straight, but the end points 
are not points of inflexion, as the curvature does not change 
from positive to negative. 

To emphasise these several relations, we will take any 
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arbitrary stress diaeram, with its corresponding deflection 

curve, and point them out In fig. 24, let FRGZHJE- 

be the stress intensity diagram described upon the base line 

E Z, such that the ordinates to the curve measured above 

E Z represent positive stresses, and below negative stresses. 

The corresponding deflection curve is T P S Y M. Now 

consider any portion TPS of the deflection curve. The 

corresponding part of the stress diagram is that which is 

contained between the two ordinates EF and HG. The 

tangents to the deflection curve at the extremities of the 

stress diagram under consideration are T N and S N. The 

tangent to the angle R N Q between them equals the area 

2 
E F K G H J of the stress diagram multiplied by -j-^ ; also, 




Fio. 24. 

because the centre of gravity of the area E F G H is at O, 
the taiieents at T and S will intersect at N immediately 
below O. The stress at Z being zero, the deflection curve 
immediately under it at Y will be straight, and the 
curvature there changes from concave upwards to concave 
downwards in passing through Y ; therefore there is a point 
of inflexion there.^ 

Again, any ordinate P Q to the deflection curve at P, 
measured from the tangent at T, equals the moment of the 

area E F K J about J K multiplied by -j-^ ; and the ordinate 
P K, measured from the tangent S H at S, equals the 



moment of the area H G K J about J K multiplied by 



dE' 
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In every case the area in question lies immediately above 
that portion of the deflection curve between the tangent 
point and the point whose ordinate is required, and its 
moment is taken about the point at which the ordinate ia 
required. 



CHAPTER VI. 

Abeas and Centres op Gravity op Parabolic 

Segments. 

As it is sometimes useful to know the area of a segment 
of a parabola, or the position of its centre of gravity, these 
are here given. In ng. 25, O P is a portion of a parabola 
whose axis is O B, and vertex at O. The axis of x is here 




Fio. 25. 

repjresented by O R, and the axis of 2^ by Q, R Q being 
a right angle. 

The area OPR = S area ORPQ 

and consequently the area ^ , ^ ^49\ 

OPQ^iareaORPQJ 

If X and y denote the co-ordinates of the centre of gravity 
S of the area O P R, then 



\ 






. . (60) 
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Also if Xj, and yx denote the co-ordinates of the centre of 
gravity T of the area O P Q, then 

^ = l^^o\ (51) 

In fig. 26, the area 

HK PR = |[ar2y2 -x^yj 
while the area 
KPN = areaHNPR- areaHKP 

= J^2 2^2 -^1(2^2 - § 

The co-ordinates of the centre of gravity G of the area 
HKPRare 




(52) 






2/ = § 

Q 



2^2 



4 



Vi' 



m 



2/2^ - 2^1* 




OOx = tV 



Fio. 26. 

The co-ordinates of the centre of gravity S of the area 
KPN are 

-— _ jj X2 + 2 a?2 ^1^ + 3 a?i X2^ + 4 x^\ 

a?2* + 2 a?ii 
^ * 2^2^ + 22^i2^2^ + 3yi^y2 + 4yi« 
2^2'' 2^2 + 2^1 M54) 

*^^^^ = *'(2^2 + 22/i) 

Should the segment of the curve P K be nearly straight, 
the centre of gl^av^t^ S may be found without much error 
by considering the figure P N K as a triangla 



or, 



s 

— Tir • 



APPLIED TO STRUCTURAL DESIGN. 



63 



BEAM FIXED AT ONE END AND SUPPORTED AT THE OTHER. 

We shall now take as an example the case of a beam of 
double-tee section, uniformly loaded, of uniform depth and 
section, fixed horizontally at one end, and supportea at the 
other. Such a beam is shown in fig. 27. If the support at 
E were removed, we should have a simple cantilever, 
uniformly loaded, and the bending moment at anv section 
distant x from the free end would be representea by the 



expression 



WX' 



where w is the load per unit of length. 



ooonoononnonnnnnri 




PiQ. 27. 

J^'rom this it is clear that the bending moment can be repre- 
sented graphically by the ordinate to a parabola, whose axis 
is vertical, vertex at E, and concave downwards. 

The moment of resistance of the beam at any section is 
A/idy where A is the sectional area of one flange, d the 
depth between the centres of flanges, and/i the average 
stress over the flanges. Equating this expression to the 
bending moment, we have — 



/i = 



wx 



2 



2 Ac/ 



(54a) 
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or the bending moment diagram also represents the intensity 
of stress in the flanges. Set down HN to represent the 
stress intensity in the flanges at F. If this is not known — 
and it is not necessary that it should be known just at 
present — we mav set down H N of any length ; but, at the 
same time, it will represent to some scale the stress /x at F 
due to the simple uniformly-loaded cantilever. 

By what has been previously said, and equation (45), the 
deflection of the free end E below the horizontal £F is 
given by the moment of the area H N P G about G, multi- 

Let d be this deflection, then — 

5 = area H N F Q x distance of its centre of gravity 

o 

from G X -..= 
d E 

= J.GH X HN. X jGH. x ^ 



dE 
GH^ X HN 



2ciE 



(56) 



To produce the same result as the beam given in fig. 27, 

we must now apply a single upward force at E to bring the 

free deflected end of the cantilever back to the same level as 

F, or, in other words, the single force must be such that, if 

applied to the unloaded beam, would produce an upward 

deflection equal to d. The bending moment diagram of a 

beam loaded at one end and fixed at the other is triangular 

with the vertex at the loaded end, and hence the stress 

diagram will also be triangular, similar to HKG. The 

upward deflection d of the free end will be equal to the area 

2 
H K G X distance of its centre of gravity from G x -^ - 

O' e=i.GHxHKx|GH. X A 

d ili. 

^ o GH^xHK . ,^. 

And if we call the downward deflection positive and the 
upward negative, the above must be prefixed with the 
negative sign. 
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. On referring to equations (32) to (36)^ it will be noticed 
that the deflections are directly proportional to the load pro- 
ducing them, and hence double the load will produce double 
the deflection, while treble the deflection must be produced 
by treble the load, other things being equal. In the same 
way, if ^x ^ ^^^ deflection due to a certain load Wx, and ^2 
that due to another load W2, then A + *2 ^^ be the 
deflection produced bv the load Wi + W2« A glance at the 
table of deflection will show that the stress is proportional 
to the deflection, and hence the same rule holds good when 
the £(tresses are substituted for the loads. 

Keturning to fig. 27, the actual deflection of the point E 
will equal the sum of the deflections due to the two methods 
of loading ; but this actual deflection is zero, E being on 
the same level as F ; hence we have from (55) and (56) — 

GH^x HN _ o G H^ X H K ^ ^ 
2d IE, ^ dlS, 

and therefore H K = i H N. 

That is, having drawn the parabolic diagram HNPG, 
the problem is to draw a triangle whose moment about 
G shall equal the moment of the parabolic diagram about G. 
To secure this relation, H K must from the above be three- 
quarters of H N. As one diagram represents positive 
stress, while the other represents negative stress, the actual 
stress is represented by the diflerence of the two diagrams, 
which has been plotted separately in fig. 27, and is the 
shaded portion, with U W as base line. 

The centre of gravity of U Y Z is at Y, and that of Z W X 
at V. Immediately under V will be found the intersection 
of the tangents to the deflection curve at O and S, while 
under Y will occur the intersection of the tangents at 
<2 and S. The point S being below the point of no stress Z. 
it will be a point of inflection in the deflection curve, ana 
hence the tangent at S will intersect the tangent at O in T, 
and the tangent at Q in R. The whole area of the stress 
diagram, namely, area U Y Z - Z W X (the latter being 

Q 

negative) multiplied by -p^ is the tangent of the angle 

between the tangents to the deflection curve at its ex- 
tremities » tan T Q R, Q R being the tangent at Q, and 
Q O the tangent at O. The area U Y Z multiplied by 

■ \ i = tan S R A, because R S is the tangent at S, and Q R 
a E 

the tangent at Q, the points Q and S being immediately 
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under the extremities of that part of the diagram U Y Z. 

Also tan S T Q = area Z W X multiplied by ^. Having 

(I Jii 

obtained T, the point of intersection of the tangent at S» 

and that at O, and knowing the inclination of S T from 

above, R T can be at once drawn, intersecting the vertical 

through Y in R. Join Q R and the third tangent is found. 

If the vertical scale of the deflection curve^ is not too large, 

the curve is fairly represented by describing arcs of circles 

which touch the tangents at Q, b, and O. Such a curve is 

shown in fig. 27. At S there is no bending moment, and 

the part S O to the right supports Q S and its load ; tnere- 

tore the portion Q d may be treated as a simple beam 

supported at the ends, when the point S is known. In this 

case S is situated at three-quarters of E F from R This 

may easily be found arithmetically, thus : Find what value 

of X will make the value of y the same for the straight line 

G K as for the parabola G N. The equations to the parabola 

and straight line are respectively — 

a:^ = 4 a y, and x =^ my. 

To determine the values of a and m, put in some known 
values of x and y in each equation. Those are known at the 
right-hand end, where y — H N = A for parabola, and 
^ — H K = /o f or the straight line : also G H » /. Putting 

these in the above equations, we get 7-^ = a and-?- » m, and 

Yi . 72 

after substituting these and solving the simultaneous equa- 
tion, we find that x ^*^l. But f^, =« f /i ; therefore x^\l. 

If Q Z is three-quarters of the whole lensth, it sustains 
three quarters of the whole load, and as the part Q S is 
similar to a simple beam supported at each end, half its load 
is upon each end, and therefore there are three-eighths of the 
whole load to be supported at Q, and consequently five- 
eighths at O. 

The actual stress at F 



from equation (54a). 
The actual stress at Y 



%Kd 



[RxS;-|«^x|^]x^ 
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When dealing with the case of continuous girders, we 
shall require to return to the graphic theory of deflection ; 
but for the present we must proceed with other matters 
connected with the deformation of elastic material. 



CHAPTER VII. 
Bending accompanied by Direct Longitudinal Force. 

When dealing with the phenomenon of bending in the pre- 
vious pages it was assumed that the external forces which 
were applied to accomplish the bending were in all cases per- 
pendicular to the same surface of the material, which was itself 
initially plane. The result of the action of these external 
forces on the material was found to be a stress in it of 
two kinds, viz., tensile and compressive, in a direction 
parallel to the longitudinal axis of the material, and a 
shearing stress in a direction perpendicular to the axis. 
The former is sometimes called an induced stress, and 
e^iuation (27) shows that its intensity is proportional to its 
distance from the neutral or longitudinal axis: therefore 
it can be represented in intensity by a diagram whose 
boundaries are straight lines ; e.^., in flg. 28 E F represents 
the trace of the plane of cross-section, and S the trace of the 
neutral axis, the depth of the beam being E F. Then, if E P 
represent the compressive stress in the material situated in 
the upper surface of the beam, and F Q the tensile stress 
in the lower surface, P S Q is a straight hne, and the stress 
at any point J in the cross-section distant x from the neutral 
axis is given by the length J Z. For 

JZ EP / 
J S " E S " A' 

Hence, if J S represents the distance from the neutral axis, 
J Z represents the stress due to bending. 

If, in addition to the bending forces, we stretch the beam 
longitudinally by a pair of equal and opposite forces applied 
at the ends, we produce another tensile stress throughout 
the whole of the oeam of intensity equal to the whole force 
divided by the area of cross -section. This is generally 
termed a direct stress, and is independent of the induced 
stresses due to bending. In flg. 28, set off E G equal to this 
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direct stress, and draw G H parallel to E F, cutting P Q in 
T. The total maximum tensile stress in the material is 
now PE + EG = PG, and the corresponding maximum 
compressive stress isFQ — FH«QH; while the position 
of no stress is at T — ^that is, by the superposition of a direct 
stress, the neutral axis has been displaced to a point nearer 
the surface, the amount of displacement being S F — T H. 
The stress at any intermediate point being given by the 
length of an ordinate drawn from and perpendicular to 
G H, and cut off by P Q. 

A rod in tensioriy the stretching force being applied at a 
point which is not the centre of gravity of the cross-section, — 
The rod is shown in fig. 29. The force F is applied at P, 
which is situated at a distance a from the centre of gravity 
G. At G apply two opposite forces, each equal to F in 
magnitude (upper portion of figure). These two forces, 




PiO. 28. 

being themselves in equilibrium, will not in any way affect 
the rod. The upper force on the left, together with the 
right-hand force, form a couple whose moment is F a. 
Hence we have acting on the rod a couple tending to bend 
it, and a single longitudinal force F tending to stretch it. 
Using the previous notation, with ft representing the direct 
tensife stress, and/6 the induced bending stress, we have — 

F M 

ft^j and fb ^ -jh from equation (29). 

Setting these out^ as in fig. 28, we get maximum tensile 
stress 

= /« + A = J + -jh, 
and maximum compressive stress 

= fb - ft ' 



M . F 
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If in these expressions we substitute for the moment of 
inertia I, its value Ap^, /> beinc the so-called radius of 
gyration ; also F.a. for M, whilst calling the maximum stress 
/, the above expression may be written in one, thus — 

•^ A \P' 



i2 



± 1 



) 



the upper sign being used for maximum tensile stress, and 
the lower one for maximum compressive stress. The first 




a 



=^. 



Ei^^^/v; 





Fio. 29. 



Fio. 80. 



factor of the right-hand side is ft. Therefore we may 
write — 



f-f^ir'^') 



(57) 



From this it is seen that the stress in a rod increases with 
an increase in the displacement of the point of application 
of the external force from the centre of gravity of the 
cross-section. 

For a practical example of this we will take the draw bar 
or crane hook, fig. 30, and assuming the area of cross-section 
to be the same in each of the three cases — when the section 
is a^ rectangle, a circle, and a trapezium — ^to find the 
maximum siSe load that can be applied to the hook if the 
limiting stress be 5 tons per square inch. 
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The section whose neutral axis is situated furthest from 
the line of action of the impressed forces is that at C D. Let 
the area of this section be 2 square inches, and the safe load 
in the three cases be Wi, Wj, and Wg respectively. In the 
first and third case let the length of the cross-section C D be 
3 in., and in the latter let the thickness of the hook at C be 
1 in. ; then the thickness at D must be about § in. As the 
area of cross-section is the same in each case, 



A = 



W W 
A "2 




Fig. 81 



Case I. (rectangle) : 



Wi X 2 X 1^ X 12 

§x27 



2Wi 



(in every case a » the distance from the centre line of the 
impressed forces to the middle point of the line C D, and is 
taken in each case as 2in.) ; 



and 5 tons -/«/6 +ft ^ 2Wi + 

hence Wi = 2 tons. 



Wi 



2JW; 
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Case 11. (circle) : 



therefore 



4 416 T 



d 



Tur i> ^2 X « X :s 



2 



hence 



Wo = -92 ton. 




Fin. 82. 



Case IIL (trapezium): 

The distance x of the (centre of gravity), neutral axis of 
the cross-section from C, is given by the equation — 






dbj_ 



«lAin. 



where bi and &s are 'the lesser and greater thicknesses 
respectively, and d the depth, 3 in. The distance x may have 
been found more quickly graphically if the cross-section 
section were drawn to scale. 

I3 = e^x ii!±iM2+V « 1-96. 
36 ©2 + ^1 

A (compressive) - ^« ^^^ ^ ^^'^ « 1-56 W, 
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The quantity m is the distance in inches of the centre of 
|;ravity of cross-section from the line of action of the 
impressed forces — 

= y = a- GS(fig. 32), 

« a - (OS - CG) = 2 - (IJ - lA) = IH. 
Also, 

A (tensile) = W3 ^ ^H AI* = 115 W3 

/ (tensile) ==/t + ft (tensile) = ^ + 1*15 W3 = 5 tons ; 

therefore W3 == 3*03 tons. 

The stresses in each of the above cases are plotted to scale 
in fig. 31 ; similar letters denoting similar stresses in each 
of the three cases. 

W 
/ (compressive = ft (compressive) - ft = 1*66 W3 - -^ 

— 1*06 X 303 — 3*2 tons per square inch. 

In this instance the matenal in compression is not being 
strained to the extent which is permissible with regard to 
safety, and hence it is possible, by arranging the shape of 
the cross-section, to increase the stress / (compressive) to 
the limit, and thus produce a more economical form of hook. 
This can be accomplished by decreasing the thickness of 
cross-section at the thin end, and increasing it at the other 
en^ while the area is maintained constant. Then the final 
stress / (compressive) will be represented by Ps Ds, and 
/ (tensile) by H3 Cs, while H3 E3 represents the load F 
divided by the area of cross-section. 

Steut. — ^We shall next consider the case of a rod or 
member subjected to a pair of equal and opposite forces, 
acting in a direction parallel to the axis of the rod tending 
to shorten it ; that is, the forces will be compressive. 

As this part of our subject is extremely interesting, and 
as the behaviour of a strut depends upon so many diflerent 
phenomena, some of which are anything but determinable 
with exactitude, the author considers that he is to a certain 
extent justified in discussing this question at some length. 

In structures, the majority of struts are either fixed at 
both ends to something more or less rigid, or fastened at the 
ends with pins. These two cases correspond to some extent 
with the two main cases of horizontal beams, namely, with 
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the ends fixed in walls or abutments, or merely supported 
at the ends. In the latter case the whole of the resistance 
to flexure is supplied by the material of the beam, while 
in the former tne rigid abutments render a considerable 
amount of resistance in addition to the elastic resistance of 
the simple beam. 

The term enda fixed is in general applied to struts in 
which the direction of the axis at the ends is in the same 
straight line with the axis of the strut in the unstrained 
condition, and that the directions of the ends of the strut do 
not vary during the existence of any straining action on the 
strut. In flg. 33 we have a horizontal strut with flanged 
ends, the flanges being so large that no change of direction 
of the axis at the ends can take place during flexure. The 
same result would be obtained if the strut were prolonged 
at both ends and riveted to the vertical cross-beam. 



W 



U 




w 



Fio. S3. 



To the strut in the figure a pair of equal and opposite 
forces W are applied, one at the centre of gravity of each 
end and in a direction along the axis. These will produce 

TIT 

a direct compressive stress over any cross-section equal to -^ 

AI90 let the strut be deflected, as shown in the figure, by some 
cause or other. We shall then have a bending moment equal 
to W yo acting on the strut tending to increase the deflection 
yo, which bending moment will be resisted by the moment 
of resistance of the beam, if the whole is in equilibrium. 
We then get from equation (29) the stress due to bending ordy^ 



d 

^2 



where the area of cross-section is A, and the radius of 
gyration p. On referring to the table of deflections 
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previously given, it will be noticed that^ however the beam 
IS supported or fixed, the maximum deflection can be 

expressed as some multiple of -^t and for any particular 
stress as some multiple of /^ divided by d. Therefore we 

72 

may write : Maximum deflection yo = some constant x —r- 

d 

Substituting in the above equation, and writing fe for 

W -^ A, we have 

/6=c/c^ (58) 

Where c is a constant depending on the kind of material, 
and, as we shall discover later on, the wav in which the 
strut is fixed or supported at the ends, and upon the form 
of cross-section. 

Then 

which we may write as 

fc--^ m 

or, after multiplying both sides by A, we have 

W=-^^ (60) 

P^ 

In this expression f is the maximum safe compressive stress 
permitted in the material, when -designing a strut 

It has been previouslv mentioned that the constant ratio 
of stress to strain only holds good up to the elastic limits 
beyond which no such law exists, and that fracture takes 
place when a piece of material is strained considerably 
be^rond the elastic limit, so that such formulae as those above, 
which are constructed on the assumption of perfect elasticity, 
cannot be expected to give the exact load that will produce 
failure in any particular strut. 

When material is strained beyond the elastic limit, a 
permajient change takes place in the dimensions of the 
material, so that when the straining forces are removed, the 
material does not return to exactly the same form as that 
previous to being; strained. This permanent deformation is 
generally termea a " set," and is due to a flow of the material 
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under excessive stress, in a manner something; similar to a 
very viscous fluid. The actual maximum stress in a strut just 
previous to failure is always greater than that correspond- 
ing to the elastic limit of the material, and hence it must 
remain to a certain extent an indeterminate quantity in the 
above equations, although it is possible to locate it 
approximately between certain limits. 

In fig. 33 a stress diagram has been sketched immediately 
above the strut, in which fc is represented by the line 6.8., 
and/6 by 2 5. The maximum crushing stress/ is then given 
by 2.8., while the maximum tensile stress is equal to 7.4. on 
the same scale. In the figure, 7.4. appears to be about one- 
fourth of 2.8., so that should the resistance of the material 
to tension be less than one-fourth the resistance to com- 
pression, this strut would fail by tension instead of by 
compression. We have such a material in cast iron, and it 
is a fact that between certain limits cast-iron struts often 
do fracture by tension. In such a case the maximum 
tensile stress / would be given by the equation — 

W- -A^ (61) 

In any case the constant c is found by inserting known 
values of the other symbols from experiments in equation 
(60) or (61), and solving for c. Generally / and c are both 
unknown, and hence two equations have to be solved 
simultaneously to obtain them. These two equations will 
contain quantities derived from at least two distinct 
experiments. Now, it is well known that two pieces of 
material of the same kind, manufactured in the same way, 
and treated throughout in the same manner, often differ 
very materially in physical properties ; e.g., the modulus of 
elasticity E of the two pieces may be widely different, and 
it is not uncommon to find two pieces of the same material, 
cut from different parts of the same block, to give a 
difference of modulus of 20 per cent when strainedin the 
testing machine. In obtaining equation (59) we made use 
of an expression for the deflection which involved the 
modulus of elasticity E, and therefore, unless the modulus 
were the same in the two experiments from which /and c 
were derived, and still the same in all the material which 
it is proposed to utilise in the construction of struts, it 
cannot be expected that the above formula will give results 
which are more than approximately trua 
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Again, if we grant that the moduli of elasticity are the 
same throughout, there is no guarantee that the whole of 
the material will be of the same hardness. The result is 
that the / of one piece of material will not be the same as 
f of another piece ; and hence the load sustained by one 
strut may not be the load which another strut can support 
(deduced from the same formula), although everything is 
apparently the same. 

In the outset we assumed that the axis of the strut was 
perfectly straight, and that the load was applied at the 
centre of gravity of the end. It is seldom these two con- 
ditions are ever fulfilled, and when they are it is generally 
by mere chance. It will be shown in what immediately 
follows that a very minute initial " camber " (t.g., deviation 
of the axis from the straight line), or a displacement of the 
point of application of the impressed forces from the centre 
of gravity of the ends, will cause a very considerable diminu- 
tion in the load a strut will sustain. 

In any single experiment all these elements of deviation 
from ideal circumstances may occur, and in a very large 
number pf similar experiments there must be — according to 
the laws of probability — a few instances in which they all 
conspire to wreck the strut; while again there must be, 
approximately, a similar number in which they conspire to 
strengthen the column. There will be at the same time a 
much larger number in which the elements of deviation 
conspire in a less degree to wreck and to strengthen the 
column respectively;, and, finally, there must be a very large 
majority of cases in which a sort of levelling-up action 
occurs : i,e,^ where a discrepancy tending to strengthen is 
neutralised by another discrepancy tending to wreck the 
strut. It will be these last experiments that give results 
most near to those predicted by the expression derived from 
assuming real conditions. 

Unfortunately such a vast number of experiments have 
never been carried out, partly on account of the expense 
involved, and partly on account of the time and labour that 
would be required. However, a few disjointed sets of 
experiments have been conducted for special purposes by 
different observers, and, so far as they go, they support the 
views advanced above. In fig. 34 the results of some of 
these have been plotted on a diagram, in which vertical 
ordinates represent the direct crushing stress /c, while 

abscissae represent the ratio— (length to radius of gyration). 
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The whole of the results in this figure represent struts 
whose ends were either fixed or flat, or so well bedded that 
they may be taken as fixed. Those experiments represented 
by circular black dots were carried out by Hodgkinson 
many years ago upon solid square pillars of wrought iron, 
and are those from which Gordon derived the unknown 
quantities / and a in equation (60), which has since been 
known as Gordon's formula. An account of these experi- 
ments may be found in Mr. Stoney's " Theory of Stresses in 
Girders and Similar Structures,'' page 417. 



WROUGHT IRON CMOS riXCD 




350 400 



Fig. 84. 



Ratio— L l^P gth o f strut 



p least radius of gyration 

The plain circles denote experiments on hollow wrought- 
iron cylinders, also carried out by Mr. Hodgkinson, while 
the circles through which two short lines are ruled at right 
angles represent the results of Mr. Christie's experiments 
on angle and tee iron carried out in America, and published 
in the Proceedings of the American Society of Civil 
Engineers, 1884. A reBurrt^ may also be found in the 
Journal of the Institution of Civil Engineers, voL Ixxvii. 
p. 396. The result of a number of experiments will also 
DO found in the same publication, vol. xxx., which were 
conducted hj Fairbairn and Clark. 

The quantities in Gordon's formula are often taken from 
the average of a number of experiments. Upon a little 
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consideration, it must be apparent that such a proceeding 
is not altogether Justified by a reference to the diagram. 
Thus, a strut which is designed with average data mav be 
much too weak if constructed of the same material as those 
represented on the lower side of the group. The ultimate 
object in design is to secure sufficient strength under all 
circumstances, and hence it would appear more reasonable 
to adopt data obtained from struts which indicate an 
average minimum of strength. 

This idea has been put forward by Professor Claxton 
Fidler in a paper on the ^ Practical Strength of Columns," 
in the Proceedings of the Institution of Civil Engineers, 
vol. Ixxxvi. 

If preferable, we may express the radius of gyration p in 
terms of the least transverse dimension d, thus — 

where n is a constant depending on the form of cross- 
section. Gordon's formula may then be written — 



/c = 



/ 



1 + a 



where 



d^ 
a 



• (62) 



cn^. 



The following table has been compiled from such 
authorities as Professor Unwin and Sir Benjamin Baker, 
giving corresponding values of / and a in the above 
expression for struts with fixed ends, the stress being 
measured in tons. 

Table of Constants. 



Metal. Cast Iron. 



i 



/tons. 



a 

o 
08 



86 

1 
400 



I 

(6 

36 

1 
600 



Wrought Iron. 



1 
I 



16 

1 
2500 



I 



16 



SOOO 



•a© 



5 



19 



dOO 



Hild Steel. 



a 

9 
O 

P8 



SO 

1 



I 



80 



2480 



Hard Steel. 



o 



50 



900 



60 



1600 
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The dotted curved G H H, iig. 34, has been plotted from 
the above equation when/ is taken as 42,500 lb. ^ equivalent 
to 19 tons, while a is taken as ttAttt ; the strut being of angle 
iron n — 3*45. It will be noticed that this curve ranges 
below most of the experimental struts, and, therefore, struts 
designed by its use would be exceedingly strong, and, of 
course, be very heavy. By altering the conlitant (a) to shr 
instead of W^^ it will he raised to the extent of from 5 to 
10 per cent. 
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N 
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4*9 



MMCriOt. CHOMCr^ 



Fig. 85. 

The full curve DF is the graphic re|)resentatlon of 
Gordon's formula for square wrought-iron pillars when/ » 
16 tons and a » W^t and was drawn originally by Gordon 
as representing as near as possible the results of Hodgkin- 
son's experiments. It strikes a sort of average position of 
the blacK dots. 

In fig. 35 will be found the corresponding value of the 
constant n in the equation d == np for some of the cross- 
sections in general use, where d is the least transverse 
dimension. 
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CHAPTER VIII. 

Investigation of the Strength of an Ideal Strut. 

We will now attack the problem of the strength of a 
strut by a method slightly different from that just pre- 
viously used. 

Taking the general case, assume that the impressed forces 
W are applied at points situated at a distance (a) from the 
centre of gravity of the ends respectively, as shown in 
fig. 36. The axis of the strut will then be represented by 
the bow-shaped curve O Oj O2, the ends of the strut being 
guided only in the line O O2. In this case the ends are 
not fixed, as in that just considered, so that now the axis 
at the extremities will not coincide with the originally 
unstrained axis. Assume that the strut is made of homo- 
geneous elastic material, and in the unstrained condition 
was perfectly straight. Let the deflection at any point P 
distant x from the origin be y. The differential equation 
to the elastic curve [equation (30)] is 

c^2y _ M 



dx'^ EI 

when the curve is such that the slope -j-^is always small 

a X 

enough in comparison with unity to be neglected, or, in 
other words, when the inclination to the axis of the tangent 
to the curve, in circular measure^ does not differ sensibly 
from the tangent of the inclination. 

Next as to the sign of the left-hand side, --j—^ expresses 

Cu X 

the rate of increase of the slope with respect to x, or the 
rate of increase of the inclination of the taiigent to the axis 
of X, But the_ inclination of the tangent decreases as x 
increases — t.e., it has a negative increase for a given positive 

increment of x. Hence -7—f must in this case be negative. 

CL X 

Then, writing W (a + y) for the bending moment M at P, 
the above equation becomes — 
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the solution of which is — 

y -{• a = Acosmx + Bainmx* , . , (63) 

W 

where m^ « and A and B are constants. 
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Fig. 86. 



When y = 0, a? == 0, and consequently A - a. Differen- 
tiating once, we get — 

-1^= - amsinmx + Bmcosmx. 

Cb X 

The left-hand side is the slope or inclination of the tangent 

Put Y f or a 4- y ; then 

dx dx dx* dx* -^ 

Multiply both sides by 2 ^; then 

dx 

dx dx* dx 

IntegratiDg onoe, we have— 

illT ~ - »»* Y« + a constant, say m* 6» 



and 



or 



dx 



dY 



Integrating again, we get~ 



^b* - Y« 



mdx. 



— 1 Y 

*^ -r-s »» a: + a constant, say c 



then 
and 



Y a & sin (m a; + c) 
a + y 3 6 [sin mxcose + cosmxsinc] 
sAcosmx + Bsinma;, 
where A s 6 cos e, and B s 6 sin c. 
G 
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to the axis of x. On account of the sjrmmetry of the figure 
the tangent will be horizontal at the middle of the strut — i.e., 

when X » -^ I being the whole length of the strut. There- 
fore, in the above equation put -j^ = 0, and «;■»—-; then — 

(t X 2 

ml 
Bi ggin 2 t^ mZ 

cos ^ 

Substituting in (63), we have 
a + 2^=a| cos97ia; + tan ^ . sin ?» a; I . . . (64) 

The maximum deflection po occurs at a point where x = 
^; then 

a + y6^a [cos^^+ tan ?|-^ sin ??^] 

= « (cos2^+ sin2 r^) 

cos ml \ 2 2 / 

2 

ml I rw~ , ^ 

= a sec . -g- . = a sec . "2 /-j^r . (65) 

Should a be made equal to zero, by intention or otherwise, 
in this last equation, the only value of 

which will allow of a positive value for yo is infinity ; that 
ia, 

2 J EI 2 
^^ W = ^f-i (66) 

This is the result first obtained by Euler, and the value of 
W derived therefrom is the maximum load which it is 
possible for a column to withstand, under the given ideal 
conditions, and, afortior% under any real conditions. It will 
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be noticed that this expression is independent of the amount 
of deflection of the strut ; or, in other words, given a strut 
originally straight^ and conforming with other ideal con- 
ditions, no deflection or deformation of any kind will be 
noticed as the load is increased until it attains the value 
TT^'El -r- l^i when the strut will be in a state of neutral 
equilibrium. If now the middle of the strut be displaced 
transversely, it will remain in the deflected position when 
the deflecting agent has been removed. Whether the strut 
is deflected or not, if any addition is made to the above 
critical load, the strut will collapse suddenly. 

If now we return from the ideal to the real strut — t.e., 
from equation (66^ to equation (65) — we see that the deflection 
begins with the imposition of the first element of load, and 
will continue to increase with the load — though not in 
direct simple proportion — ^until rupture occurs. 

By diviaing both sides of the last equation by A, the area 
of cross-section, we get 

fc=^ (67) 

Such a column as that just discussed is shown slightly 
bent at C D, fig. 37 ; the ends beins round, after the nature 
of a ball and socKet joint, the bending moment at the 
extremities must be zera The column shown at E A B F is 
one of equal length and transverse dimensions, but the ends 
are fixed. There must be points of inflection somewhere at 
A and B, which points correspond to C and D in the strut 
with round ends, there being no bending moment at those 
points. If the curve E A be repeated above E, such that 
E H is the image of E A in C E, then H is also a point of 
inflection, and likewise G ; and the whole curve H E A B F G 
is that which^ would be assumed by an ideal column of 
length G H, with ends round, and constraint being applied 
at the points A and B to prevent those points deviating 
from the straight line HABG. From symmetry it is 
evident that HA = A B = B G, and therefore E F - 2 A B 
= H B, which is exactly the same as two round-ended 
columns put end to end, and constrained at the joint A from 
moving laterally. Now, the column H A is of equal strength 
with AB, and therefore the two together, end to end as 
above, are of the same strength as one of them alone, but the 
two together are equivalent to the strut EF with fixed 
ends ; therefore a column with fixed ends is of the same 
strength as a similar column of half the length with ends 
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round. Let L be the length of a column, with fixed ends » 
2 1, and after substituting in equation (66), we have 

'' T 2 ■ 

(68) 




and 

which shows that of two similar ideal columns, the one with 
ends fixed is four times as strong as that with round ends. 
A very slight error in the fixing of the ends will cause a 
considerable variation in the supporting capacity of tJie 
fixed strut, and hence it is preferable in prstctice to allow 
for this by assuming that L =» 1*6 ^ instead of 2 L Professor 
Claxton Fidler recommends I being taken six-tenths of L, 
which is approximately the same. 

The above equation for a fixed strut may be obtained 
direct from analysis, but it was thought undesirable to go 
through it here, as it is very similar to that in the footnote 
of a few pages back. 

In the same way it may be shown that for a strut with 
one end fixed and the other end round, and constrained to 
move in the same vertical line — 

^_ 2^2 EI _ _ (69) 

while if the round end is unconstrained so] that it can move 
laterally — 

W = ^^l^ (70) 

Returning to equation (65) and fig. 36, the bending moment — 

M - W (a + yo) =: W a sec4- /^ 

2 ^ E r 

and 

.Uh ^Wasec-^^EI , 2^^--^^^2^ EI 
n - -J j-i p^ 

but d ^n Pf and I = A p' ; hence — 

»a/c sec g j-^— nafcsec-- /.•%- 
A - f_N/Ep^„ P n/4E /...v 

2/> 2~P • ^^^^ 

and /-A+^=/:[l + |-^secL^/Zy . . (72> 
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The quantity a has been shown hj Professor Claxton 
Fidler to be probably a simple function of the radius of 
gyration />, and henpe we may write 



a = cp, 



where e is a constant. The above equation is more easily 
solved after transposition, when we have it in the form — 



y//^////^. 



• % 

I I 



wmm. 



'^'////^//y v///}(\>'y/ 
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C/ 
Fig. 37. 

The constants to be filled in before a numerical solution is 
obtained are the modulus of elasticity, the maximum 
compressive stress / permissible in the material, together 
with n and e. The first of these may vary between 29 
millions and 23 millions with wrought iron — average, say 26 
millions. In the same way, for mud steel, it lies between 
32 millions and 26 millions— average 29 millions. The varia- 
tion in cast iron is between 23 millions and 14 millions — 
averag[e, say 17 millions; and not only do we find this 
variation between different specimens, but between two 
pieces cut from the same specimen. 
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The ultimate stress/ is a quantitjr which can only be 
determined approximately, except m the case of non- 
ductile materials, such as cast iron ; but as its influence on 
the strength of a column is only felt appreciably when the 

ratio — is small, its variation and lack of definition will 

P 
not be a matter of much consequence. In conjunction with 
the preceding equation, its value for wrought iron will be 
taken^ as 50,000 lb., equivalent to about 22 tons ; while for 
cast iron 95,000 lb. will be taken in compression and 
17,000 lb. in tension. Also GT^OOO lb. will be assumed for 
mild steeL The quantitjr n is obtained direct from the 
subioined table (fig. 35), which contains values corresponding 
to the ordinary forms of cross-section. In the case of the 
hollow cylinder and the double tee sections the values are 
rough approximations, on account of the great diversity in 
the relative thickness of material 

The last quantity (e) is most easily determined by 
reference to experiment, although some idea of its size may 
be derived from other bources. In fig. 38 will be found 
the same experimental results that are recorded in fig. 34, 
but three curves are there drawn, CD, B D, and A D 
respectively, which represent graphically equation (73) 
when the^ values '1, '2, and *3 are respectively given to e ; 
the remaining substitutions being /= 50,000 lb., n » 3*5, 
and E » 26 millions, and as the ends are Hxed. the 

T / 

corresponding ratio i* = 1*6 -. 

P p 

Of the three curves, A D represents the average minimum 
strength of struts (in which e = '3). The curve E D has 
been drawn with e equal to *35, and this represents the 
lower limit of strength of all the struts, except one very 
abnormal specimen near the right-hand side of the figure. 

With the object of testing the capacity of the equation to 
account for all the struts ppiven in the figure by simply 
introducing probable variations in the arbitrary quantities, 
and also to show the influence of each variation on the flnal 
result, the four curves were drawn, with starting point at 
F. The curve FJD represents tne e«)uation when e is 
made equal to '0114, the other quantities remaining as 
before. The area F J D E represents the variation in the 
strength of struts, due to a variation in e between *35 and 
*0114. J^ow. while keeping the latter value of e. change the 
value of E irom 26 millions to 29 millions, ana we get the 
dotted curve FQD. The area between this curve and 
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F J D represents the variation in strength due to the above 
variation in the modulus of elasticity. But throughout 
this discussion so far we have assumed that the lensth L of 
the column with Jixed ends equalled 1*6 times thelength I 
of a similar column with round ends. Bearing; in mind that 
in the idecU column the ratio is 2 instead of 1*6^ it is 
reasonable to suppose that the ends of some struts will be 
more accurately set than others, and, in consequence, the 
corresponding ratio would lie somewhere between the 
above limits. If we assume the ratio to be 175, we obtain 
the heavy line curve F S D when £ » 29 millions ; and, 



Wpousrht iron. 



V.r\^fi fiT«H. 




Ratio t =»*_ ?^ . 



Fio. 88. 



similarlv, with perfect setting, the resulting curve is F E D. 
Hence the area F K D Q F represents the possible variation 

in strength due to a change in the ratio j from 1*6 to 2. 

The broken curve H D is that for the ideal colunm when 
E = 26 millions. 

If we consider the five columns at the upper left-hand 
comer as abnormal specimens, then a limiting curve could 
be drawn, which would include all the remaining struts by 
giving to e the value 11, to £ the value 29 millions, and to 

the ratio j the value 1*8 or 1*85. 
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From these results it appears, then, that the strength of a 
stmt can be represented as nearl j[ as possible by the above 
equation, when the probable variations in the arbitrary 
quantities are taken into consideration, and the peculiarity 
of this equation is that it includes all of the different cases, 
from the worst of the real struts up to the highest ideal. 
Such consistency, so far as the author is aware, is not to be 
found with any other equation. 

In fig. 39 the curve H C has been plotted from equation 
(73) for the case of round ends (wrought iron), to represent 
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the average minimum strength of struts. In computing it, 
the following values have been used : E = 26 millions, 
e = -3, » = 3*6, and / = 50,000 lb. 

Similar curves for mild steel have also been constructed. 
In fig. ^ the results of a series of experiments on mild steel 
angle bars (also conducted by Mr. Christie) have been 
plotted, and the curve HD has been drawn to represent 
the average minimum strength as given by equation 6, 
when / is taken as 67,000 lb., e as *3, and n as 3*5. 
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As in the previous case of wrought-iron struts, the whole 
of the experiments^ with the exception of one abnormal 
specimen, can be included between a pair of limiting 
curves ; the data for the lower one being, approximately, 
E = 28 millions, n » 3*5, and e = *35 ; and for the corres- 
ponding upper curve, E = 30 millions, and e » 16. The 
curve for the ideal strut is c c, and is constructed with E 
having the average value 29 millions. The full line curve 
D F represents Gordon's formula with / = 48^000 lb. and 
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a = 



oQQQff *^d is suggested by Professor Claxton Fidler to 

be used for values of =^ which lie between 20 and 200. 

p 

In fig. 41 will be found the curve H D, representing the 

average minimum limit, the constants being the same as 

before. In the same figure the curve F E has been drawn 

from Gordon's formula, with data obtained from the 

previous table, namely,/ = 30 tons, a = 5-^, and I = ^. 



2,500' 



1-6 



90 



GBAPHIC STATICS, 



Professor Bovey, in his treatise on the ** Theory of 
Stractnres," indicates an exoeedin^^ly concise method of 
finding the relation between the direct stress fe, and the 
ratio — ^length to radius of gyration ; and this method lends 

itself to the calculation of -^ It is based npon the assumption 

that^ however a stmt is loaded, the resilient moment of 
resiErtanoe is always the sama Let fig. 42 represent diagram- 
maticaUv the bent stmt^ the maximum deflection being yo. 
The resilient moment of resistance (u]>on the above assump- 
tion) will be the same as that of the ideal bent pillar, with 
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round ends, and loaded with compressive forces P, such that 

hence moment of resistance 

The actual bending moment 

« W (a + yo ) 
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and the bendine moment 



resistance ; therefore 



the resilient moment of 



W (a + yo ) = P yo 



and 
also 
and 



W = P. 

yo — a 
a + yo= a 



yo 



a + yo 
W 



r- 



p - w 
p 

Consequently the bending moment — 

WaP 



(74) 



W(a + yo) 



P - W 
in terms of the actual load W, the eccentricity o^ and the 
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Fio. 42. 



ideal load of the round-ended ideal pillar. But from 
equation (29) 

/ M^ _ WaFd _ WaVnp 
^* " 7 2 (P - W) I 2 (P - W) A P'^ 



(P- W) 

and assuming that a = e /> — 

Tne 



ft> = 



Then 



2 (P - W) 



fc 



/ = /,+/,=/,[!^^_4_ + l] 



Also, after inserting r^ E I -r ^^ as the equiyalent of P> 
and /e for W -7- A, together with A p* for I, we get— 



(D 



.2 



E 



When— is zero, 

3 



(f-fc)fc . 



. . (76) 



/ - (l ^ 'VO-^' 
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a result similar to that obtained in the previous discussion. 
If e is zenxwe get the ideal column again, and equation (66) 
repeated. The ultimate object of this discussion is to obtain 
an expression from which the unknown transverse dimen- 
sions of any required strut may be readily and satisfactorilv 
obtained. Putting aside Gordon's formula, as we shall 
return to it again, equation (73) does not offer any facilities 
for the solution of this problem ; f or/c must be first replaced 
by its eqvivaJent W ~ A, and then A by its value in terms 
of />. It is, then, evident that while this equation most 
readily accounts for all the deviations from ideal conditions, 
it is useless as an aid in finding the dimensions of a stru^ 
except by the tedious process of trial and error, which need 
not be considered here. At the same time, this equation has 
been of very material use in indicating the direction in 
which to look for anomalies, and as a check upon other 
methods of procedure. 

The designer may perhaps derive more consolation from 
equation (75). Eeplace /c by W -^ A, and p^ by c A where 
€ IS a constant. After transposition, we obtain the equation 

which is most easily solved graphically by methods 
previously given. It can also be easily solved by method of 
trial and error by substituting trial values for A and finding 
the corresponding value of t This is most quickly done 
after re-arrangement, thus — 

As an example, let it be required to find the size of strut 
composed of a single angle iron (ends round) which will just 
fail with a load of 10 tons ; the length of the strut being 
100 in., and / = 22^ tons. For angle iron c = 5*5 approxi- 
mately. Filling in the several quantities, we have — 

/-30-6A /A - '675 

V A- -45 

The fraction under the radical sign is nearly unity, and 
hence A must lie between 3 and 4, say 3j^. This value 
makes I = 104 in., which is sufficiently near for most 
practical purposes. 
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In fig. 43 will be found dotted curves representing 
equation (75) for struts of wrought iron having both round 
and fixed ends respectively ; the former being represented 
by C D, and the latter by C E ^ while corresponding curves 
from equation (73) are shown side by side in full lines. 

It is easily demonstrated that an initial ^ camber " in a 
strut produces a result similar to that of displacing the 
point of application from the centre of gravity of the end. 
^ Let a be the initial permanent deflection at the centre 
(initial camber) ; and let yo be the elastic deflection due to the 
load W appUed at the centre of gravity of the end. Then 
resilient moment of resistance is the same as that of the 




lOO ISO 
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355 255" 

length 

radius of gryration 
Pio. 43. 



300 



350 



ideal column » Pj^o where P is the load that can be applied 
to the ideal column. 

The actual bending moment is W (a + yo).^ From 
equating the bending moment to the moment of resistance, 
we obtain — 

W 



and 



a + yo= a 



P- W 
P 



P - W 
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results the same as previously obtained in the case of a 
displacement of the points of application of the impressed 
forces. 

All the different causes of deviation from ideal conditions 
have now been treated, except that of a variation in the 
modulus of elasticity in different parts of the same strut. 
This has been most effectively done by Professor Claxton 
Fidler, in a paper presented to the Institution of Civil 
Engineers, and published in the Proceedings. 

But before glancing at the results there to be found, it 
may be as weU to see how far the graphic exposition of the 
laws of deflection are applicable to the long column. 

The deflection curve of the ideal column is a curve of 
sines ; hence the corresponding equation may be written in 
the form — 

y = yo sin a x 

where yo is the maximum deflection, and a some constant. 
To determine its value, put 

y^yo 
then ^ = o 

and from the equation, ^ must equal ^ . Hence 

and the equation to the deflection curve is 

y ^ yo sin^.a? (77) 

The bending moment being Wy, the deflection curve is 
also a bending moment diagram, and consequently a stress 
intensity diagram ; for the stress 

and the area of the half -stress diagram (shaded), fig. 44, 

2 



= ffi.dx.^ f^.dx = ^fyo^mZx.d 



X, 



— ^ ^lyp 5_ W , d .l,yo 
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The maximum deflection ^o = O K = the moment of the 
above area about O K, multiplied by -p=i = the product of 

the above area, the distance of its centre of gravity from 
OK, and ^jOr 

^"' -271- "^ ^^ "^ Je'-'VeT''^^' 

Because the centre of gravity of the area (shaded) lies 
below the intersection of the tangents QT, OT, at the 
extremities of that part of the diagram under consideration 
But— 

^ = tanOTK = ^ when « = O 
js. L ax 




PR^CTiCAc ENGINEER 



and 



hence 



-,-^ — avo cos ax = ^yo when x — O 
ax I 

^yo=j^andKT= i 



(78) 



Substituting this value for K T in above, we obtain — 

ir2EI 



W = 



V 



the same as previouslv obtained. 

If it is attempted to solve this problem graphically, 
direct, it will be found that it cannot be done in tne ordinary 
way ; but if a certain deflection be assumed, the resilient 
load W can be obtained. This being done for a series of 
deflections of the same column, it will be found that the 
corresponding derived values of W will be as nearly as 
possible the same. 



96 6BAPHIC STATICS, 



CHAPTER IX. 

Effbct op Vaeiation of Elasticity on the Strength 

OF A Steut. 

We may now pass on to the consideration of the effect of a 
difference of modulus of elasticity in two different portions 
of the same strut^ and, for the sake of simplicity, we will 
assume that all oi the material on one side of the neutral 
surface will have one modulus of elasticity, while all the 
material on the other side will have some other modulus, 
corresponding to the two flanges. Using the same notation 
as before, the maximum bending moment 

therefore f.^^^^ ^1^ ^ f, .^-J^, 

This is the maximum stress due to bending only that can 
oasur in the strut. The stress at any particular section is 
given by the length of an ordinate to the curve O Q, fig. 44 : 
and the average stress intensity fa over the whole len^h or 
one flange can be obtained from the equation — 

/a X - » shaded area O Q R. 

When Q 6 represents the maximum bending stress /&, area 

-L L 

OQR = f y dx ^ f yo sin px .d x. 

-yo^ (79) 

and yo — QK =/* 

therefore /„ » ?/» = ? ^^ Ay* 

Average total compressive stress throughout] the 'concave 
flange 'ji^ 
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Average compressive stress in convex flange 

Amount of compression in half length of concave flange 
= average strain x original length 

= average stress ^ original length 
^1 



-Ai-''{'*'-0} 



the suffix 1 denoting the concava flange, and the suffix 2 
denotinjs the coav^ex flange ; the two moduli by hypothesis 
being diflerent. 

Amount of compression in half length of convex flange, in 
the same way. 

The diflerence in' length of the two half flanges = com- 
pression of concave flange - compression of convex flange, 

But the difference in length of the flange is represented in 
fig. 46 (see page 102) by S O, and 

* 

tftn O R S = Q-^ = difference of len gth of flanges 
' S K " depth of strut 

The figure has been much exaggerated so as to show the 
several quantities distinctly; were it drawn to scale, KS 
would be as nearly as possible the least transverse dimension 
d of the strut, and the strut being approximately straight, 
the difference between the lengths of the flanges would be 
sensibly represented by S O. 

The tangent TO is drawn at O, then, because RO is 
normal to O T, and O K is perpendicular to K T. The two 

H 
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triangles O K S and OT K are similar, and benoe the angle 
O S B = the angle O T K ; therefore 

yo- OK«TKtanOTK = TKtanOBS 

^ ijiT^ ^ differenoe of length of flanges 

depth of strut 

From equation (78), 

KT- ^ 

IT 

and E, the average value of the modulus, may be substitated 
for 

El + E2 
2 

also El Es does not differ much from E'. After maki 
these substitutions, we have— 






ircfE 

Solving this equation for y^, we get 



^ FEa -El . 2Ayo -| 

•'^*Le,~+"e^^"77^J 









d '^^ rE^~Ei i 

P« E . LEj + El J 



If we oall the direct crushing stress of the ideal column 
/i, the above may be written — 

./ = /<^ ILPl r E« - El l /go\ 

^'^ /T^-^ •LETTEr-l ^^ 

Should the strut be composed of two flanges with 
counter-bracing, then 

d 

approximatelv. It is in this form that it is given by 
Frofessor Fialer in the Minutes of Proceedings of the 
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InBtitnte of Ciyil Engineers, voL Izxzvi, page 291. Now — 
,, Mx Wpod . d ft IT p« T Ei - El l 

^* r'' "2A7 -^**27'7iT7i"irLE, + ExJ 

2V»-/cLEa + EiJ 
and, consequently, 

also, 

therefore 

C _ ■'Si/-/,) 

^•/•[■'-'•(-llill)]' ■ • • " 

This last equation and the third and fourth above do 
not coincide with Professor Fidler's in every symbol, the 
difference being that he has substituted 2p for d in the 

denominator, and retained h instead of - in the numerator 

of the fourth equation abova He also estimates'that the 
probable limiting value of 

fs^Ai is about {, 
and that of the coefficient — 

IT n rj2 ~ i^i 



2 /) • E^ + El 



about '4. 



A series of curves have been plotted with these data, 
namely, the dotted curve DE, ng. 34, for wrought-iron 
struts, with ends fixed : the dotted curve D C, fi^. 39, for 
ends round; the dottea curve DE, fig. 40, for mild steel 
struts, with ends fixed ; and, lastly, the dotted curve D C, 
fig. 41 (ends round). In the construction of these curves the 
assumed maximum stress / permissible in the material is 
somewhat lower than that used in the curves previously 
constructed, it being 36,0001b. per square inch for wrought 
iron, and 48,0001b. for mild steel. Although the above 
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equation represents very fairlv the struts of an average 
minimum strength, it is hardly to be supposed that the 
assumptions are at all realised in ordinary practioa For 
example, it can hardly be conceived that a single solid piece 
of material will have one-half of its bulk of one degree of 
elasticity, while the other half will be of another and 
diametrically opposite degree ; though upon such a founda- 
tion is the equation built. However, the main object of this 
discussion is to show how a strut may be designed, and the 
equation in question stands on an equal footing with (75) 
for that purpose. We may also gather from it that the 
phenomenon of a variable elasticity bears much resemblance 
m effect to that of a displacement of the point of application 
of the load. 

It has been remarked before that a small displacement of 
the point of application of the load will contribute largelv 
towards the rupture of a strut ; in the same way, a small 
initial camber will have a similar efiect ; but at the same 
time, a small increase or decrease in the difference of 
elasticity will not produce a proportional decrease or increase 
in the strength of the strut This may be easily demon- 
strated by dbrawing several curves for the same strut, but 
having different variations in the modulus of elasticity. 

A curve very similar to that just discussed may be 
obtained by assuming that the deflection curve of the bent 
strut (in which the modulus is found to vary) is that 
represented by equation (65), and then applying the load at 
the centre of gravityof the end. In that way we have the 
bending moment = W yo 

-»(-^-')-(-L«-0 

and, with the previous substitutions, 

and 

The following curves have been plotted from this equation 
with the same values for the constants as previously used, 
with the exception of e and /, which have been assumed as 
•125, and 36,000 lb. for wrought iron, and 48,000 lb. for steel. 
If the general value '3 had been substituted for e, the 
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difference between the two sets of curves would have been 
small, as stated above. The curves are the full lines DD, 
fig. 34 ;D C, fig. 39 ; D D, fig. 40 ; and D D, fig. 41. - 

Looking back over all the equations thus far obtained j 
there are two which will give indirectly the least transverse 
dimension of a required strut; but there are none which 
readilv give the reouired quantity. It has been shown that 
a displacement of tne point of application of the load will 
account for all the peculiarities in the behaviour of a strut ; 
therefore let us apply the same theory, and thereby derive 
a modified Gordon s formula. It will be found that this will 
not only account for the behaviour of a column, but that 
the expression so obtained is adapted for calculation. As 
before, assume a displacement (a) of the point of applica- 
tion of the load from the centre of gravity of the cross- 
section, and let S be the deflection; then the bending 
moment (maximum) is W (a -H 5), and 

. _ M;^ _ W (a + d)h _. h .,^., 
•^'■"T — a7^ — =/c^(a + 5); 

consequently 

and with the substitutions previously used, namely, 

a rs ep 

and 5 = X a constant 

a 

and d == n p = 2h 

y = /"c [i + ^ + constant x ^] 

i + T+%'^- 

Using the same value for n and 6 as in the construction of 
previous curves, namely, 3*45 and *3 respectively, and 
iflioo for c, we obtain the full line curve J E, fig. 34, which 
represents the minimum strength rather better than any 
otner curve in the diagram. But although this expression 
is admirably suited for designing a strut, it can by no 
means be made to include all the struts in the figure in the 
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same way that eqnation (73) does, by a variation of the 
constants. Three different ouryes have been plotted, fig. 46 — 
namely, CD, ED, and FD, corresponding to the values 
f » *3) « i- "2, and e » 1 (ends fixed, wrought iron>—from 
which it is seen that ED most nearly coincides with the 
broken line curve CD, which represents the average 
minimum as derived from equation (73). 




Q 




PRACTICAL ENGINE C.R 



Fio. 46. 



Two similar curves for round ends are also shown at C H 
and E H, corresponding to 6 — *3 and e — "2 res|)ectively. 
The latter represents most nearly the average minimum of 
strength as indicated by equation (73) and dotted curve 
C H. The value of c for round ends is Wun. In the sub- 
joined table are given general values to be used in equation 
(33). 

Table of Constants for Modified Oobdon's Formula. 



MatfirUI. 


Wrooght iron. 


MUdateeL 


Cast iron. 


fibs, 


fiO,000 
•86 

•2 


67,000 
•85 
•2 

uhvv 


05,000 


nt 


•1 


2 

£ 


•05 


(Ends fixed.... 
. End* round . 


YlAlV 



It is not altogether clear that the value of e should be 
differentiated from that of n in the modified Gordon's 
formula given above. In fig. 34 we find hollow cylinders 
amongst the weakest of the struts there recorded ; and yet 
we should expect to find them amongst the strongest only, 
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the oorresponding valae of n being comparatively smalL 
Similarljr, angle-iron strata will be found in every oonoeivable 
position in the figure, though its value of n is 3*5. Cruci- 
lorm and T sections present the same peculiarities, and they 
have a maximum value for n. The square sections do ncrt 
occur in such diverse positions, but that is probably due to 
the small number of specimens tested. Until further 
experiments are carried out, it would be as well to retain the 
tabulated values of n when designing a strut. 

W 

Returning to equation (33), if we replace /« by -^, and 

A 

p by its value in the equation, 

A = A; p*. ♦ 




Ratios 



200 2 50 

length 



3&0 



radius of gyratioii. 
Fia 40. 



and then solve for A, we get — 

W / 
2/V 



A 



1 + 



2 



) 



■^7 ^"*" 



/ 



4/* 



(1 + f^y . (84) 



This equation will give very nearly the required sectional 
area of a strut. The numerical value of k is not constant 
for all sizes of the same form of cross-section, as will be seen 
from the annexed table of dimensions of sections of rolled 
joists. The table has been divided into two parts, the first 
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containing sections which are fairly regular — i.e.^ which 
have a fairly uniform value for h ; and the second containing^ 
other sections which are generally manufactured, but whose 
value for h is not such as can be conveniently applied in the 
quaabove etion. A large value of k indicates a large area 
of cross-section for a given radius of gyration, and conse- 
quently the strut will not be so efficient as one with a 
smaller value of k. This indicates, too, that sections with 
a smaller value of k than the average may be used in the 







Fio. 47. 

preceding equation without endangering the safety of the 
strut. The average value of k is 7*5 for rolled joists, as 
found in the first portion of the following table ; and the 
maximum deviation in its value is about 20 per cent on 
either side of the average. This maximum deviation pro- 
duces a i>robable error of about 2 per cent in the area of 
cross-section. 

The dimensions in the following tables have been chiefly 
obtained from particulars and tables kindly furnished by 
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Rolled 


Iron akd Steel 


Joists. 




Table I, 


^Regular sections. 


Tabls il- 


-Irregular sections. 


Transverse dimensions 
in inches. 


a ■ 

1- 


•8^ 


• 

k 

{ . 


■1 

P 


1 

1 

■si 
1^ 




1 

k 


3byli 


1-2 


4 


8-5 


3byli 


1-46 


6 


15 


4 11 


1-64 


8-5 


8-7 


3 3 


2-66 


8-5 


4-5 


4 3 


3*72 


12-75 


6-7 


3 3 


8 


10-25 


5-3 


4} 3 


4-1 


14 


7-3: 


Si IJ 


1-74 


6 


12-4 


5 • 3 


4-44 


16-25 


8 


8^ 3 


3-14 


10-75 


5-6 


6 3 


4-7 


16 


8-4 


4} 1} 


1*94 


6-5 


10 


6i 3J 


3-85 


13 ' 


6-5 


4} 1} 


2-7 


9-25 


14-1 


6i Bk 


5-25 


18 


7 


4 3 


2-83 


9-5 


5 


7 31 


6-85 


20 


6-7 


5 3 


3-05 


10-2 


5-5 


8 4 


7-32 


26 


7-4; 


5 4^ 


5-4 


18 


4-2 


9 3| 


7-1 


24-25' 


8 ' 


5 4} 


6-9 


23-75 


5-5 


9| 4i 


10-8 


37 


8-6 


5 6 


7-46 


25-6 


4-8 


10 4^ 


9-2 


31-5 , 


7-3 


5i IJ. 


2-62 


9 


18-6 


10 5 


10-2 


35 


6-6 


6} 2 


3-8 


11 


12-8 


12 5 


12-6 


43 


8-8 


6 2 


3-72 


12-75 


14-8 


12 6 


15-8 


54 


7-1 


6i 2 


2-84 


9-6 


11-4 


12 6h 


19-18 


64 


7-3 


6 4} 


5-65 


19 


4-4 


13 6 


11-7 


40 


7-5 


6 5 


7-6 


26 


6 


18} 5J 


14 


47 


7-4. 


7 2i 


8-3 


11 


10-5 


14 6 


1«-C 


57 


7-4 


7 8} 


4-95 


16-5 


5-6 


15 5 


12-2 


42 


7-9 


8 4 


5*65 


18 


5-5 


16} 6i 


18-59 


62 


8 


8 5 


9-15 


31-25 


5-9 


15 6 


17-8 


61 


8 


8 6 


10-65 


36 


4-7 


16 5 


14-6 


50 


9-3 


9i 4 


6-13 


20-5 


6-2 


16 6 


18-8 


64-5 


8-4' 


9 7 


16-9 


68 


5-6 


17} 6} 


28-3 


78 


8-2 


10 5 


9 


29 


5-8 


18 7 


21-8 


76 


7-2 


10 6 


13-3 


46-5 


6 


19} 7i 


28-2 


94 


8-7 


12 5 


9-4 


82 


6-1 










12 6 


13-2 


44 


5-9 










14 6 


13-2 


46 


6 
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Messra Dorman, Long, and Ca, of Middlesbrough and 
London. 

In concluding this discussion on the strength of struts, a 
few sections of the forms in general use are here appended ; 
but no attempt has been made to give anv of the constant 
quantities relating thereto on account of the great diversity 
of relative dimensions. Section E, fig. 47, is composed of a 
pair of channel irons riveted back to oack, with the rivets 
arranged zigzag. For small sections, a single row of rivets 

Dimensions of Tee Iron and Angle Ibon in General 

Use. 



Tbb Iboms. 



Tnxksveno 
dimoiudoDs. 



6 by 3 
5 3 



6 

4 

4 
4 
4 

4 

3* 

S| 

3 

3 

2i 

2i 

2 

2 

U 



5 

4 

8i 
3 

Si 

3 

3 

2i 

2i 

2i 

2 

n 

2 
If 

n 





Anolb Irons. 




1 

TranftTarae 
dtnieniriqnH. 


ThiokneM. 


8 by 


S 


itol 


7 


7 


k 




6 


6 


i 




5 


5 


T 
IK 




4 


*h 


1 




4 


4 


A 


H 


3J 


3i 


A 




8 


3 


I 


H 


21 


2} 


i 




21 


2i 


i 


B 


2i 


2J 


i 


h 


2 


2 


A 


1 


If 


11 


A 


1 


n 


li 


ft 


A 


u 


U 


1 


A 


1 


1 


A 


i 
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BiUb angles. 


Round-baoked angles. 


8 by 3 . 




4 by 4 


|to| 


7^ 8 1 


• 


4 3 


A } 


7 8 > 


A to n 


2i Si 


1 } 


61 S 1 


1 

1 


3 3 


A f 


6 8^ ^ 


1 


21 2i 


A A 


6 3) 

H 8 ) 


itofi 

t 


2i 2} 


i 1 



Channel Iron. 



12 by 8i by A 


to e 


by 31 by i to 1 


10 4 


iV 




6 


22 


A A 


10 3 






6 


2 J 


tV i 


9 8 






H 


22 


1 A 


8 H 




fi 


4J 


2 


i A 


71 81 


IV 


fi 


4 


8 


i 


7 8| 




i 


Si 


1* 


i 


7 3 













is quite sufficient. Section X is formed of a pair of tee 
irons riveted back to back, but the back is twice as wide as 
the leg is long. The third section N in the same fig[ure is of 
the ordinary plate-girder form, the central connection being 
made of a double tee rolled joist : while the last section P 
is a special form of the American Bridge Company's manu- 
factura Professor Fiddler gives 2*4 as the average value of 
k for this latter section. The object is to mi^e the radius 
of gyration as great as possible with the plate-girder form 
of construction. Fig. 48 shows two forms of the box type, 
of which the section Q is made up of a pair of channel rows 
connected together by a pair of plates. In section S the 
channel irons are replaced by a couple of web plates and 
four angle irons. The section fig. 49 is generally used 
where flexure will probably take place in a vertical direction 
when^ the strut is situated as shown. The central double 
tee piece stiffens the strut generally, and especially the two 
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boom plates. It is also designed ^as most struts oiight) to be 
riveted up entirely by hydraulic machinery. The strut 
shown at C, fig. 50, is known as the Phoenix column. It is 
of American origin, and shows great strength in comparison 





Fio^ 48. 



with transverse dimensions. It is formed of a number of 
sections of mild steel or wrought iron riveted together, the 
number being either four, six, or eight according to the size 
of strut. In the figure the flanges are much larger in 
proportion to the annular body than is found in practice. 




Fio. 49. 



A similar sort of strut, section D, is made from a set of 
Lindsay's troughs riveted together. These troughs are 
largely used in the construction of the floors of railway 
bridges. In fig. 51 is shown an economical form of strut, 
consisting of a pair of channel irons connected with diagonal 
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bracing. It is to be very frequently met with in bridg[e 
work or other structares much exposed to atmospheric 





Fig. 50. 



influences. The open work allows of a coat of paint being 
easily applied to both the inside and out. 



CHAPTER X. 

Examples of Struts and Columns. 

Example L — A movable gantry crane in a machine or 
erecting shop runs upon a rase supported by a number of 
hollow round cast-iron pillars. The race consists of a pair 
of rails placed upon two continuous girders, to which the 
columns are attached^ by bolts, the two ends of each 
column terminating in flanges. The weight of race 
supported by each column is 2 tons, the weight of ganti^ is 
6 tons, and the maximum weight to be lifted by the gantry 
is 30 tons. The length of each column is 20 ft What is the 
diameter of the column ? ^ 

In hollow columns, it is usual to make the thickness of 
metal about one-tentn of the outer diameter. Let D be the 
outer diameter, and d the inner diameter. The sectional 
area of metal is then 

— (D^ — d^) square inches. 
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Pnttii^ in *8 D for d, the area ii f^iven by the ezpreMion 
"09 w D*. Using the previooa notation where p ii the radiw 
of gyration of the section, 



The previona table of Talnes of n gives 3*1 u its ralne 
for holloir cylinders whose thickness of metal is one-tenth 
of the outer diameter. 

Also A, the area of cross-seotion, = £p* ; therefore 



_=, -(W'n' -27. 



Then, assuming 6 tons ^r square inch as the working 
Htresa m cast iron, and obtaining the yalues ot the a — ^--'- 



CLCVATION 




-and c from the table, the several quantities may be 
ibstituted in the following equation (81) for the area of 



The load W - half the lifted weight + half the weight 
of gantry + the portion of race supported by each pillar 
-15 + 3 + 2 = 20 tons. The sectional area is measured 
in square inches ; henoe the length of pillar must be 
measured in inches. Each pilUr is rigidly attached to the 
continuous girder at its apper end, and to the foondation 
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stone at its lower end. At the same time it is generally 
attached (in an erecting shop) at its upper end to the pilhur 
supporting the roof, so that it is very similar to a strut 
fixed at both ends ; and, consequently, the constant e => iV^. 
Substituting in the above equation, we find — 



But 
hence 



A » 13*42 square inches. 
A = -09 IT D* (from above); 

/13^ 



D= /a: 

V-09r 



J -09 



= 7in. 



Thickness 

or approximately } in. 



10 ^' 





k ' 



MMOTIO*^ CI 



^Rj 



AR* 



Fio. 52. 

The above value of D is that at its middle section. 

Pillars are sometimes made slightly taper for the sake of 
appearance. If this is done, the diameter at the bottom 
must be increased slightly, while that at the top must be 
slightly decreased, leaving the diameter in the middle the 
same as obtained abova 

Example 2.— A water tank is 5 ft deep, 10 ft wide, and 
20 ft long. It is supported bv six cast-iron columns, each 
30 ft long (three on each side). The weight of metal in 
the tank and bearing girders is 7 tons. The tank rests 
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upon a number of cross girders, which are supportjed by a 
pair of girders whose length is the same as that of the tank. 
What is the diameter of the columns ? 

The columns are assumed to have flanges at their ex- 
tremities, which are secured to their attachments by bolts. 
The columns would probably give way by a bending over of 
their upper extremities, accompanied by a horizontal dis- 
placement, as shown in ng. 52 at A B. At the extremities 
the axis must be vertical, because the flanges are securely 
bolted to the foundation in the one case and the longitudinal 
girder in the other. It is evident from the figure that the 
pillar A B is half the pillar A C, which represents one with 
ends fixed and maintained in the same vertical line. The 
result is that a column such as A B will bear the same load 
as another column A C of double the length, with its ends 
fixed. But a column which will bear the same load as 
another twice its length with ends fixed is a column with 
round ends (see fig. 33) ; hence the column A B is of the 
same strength as a column of the same length with its 
ends round. 

The constant c derived from the previous table equals 
tAtti and , 

ne _ ,^ 

2 

while the maximum working stress /may be taken as 6 tons 
per square inch. The thickness of metal Will be assumed to 
be one-tenth of the outer diameter, as in the previous 
example. Substituting in equation (£^), we get — 



12 V 12 X 1440 144 

The value of k is 27, as in last example, when the thickness 

is one-tenth the outer diameter, and W is the load on one 

pillar. The weight of water contained in the tank when 

full 

20 X 10 X 5 X 62* . oQ 4. 

= ^r^TTTT ^ tons = 28 tons. 

Total load uniformly distributed over the two longitudinal 
girders = 28 + 7 = 35 tons, or 17i tons on each girder. 
Now, if the upper ends of the girders are maintained at the 
same level, and the girder assumed to be straight and of 
uniform section, as a rolled joint would be, then &e amount 
of load sustained by each of the outside pillars is three- 
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sixteenths of the load upon the girder,^ the intermediate 
column supporting five-eisrhths of the girder load. The load 
ron each of the outside pillars would then be about 3^ tons, 
while that on the centre pillar would be a little under 11 
tons. It would be an exceedingly dilfioult practical task to 
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430 align the -columns that each would just sustain the load 
allotted to it, and at the same time it would be equally as 
difficult to arrange them so that they should not sustain 
more than their allotted load ; for, should the centre column 
project^ however slightly, above the line joining the three 



* The deflection at the centre of a girder, supportei at each end and 
uniformly loaded, is given in equation ^33; an 

38^ KI' 

ThA deflection of the same girder due to an upward concentrated load P 
At its centre is, by equation (32;, 

8 PZ« 

384 ii 1 • 

Therefore, when both loads are on the girder at the same time, the deflec- 
tion is the sum of the deflections due to the individual loadi ; or, 

384 E 1 384 £ I ' 

But if the three props are on the same level, then this deflection is zero, 
find hence— 

5 W - 8 P = 0. 

or, P, the central load, = § W, 

and, consequently, each of the outer props suppoit three-sixteenths of the 
load W. 

I 
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upper extremities, it would sustain more than fivp-eighths 
of the girder ]oad, and, should it not quite reach that alti- 
tude, it would not support so much as five-eighths. Again,, 
should the columns be properly aligned, and the becuring 
surface of the girder be not quite plane, the figures given as 
representing the fraction of load sustained by each pillar 
will be inaccurate 

It is, therefore, quite necessary to design the centre 
column to sustain at least five-eighths of the girder load.. 
Now, in many cases it is cheaper to make the end pillars of 
the same dimensions as the middle one, although by so doine^ 
they will be inordinately strong ; but the amount of load 
supported by each will be thereby more nearly equalised. 
This is easily seen, thus : If the conditions are the ideal ones 
suggested above, the area of cross-section is roughlv propor- 
tional to the load supported, other circumstances being the 
same ; and, as the lengths are equal throughout, each of 
the (elastic) pillars will be compressed through the same 
amount — or, in other words, the total strain of. each pillar- 
will be the same, and if the ends were in a straight line- 
before the load were applied, they would remain in a 
straight line after the load were applied, and, therefore, the 
imposition of the load would not in any way vitiate the- 
conditions of the problem. But if all three pillars were of 
the same dimensions as the middle one, and perfectly aligned 
before the imposition of the load, the smaller load upon the- 
greater area of the outer pillars would produce in them a 
total strain less than that of the outer pillars in the previous- 
case of different dimensions ; and the final level of the outer 
pillars being then above that of the middle one, the former 
would sustain more of the whole load than when the centre- 
pillar (of greater dimensions than the outer pillars) was in 
perfect alignment after the imposition of the load. This at- 
once suggests the following problem : Given that all the 
pillars are of the same dimensions, and sustain the same- 
fraction of the load. What must be the difference between^ 
the altitude of the outer and middle pillars 1 As the load is- 
the same on each, and as all are of the same dimensions, 
each will be strained through the same distance, and the 
relative heights of the ends will remain the same both af ter 
and before the imposition of the load, and, consequently,, 
the conditions will remain constant. 

Let Hi, R2, and R3 be the three equal reactions (fig. 52),. 
and let r be the total load on the three columns : then, if the 
centre column be supposed to be removed, HEK will be- 
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the deflection curve, and the maximum deflection at the 
centre will be C E, given by the expression— r 

5 P-f8 



CE=: 



384 EI 



th^ load P being uniformly distributed [see equation (33)]. 

Nov assume the load F is removed, and a single upward 
force applied at the centre of magnitude pqual U> E2. The 
corresponding deflection at the centre C F is given by 

C F = Jj ^. rSee equation (32).] 

If now the downward distributed load P and the upward 
concentrated load E2 are both applied simultaneously, the 
resulting deflection must be the sum of the deflections due 
to both loads separately ; and remembering that the loads 
act in opposite directions, and consequently the deflections 
occur in opposite directions, the sum 01 the deflections 
must be C E + ( — C F), which is C D in the figure. Hence, 

But Ki = R2 = K3 and P = Ri + Rq + R 
then, substituting for R2 in the above equation, 

p^^ r^ S\ 7 P/3 



3 } 



«^=3i^i(^-i) = 



1152 El' 



that is^ the upper end of the middle pillar requires to be 
set a distance equal to 

7 P/3 

1152 E 1 

below the level of the two end pillars, so that the load 
sustained by each pillar will be the same. Of course, it is 
as difficult to exactly locate the central pillar end, wherever 
it is suggested to fix it ; and, therefore, it is just as difficult 
to so arrange the pillars that they all sustain the same load, 
as it is to fix them so that the centre one sustains five- 
eighths of the girder load. In each of the cases considered 
the longitudinal girder has been assumed to be supported by 
the end pillars, and not rigidly attached to them, as the 
problem sug[gests. If we go a step further, and rigidly 
attach the girder to the outer posts, then it is clear that any 
deflection of the girder also oends the outer posts. The 
lesistance of the outer posts to bending will relieve the 
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centre post of some of its load, and, in consequence, the 
three loads upon the pillars become still more nearly 
equalised. The exact solution of the problem, taking every- 
thing into consideration, is extremely long and tedious, and 
altogether out of the province of sucn a work as the present 
one. The above cases have been introduced for the sake of 
showing how different conditions affect the final result. 

It is general in practice to make all the pillars of the 
same dimensions, and to arrange them as nearly as possible 
on the same level ; it is then pretty certain that the centre 
column does not support more than five-eighths of the total 
girder load, and consequently the outer columns also will 
not support more than five-eighths of the load. 

Maximum load on any column equals five-eighths of 17^ 
tons, say 11 tons = W in equation (84). Then, after 
substituting, we obtain A » 221 square inches. 

But A = 09 T D2, and therefore D = 8} in. 

As the maximum stress occurs at the two extremities, 
the diameters at the ends must not be less than Si in. If 
it is required that the column must be tapered, then the 
diameter at the top must be 8| in., and that at the lower 
end slightly larger, according to the amount of taper. 

Example 3. — A maximum load of 2 tons is to be lifted 
by a hydraulic lift through a maximum distance of 15 ft. 
The weight of cradle and ram is, say, not more than 1^ ton. 
What is the diameter of the solid wrought-iron ram ? 

The cradle slides loosely between guides, so that the upper 
end of the ram is guided in a vertical line, but is not fixed. 
The lower end passes through a stuffing box which is not 
sufficiently stiff to constitute a fixed support We may 
therefore consider the ram to have round ends. For 
wrought iron — 

"^ = -35 approximately, 

c = ruTHfy and/ may be taken as 5 tons. 

To find k, we have A = ^p*, and A/)' = I = the geometric 
moment of inertia of the cross-section, 

where r is the radius. We then get ^ — 4 ir = 12*6 approxi- 
mately. Substituting in equation (84), we find that 

A = 7*4 square inches, 

and, consequently, d ^S^ in. 
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Example 4. — The jib of a crane is required tosastaina 
direct thrast of 13 tons. The material is pine, and the 
length from centre to centre of pins is 18 ft What is the 
diameter of the jib at the centre 1 

The safe stress permissible is about two-thirds of a ton 
per square inch ; the constant 

k = 12*6, as in the previous example, and c = ^-hf^. 

Then, after substituting in equation (84), we find that 
A = 51 square inches, andD, the diameter of jib at centre, 
= 8 in. approximately. Care must be exercisea in selecting 
a piece oi timber so that, after being exposed to the weather 
and wear and tear for a few years, it will not appreciably 
warp. To provide against such contingencies the diameter 
may be slightly increased. 

As it is unnecessary to make the diameter at the ends so 
large as that at the centre, wooden struts are p;enerally 
tapered both ways from the centre, the most efficient form 
being a curve of sines. This will be dealt with in detail in 
the next example. 

Example 5. — The maximum load that can come upon one 
of the uprights of a shear legs is 90 tons, and its length is 
90 ft. It is made of mild steel plates, butting end to end, 
riveted together b^ means of cover strips. To find the 
diameter of the upright at its middle section : 

The ends are round, and hence c = tsW. The thickness 
will be small compared with the diameter, and therefore 
the sectional area will be 2 ir r ^ square inches, without a 
sensible error, when r is the radius of the shell and t the 
thickness. But if p is the radius of gyration of the section, 

A = ^ P*-* - 2 IT r ^, 

P^ 

To get p in terms of r we proceed as follows : The moment 
of inertia I^ of the section about M N (fig. 53) as axis + the 
moment of inertia 1 2 about P Q as axis = the moment of 
inertia 1 3 of the section about an axis passing through R 
perpendicular to the plane of section. 

As Ii = I2 from the symmetry of the figure, therefore 



I -^^ 
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Now, 13= area of section x r', approximately 

- 2 T < r» 
therefore, Ii = t < r' — A p* =» 2 ir r < p* 

consequently, p* ■- — . 

Patting this in the expression for k, we have — 

r 

The maximum working stress may be taken as 8 tons per 
square inch, while 

— - "35 
2 

Substituting these values in equation (84), we have — 



V r 



Transposing and squaring, there remains — 

. _ 830 ^ 216 
r* r 

By giving values to r we get corresponding values for t^ 
a few of which are appended. 

When r = 13 in., t = 640 in. 
„ r = 14 in., t = '452 in. 
„ r = 16 in., t - -384 in. 

If we select the maximum outside diameter as 2 ft 4 in., 
then the requisite thickness is ^in. The plates butt together, 
and are secured by cover strips at the joints. In this way 
the minimum of stress comes upon the rivets. 

The maximum tensile stress upon the opposite side to that 
of maximum compressive stress equals the stress due to 
bending only - the compressive stress due to the direct load. 



I 



4¥*«a-'- 



P 

Now, /c = ^ - J^ - 205 tons, 

A 2'irrt 

and ^* '"' T 
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— 405 tons - ft. 

The riveting at the joints must be such that the joints 
^ill not give way under a tension of 4 tons per sqaare inch. 

The absence of any bending action at the extremities 
leaves the material there under the direct crushing 
«tres8 fc only. Let d = the diameter of the leg at either 
•end ; then 

W » T (2 t/e, ord = 7 in. 

There are practical difficulties in the way of making the 
diameter of the ends so small, to sav nothing of the sestnetic 
«ide of the question ; and hence the ends are not made a 
great deal smaller than the centre, but the plates may then 
be gradually reduced in thickness from the middle towards 
the ends. The exact form of the outline is not of great 
importance. In fig. 53, H F is the centre line of the leg ; 
H G and E F are the radii at the ends, while D C is that at 
the centre. 

If there were no such thing as bending in the leg, then 
O E would be the contour ; but as there is a bending action in 
addition to the direct crushing action, G C E is the contour ; 
or, in other words, the piece G C E G is put on to resist 
bending. But the bending moment diagram is a curve of 
«ines [see e(][uation (77)], and, consequently, the moment of 
resistance diagram also : and if the stress is to be constant 
throughout the leg (the most efficient distribution of 
material), the extra sectional area due to bending must also 
be a curve of sines. Now, the area of cross-section is 
approximately proportional to the radius, and hence the 
addition to the radius beyond the quantity H G must be 
the ordinate of a curve of sines. This very flat curve 
cannot be distinguished from a parabola or the arc of a 
circle, and hence the latter may be used without error. The 
same applies to the flanges of a strut of other sections, as 
well as an annulus. 

Further examples on the design of struts will be found in 
the design of hinged and other structures. 
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CHAPTER XL 

Working Stress. 

In all of the expressions so far obtained to give the dimen- 
sions of a piece of material which will sustain the load 
allotted to it, we find the symbol/, which represents the 
stress to which the material is to be subjected. As this i» 
by no means a fixed quantity under all circumstances, and 
as it is a Quantity whose numerical value has to be deter- 
mined by tne designer (partly from known results and partly 
by the aid of his own judgment), some little space will here 
be devoted to the discussion of its relative values. 

To begin with : Suppose we take a piece of material, say 
wrought iron, and place it in a testing machine, to which is- 
attached an autographic recording apparatus. Now break 
the specimen in the usual manner, the time during which 
the load is gradually applied bein^, say, from one to ^ve 
minutes. The record of the, experiment will be found on 
the paper of the autographic apparatus, an average copy of 
which is given in ^f[. 54, in which extensions are measured 
to the right from O Y, and the load is measured upwards 
from O X. The first portion of the load— elongation curve 
O A — is a straight line, or so nearly straight that it i» 
impossible to detect an appreciable deviation with the scale 
of diagram there used. The interpretation of this portion 
of the curve is, that the extension or amount of stretch is 
proportional to the load which is stretching it. As the line 
passes through the origin O, it can be represented by the 
equation — 

y = mXj 

where y represents the load, x the extension, and m a 
constant to oe determined from the figure. The tangent of 
the angle AOX = m. Divide both sides of the above 
equation by A, the area of cross-section, and we have — 

load m X extension 



stress = 
and strain = 



area area 

extension 
original length 



therefore stress = ^ x strain x length = ^ - x strain. 
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Bat, from equation (23), 

stress = E . strain ; 



hence 



E = 



ml I 



= \ tan A O X. 
A 



[n this way the value of E is obtained. To determine 
the value of tan A O X with a fair degree of accuracy, the 
ii>echanism of the recording apparatus must be so adjusted 
as to exagp:erate the extensions enormously, so that the 
angle A O X is not much greater than about 45 deg. The 
line O A is generally called the elastic portion of the 
diagram, and the upper end of the straight line O A 
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Fig. 51.— Extension in inchea. 



2 N 



the limit of elasticity, because at this point the above 
simple relation of stress to strain ceases. Beyond the point 
A the extensions increase verv much faster in proportion to 
the load, as indicated by the curve AEGbC. This is> 

fenerally termed the semi-plastic portion of the diagram, 
t must be evident that after the sudden break in the 
continuity of the curve at A the material undergoes some 
change in its constitution. Between A and B the material 
appears to elongate fairly uniformly along its whole length ; 
but at the stage in the experiment represented by B the 
specimen begins to give way or elongate, more especially 
near some one or two particular cross-sections ; at tne same- 
time contraction takes place very rapidly at the same 
sections. This contraction of area necessitates the specimen 
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being relieved of some of its load, as showa by the downward 
tendency of the portion of curve B C. At C the piece 
fractttre& 

The load B K is the maximum that can be applied to the 
specimen, but the stress at B is not so great as the stresn at 
O, on account of the contracted area of cross-section at C. 

If a number of specimens of the same material are broken 
and their load-extension diagrams compared, it will be 
found that the elastic portions of all the curves will not 
difter much from one another, except perhaps in the length 
of the line O A, but that in all probability the plastic 




I i-s 2 

Fig. 53.— Extension in inches. 



portions of the curves will vary considerably, unless the 
whole of the material is very uniform throughout. This 
peculiarity points to the fact that the characteristic 
properties of a metal can be predicted with a fair degree 
of accuracy within the f»lastic limit, but not so accurately 
outside of that limit. This limit of elasticity it would be 
preferable to call the primitive elastic limit, in contra- 
distinction to the higher limits produced by straining 
accompanied by permanent elongation, commonly called set. 
If the specimen which was broken, and whose record is 
given in fig. 54, had been relieved of its load before 
fracture occurred, the elastic limit would no longer be at A. 
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Por example, assume that the who'e of the load was 
Telv'eved alter the tracing pencil had arrived at E. The 
pencil would return along the dotted line EF, and after 
the whole of the load had been removed the specimen 
would be permanently longer by the quantity OF, The 
•set which nas been produced is O F. If now the load is 
re-applied, the pencil will re-trace the line F E, and after 
arriving at E will proceed along the old curve E G. The 
same sort of thing will happen if the load is removed after 
the pencil has arrived at G, OH being the set after the 
removal of the load. On a re-application of the load the 
straight line H G will be retraced, and then the remainder 
of the curve, until fracture occurs at C. It will be found 
on measuring the diagram that E F and G H are approxi- 
mately parallel to AO, showing that ordinarily the modulus 
of elasticity E does not varv appreciably, although the 
specimen is strained beyond the elastic limit. With more 
sensitive recording apparatus it may be found to vary 
«lightly. 

Again, if the load be removed when the tracing point 
is at E, and then steadily re-applied several times, the 
tracer will simply move up and down the line E F ; or, in 
other words, although the specimen is permanently longer 
by the amount of set OFj the range of approximately 
perfect elasticity has been increased, the limit being now 
at E instead of at A. The same applies to GH. The 
material in this new state is elasticcucy stronger than in 
the primitive stata 

In dealing with the testing of a specimen it has been 
assumed that the load has been steadily or gradually 
applied. Such is generally known as a dead or static load. 
The total static strength (elastic and Femi-plastic) is not 
affected by the raising of the elastic limit ; but the total 
•dynamic strength — i.«., the strength to resist a sudden or 
live load — is materially affected oy a change in the limit 
of elasticity accompanied by permanent set. Such a load 
possesses energy, which energy is spent in stretching the 
specimen. In tne primitive state the total work required 
to be done upon the specimen to break it is represented 
Iby the area OAEGCNO, fig. 54 After the piece has 
received a set OF, the energy required to fracture it is 
represented by the area F E G C N F^ which is less than in 
the primitive state. Hence the peculiarity that raising the 
elastic limit by giving permanent set increases the static 
•elastic strength, but decreases the total dynamic strength 
of the same specimen. 
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The stress strain diagram, fig. 54, is similar to those 
obtain^ in commercial testing, where the limit of elasticity^ 
and the breaking strength only are required ; and a large 
number of tests have to be conducted in a given tima If 
the experiment is slightly prolonged, it will be found that 
the diagram in the region of the limit of elasticity A will 
undergo a change. The true elastic portion is now O A, fig. 
55. From A to B, the strain, though still small, increases 
more rapidly than the stress, and is accompanied with a 
small set. At 6, a change of constitution takes place (with^ 
probably, a re-arrangement of some or all of the molecules), 
and we have a larger amount of elongation, without any 
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Fio. 56.— Extension in inches. 

increase in the load. Between B and D the diagram seems- 
to indicate something like a state of unstable equilibrium, 
and is generally called the yield stage; B being the yield 
point. 

Some experimenters (Professor Kennedy among the 
number) suggest that elongation takes place during the 
yield stage at different parts of the specimen, more or less 
successively, and not simultaneously. This stage, too, 
marks the beginning of semi-plasticity, which continues up 
to the point E of maximum statical strength ; after which 
contraction takes place locally, and we have a state more 
nearly approaching to perfect plasticity. If the load is. 
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removed daring the semi-plastic state, and re-applied, there 
occurs a minute set, as shown at H, similar to that from A 
to B, but the yield stage is not repeated. From this it 
appears that the yield stage occurs once only during the 
process of destruction of a bar, but the limit of elasticity 
will always be followed by a minute set, wherever that 
limit may be situated in the diagram. 

To show the effect of time upon the semi-plastic stage, 
fig. 56 has been reproduced from that siven on page 93 of 
the eighty-seventh volume of the Proceedings of the 
Institution of Civil Engineers, and represents some 
experiments carried out by Professor Unwin. All the 




specimens were cut from the same bar of Staffordshire iron. 
The curve C represents the process of destruction of a 
specimen in the ordinary manner. The curve D represents 
a similar specimen, but with which a pause of four minutes 
was allowed after the addition of each ton of load. The 
curve E represents the record of another similar specimen, 
when the load was maintained constant for six minutes 
after the addition of every ton, and then completely 
removed 

In the same volume above referred to, are details of some 
similar experiments carried out by Professor Barr on iron 
wire, in which the rate of applicatior of the load could be 
varied within almost any limits by allowing sand to flow 
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into a receptacle which was attached to the wire. The rate 
of flow of the sand, of coarse, gives the rate of application 
of the load. In fig. 57 the curve A is that obtained when 
the stress was applied at the rate of 5*4 tons ner square 
inch per minute, the curve B at the rate of F8 tons per 
square inch per minute, and the curve C at the rate of '66- 
ton per square inch per minute. In fig. 58 the curve A was 
obtained when the stress was applied at the rate of 1*1 ton 
per square inch per minute, while in the ziszag curve the 
load was constant from C to D for 2^ hours, from E to F for 
1 hour, and from G to H for 18 hourb. 
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Fig. 58. 

The curves in figs. 56, 57, and 58 all show that the 
duration of the experiment and the rate at which the load 
is applied have some influence upon the behaviour of a 
metal oeyond its elastic limit, though previous to the elastic 
limit the influence is inappreciable. They also tend to 
show that beyond the limit of elasticity the metal behaves 
in a manner similar to partially plastic material, or a very 
viscous fluid. By prolonging the experiment^ it is generally 
somewhat easier to perform, and more ductilit^r is generally 
exhibited. This is the case with material in the semi- 
plastic state. 

Sir Wm. Fairbairn found that if a dead load were imposed 
on a bar equal to two-thirds of its static breaking load, the 
bar always fractured after a little time; showing the 
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effect of time upon the strength of material to be something 
very perceptible in the long run. This same effect, in a less 
degree, was shown in iigs. 56 and 58. 

Probably this time effect forms a part of what is generally 
termed "fatigue," although imperfect elasticity and viscosity 
have no doubt a good deal to do with it Elasticians have 
not yet been able to formulate a theory upon which they 
are unanimous, or upon which even a fairly large portion of 
their number hold similar opinions, as to the nature of the. 
phenomena which generally go by the name of " fatigue of 
material." Fatigue in general may be briefly described as a 
decay in strength due to use. A very suggestive and 
simple experiment for showing the effect of use upon 
material is that debcribed by Professor Tait in his " Proper- 
ties of Matter," p. 219, in which a wire is twisted through a 
right angle to the right, and maintained there for six hours^ 
then to the left through the same angle for half an hour, 
and finally brought back to its then state of rest Professor 
Tait then remarks : ** When left to itself it turned slowly 
towards the right, gradually undoing part of the effect of 
the more recent twist, then stopped, and twisted still more, 
slowly to the left, thus iindoing part of the quasi-permanent 
effect of the earlier twist. The behaviour of such a wire, 
strictly speaking, is an excessively complex one, depending^ 
as it were, upon its whole previous history, though, of 
course, the trace left bv each stage of its treatment is less 
marked as the date of that stage is more remote." 

In the Proceedings of the Eoyal Society of 1865, Lord 
Kelvin describes an experiment illustrating the cumulative 
effect of fatigue, in which he maintained wires oscillating 
for some days. In making^ a comparison between two 
wires — one of which had oscillated some days, while the 
other had only oscillated a few times — he remarks that the 
arc of the former was reduced to one-half its original value 
in about 45 vibrations, and that of the latter reduced one- 
half in 100 vibrations ; thus showing the diminution in 
elastic recovery of the fatigued material. None of the above 
fatigue was due to straining the wire beyond the elastic 
limit. 

It is easy to imagine the result of such an action in a 
piece of material subjected to alternating stresses, such as a 
crank shaft or connecting rod, and it is not unreasonable to 
expect such a shaft or rod to ^ive way under a load which 
does not even approach the limit of static strength. Such is 
by no means an uncommon event. 
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Some years ago Wohler set about investigating the 
behaviour of material under alternating stresses, and 
although his efforts were not crowned with complete 
success, he was able to prove experimentally that material 
so treated could not be expected to resist destruction so 
•easily as material in the primitive state. Speaking roughly, 
the result of his experiments showed that a load varying 
from zero to a maximum, and then from the maximum to 
2ero, repeated a very great number of times, may be two- 
thirds of the static load and still produce the same result. 
Also that a load equal to one-third of the static load, if 
allowed to fluctuate between maximum load positive and 
the same load negative, would produce like results. Ap- 
proximately, then, the relative values of a static load, a 
variable load, and an alternating load, are as 1 : 2 : 3. 

The chief difficulty in accepting Wohler^s results as truly 
representative of material in general under the action of a 
Readily fluctuating load is that there exists some doubt as 
to the actual rate of application of the load. If the load 
were steadilv and slowly applied and relieved, then his 
results coula only be taken to represent the eflect of 
repetition or alternation in altering the constitution of thn 
material ; but if instead during the application of the load 
there occurred any jerks or sudden changes in the rat« 
of application, or if kinetic energy were allowed to be 
generated by the application of the load, then the rupture 
of material would m part be due to a kinetic load, and it 
would be difficult to assign to each component its share 
in causing destruction. 

Of the different formulae devised for the purpose of repre- 
senting analytically Wohler's results, that of Launhardt,*^ 
amongst continental writers, and that of Unwin, in England, 
appear to coincide most nearly with ' experiment. Tfan 
latter includes every possible case of stress fluctuation, am) 
until more definite experiments are carried out may be used 
to determine the breaking stress. 

Let/ B the static breaking stress — 1.6., the stress repre- 
sented by B K, fig. 54 ; 

/max = the maximum value of the fluctuating stress ; 

/min = the minimum value of fluctuating stress ; 

r = the range of fluctuation = /max - /min. 

* For a discussion of Launhardt's formula, c insult *'Theorr of Structures 
and Strength of Materials," by Frofeesor Bovey ; published by John Wiley 
and Sons. 
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Then Professor Unwin gives : 

/mar = ~+ s]P - C r f .... (85) 

where c is a constant whose value for wrought iron is about 
1*42, and 1*66 for steel. The value 1*5 is generally used as 
the average, f^or a static load r is zero, and 

/max =* /. 

For a load fluctuating between zero and /max, we And 

T =s/mKX and/max = J 



approximately ; also when the load fluctuates between equal 
limits on either side of zero, 

r = 2/max and /max = if 

approximately. These results are sensibly the same as 
those of Wohler, derived from his experiments. The stress 
/max is the breaking stress with a fluctuating load, because/ 
has been taken as the breaking stress with a steady load. 
If the aa/e static stress is inserted for/, then /max represents 
the corresponding safe fluctuating stress. 



CHAPTER XII. 

Effect of Kinetic Load. 

We will next proceed to consider the effect of a " dynamic'' — 
or, more properly, " kinetic " — load. Suppose a constant force 
to act upon a piece of elastic material, such as a rod of iron 
or a spiral spring, and let OD, flg. 59, represent the 
accompanying maximum elongation. Also let OC repre- 
sent the magnitude of this constant force ; then the work 
done upon the material by the force in stretching it is 
represented b^ the area of the rectangle O C E D. In the 
same manner, if D F represent the maximum tension in the 
material at the instant of maximum elongation, O F D also 
represents the work done in stretching the material (within 
the elastic limit). Hence the area O C E D equals the area 
OFD,and OC = DE-EF, or DF = 20C, or, in other 
words, a kinetic load has at least double the value of a static 
load of the same intensity. 

Proceeding further, assume that at the instant of 
maximum elongation — 1.«., when the end of the rod has 

K 
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arrived at D^the constant -force be reversed in direction ; 
the posh on the material when next cominK to rest will be 
represented by 40 C— thus: TheareaO, F, D,igarea OFD 
repeated. This represents the work done in stretching the 
materia], and hence, when relieved of the stretchina; force, 
will be given out by the material in the return stroiEe. In 
addition, there is the work done by the force L Di (=00) 
during the whole of the reverse stroke. As the material is 
elastic, the resilient energy -i- the work done by force will 



reverse stroke D, Gi - 



+ T + X Work done in compressmg the material = area 
of the triangle Hi d Oj - X + W. Hence 

X+ W=Z+Y+X 
or W - Y + Z. 

Therefore, HiG, = H,J + JG^ =LF, + JO, = D^ F^ + 
2LDi -2LDi + DF. =400. 

If the force is reversed again, the pull apon the material 
at the end of the third stroke equals 6 00— thus: The 
triangle Hi Q, , is repeated at H^ O^ O2, the point of no 

resilience being 0^. The work done by the force during the 
third stroke is represented by the area V + R, The work 
done in stretching the material until it next comes to rest 
is given by the triangle OaMQ, Therefore we have— 
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Work stored in material at beginning of stroke + work 
done on material during the stroke = work done in stretch- 
ing material, 
or U + V + E = R + T, 

and U + V = T ; 

that is, M Q = MN + N Q = MN + H2K = 2MN + Ha G2 
= 2.0c + Hi Gi + 2.0 C + 40C = 6.0c. 

Similarly at the end of the nth repetition of the load, the 
corresponding tension or thrnst in the material is— 

2 n times the load or straining force. 

It is evident that after a very short time the stress in the 
material will become so great that rupture will occur. For 




H E 




O, H. N 

Fio. 60.— Extension 



the above state of stress to exist, the time of completion of 
a stroke must coincide with the period of vibration of the 
material itself. This does not often occur, though it is 
Quite possible. This same problem has been solved in a 
different manner by Mr. C. H. Innes, in his treatise on 
'^ Problems in Machine Design,'' pa^e 102. 

If the alternating live road is applied, not at the 
beginning of each stroke, but after the material has returned 
to a state of rest at its position of no stress, the resulting 
maximum stress produced is evidentljr double that produced 
by a static load 01 the same intensity in either direction. 

Material subjected to a kinetic load, of intensity equal to 
half the static breaking load, must fracture after some 
number of repetitions of the load. This is easily demon- 
strated ; for, referring to fig. 60, the curve O F G is the 
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load elongation diagram (the inclination of OF being 
exaggerated). The intensity of the kinetic load is 
represented by 00, and the corresponding elongation bv 
OE. As the energy of the kinetic load equals the work 
done in stretching the material through OE, the area 
OCDE = the area OFGE, and consequently the area 
O C F = the area F G D. After the removal of the load the 
material has a permanent set O H. The load being again 
repeated, we have the area Hi M L N = the area Hi Gi K N, 
and consequently the area Hi M P = the area P Gi K L, the 
amount of elongation being Hi N measured trom the 
position of first rest. The amount of elongation beyond the 
previous elongation O E is the horizontal distance between 
Gx and E, and the total set after the second repetition is 
Ofl + HjJ = OiJ. Each repetition of the load will be 
accompanied by additional permanent set ; and hence when 
the set has accumulated to an amount equal to the 
elongation Oi X, corresponding to the rupture point, the 
material is on the verge of giving way if other circum- 
stances have not previously produced rupture. Here the 
load is assumed to be always of the same kind. 

It may therefore be concluded that a repeated kinetic 
load should never be so great as half the static breaking 
load, if the structure is to oe maintained in tact. 

To take another case, let the material be loaded with a 
static load Fi, represented bv PQ, fig. 61, OQ being the 
corresponding elongation. The area O P Q represents the 
work done during elongation. Now, suppose that the 
material in the strained condition is subjected to an 
additional kinetic load F2 of the same kind as Fi ; the 
elongation is now increased from O Q to OR, and. the 
maximum pull or thrust in the material is represented by 
J R. Total work done by stretching forces = area O P y + 
area PSRQ + area PSVT. The total work done in 
stretching the material = area OJR. Therefore 

areaOJR = areaOPQ + areaTVRQ. 

And after taking away the parts common to both sides of 
the equation, we have left the 

area J M V = the area T M P, 
and consequently 

JV = TP = VS = Fg; 

therefore JR = 2F2 + Fi. 



TO STRUCTURAL DKSIQK. 133 

Now, elongations are measured vertically downwards 
from 0, and tensions horizontally to the right from OR ; 
therefore J R represents the maximum tension (or thmst, 
SM the case ta^ be) produced in the material by the 
primitive load F,, and the afterwards applied kinetic load 
Fg conjointly. The effective load is Fa^ + F\ if both act in 
the same direction ; but if in opposite directions, it is 
Fj - Fi. Then the ratio— 

tension _ 2^3 ± F^ ^ RJ 



effective load F^ ± F^ R V 

If the total load is purely a dead load, ¥, ta zero and the 
ratio is unity ; but should the total load be wholly kinetic, 
F^ is zero and the resultine ratio is 2, a result previonsly 
obtained in connection witn fig. 69. Again, if the kinetic 



and static loads are of the same intensity, and in the same 
direction, then the ratio is |, and lastly, should the two 
loads act in opposite directions, and their algebraical sum 
be numerically equal to the primitive load Fi, then the 



also the ratio — ^ _ p ' - 3. 

But although this effective load F^ - F^ produces the maxi- 
mum result in the way of destruction, it is seldom in actual 
practice that we find loads imposed upon structures in the 
same miuiner. The most common way of applying an 
alternating live load is as a simple load alternately in either 
direction, from the position of zero strain, similar to the 
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pressure on the piston of a double-acting engine. In this 
way the maximum effect of a simple alternating live load is 
twice that of a dead load. 

The above results have been obtained on the assumption 
that the material has not been strained beyond its emstic 
limit, but the same applies also beyond the elastic limit, if 
the load is repeated a great number of times. This is 
obvious, for eacn time the elastic limit is exceeded it is also 
raised in value, and the process may go on until rupture 
occurs, though, of course, the material is at the same time 
being permanently deformed to an enormous extent, far 
greater than could generally be allowed in practical con- 
struction. 

The great increase in extension after the elastic limit is 
passed virtually precludes any material being strained 
oeyond that limit, during the working life of the material ; 
though at the elastic limit the load is only from one-half to 
two-thirds of the maximum possible load. 

In his admirable treatise on "Bridge Construction," 
Professor Fidler deprecates the use of the term " fatigue," 
as applied to the deterioration of the strength of material ; 
at the same time he enthusiastically advocates the applica- 
tion of the " dynamic " theory in place of that of fatigue. 
The actual numbers'*^ representing that fraction of s^tic 
stress at which material subject to fluctuation stresses 
should fracture, as deduced from Wohler's experiments, are 
strikingly similar to those deduced from the dynamic 
theory, but at the same time the majority of authorities on 
strength of materials do not by any means appear to be 
convinced that fatigue does not exist. 

An attempt has here been made to point out the direction 
in which to look for guidance in determining the safe 
working stress to which any particular piece of material 
may be subjected. In general, the numoer of brands of 

I * Breaking stress as deduced 
1 from — 



Wohler's 
experiments. 



Steady loads of say W tons I /. 

Load fluctuating between zero and W | §/. 

Load fluctuating between W and - W ' \f 



Dynamic 
theory. 



/. 

J/. 

i/orj/: 
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iron, and the liability of steel to variation by very slight 
variations in its composition, prevent any definite number 
being given as the absolute strength of any particular metal ; 
but there is here appended a table of average values oi 
strength, derived from the most recent practice. The values 
of the working stress are those when the material is well 
protected from deteriorating influences, such as rust, corro- 
sion, pitting, &C.J and should there be a chance of any of 
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NoTX. — The tensile resistance of wrought iron across the fibres is ax>- 
proximately *85 of that with the fibres; the resistance given in the 
column headed "Compression" is that of short specimens only. The working 
stress in tondon may be taken as three-fifths of the shearing stress in the above 
table. The working stress for a load fluctuating between zero and a maximum, 
repeatedly applied, shoiild be about two-thirds of the dead load stress ; and the 
stress for a load fluctuating between equal positiyo and negati?e vxlues should be 
one-third of the dead load stress, ^nealed cast steel has a strength about 20 
-jper cent greater than mild steel. The shearing stress of oak and pine was 
measured with the grain of the material. 

The bearing pressure for rivet and pin joints may be taken as not greater than 
twice the tensile stress in the material ; tbe area over which the bearing stress is 
reckoned being that of the diametral section of the pin or rivet. Parts of a 
structure l^at cannot well be covered with some preservative, such as paint, and 
those parts subject to deterioration, should be designed with a less working 
stress than that given in the above table. 

these occurring, a corresponding decrease in the working 
stress must be made. 

There are other points in connection with the working 
stress which only experience can determine, and which are 
out of the province of such notes as these. Beaders who are 
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especially interested in this part of our subject should refer 
to the larger treatises (some of which have been mentioned), 
but more especially to the Proceedings of the different 
engineering institutions. 

With reference to the table here given, it must be clearly 
understood that the values contained therein are only 
average values ; and that one of the larger works on the 
strength of materials must be referred to for obtaining 
information regarding the idiosyncrasies of material under 
the application of stress. For the web bracing of bridges, 
the most economical distribution of material will be 
obtained by finding the limits of fluctuation of stress, and 
designing accordingly. For a full discussion of this part of 
our subject, the reader is referred to " A Practical Treatise 
on Bridge Construction," by T. Claxton Fidler, M.I.C.E. 

Sir Benjamin Baker, in commenting upon the action of a 
rolling load upon the cross girders of railwav bridges,''^ 
intimates that although the load is apparently imposed 
suddenly, experience seems to indicate that it is not of the 
class generally termed as a live load, and that the excess of 
effect above that of the ordinary dead load may be safely 
met in ordinary cases by adding 20 per cent to the dead-load 
value of the load, and decreasing the working stress by 20 
per cent. This is roughly equivalent to taking the value of 
the (rolling) load in such cases as about one and a half times 
its dead-load value. This is only one of many cases where 
it is necessary to carefully examine into the real nature of 
the load as far as possible. 

No reference has been made to so-called factors of safety. 
The term is to a great extent a misnomer. The margin 
of stress, in the, above table, which is set aside to 
counterbalance faulty workmanship, errors of judgment, 
unobservable or other sources of weakness, is in amount 
about equal to the working? stress itself ; thus, the limit of 
elasticity of wrought iron is about 14 tons, and the working 
stress about 7 tons per square inch. But although in a ^reat 
many cases material put into a structure in the primitive 
state would be of little use after being strained beyond the 
elastic limit, on account of the great distortion of the 
structure, and consequent virtual failure for working 
purposes, yet the same structure thus strained does not 
approach the limit of strength^ and will not utterly collapse, 
with possible injury to life or limb. While the working 
factor will generally be the elastic limit of stress divided 

* '< Short-span Railway Bridges.** By B. Baker. E. and F. N. Spon. 
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by the working stress of the dead load or the dead-load 
equivalent, the factoj of safety will be the limit of strength 
divided by the working stress of dead load or its equivalent. 



CHAPTER XIII. 

Roof Trusses. 

The load upon a roof truss is due to the covering, the 
principals, purlins, and rafters, and snow and wind. Taking 
the covering first, the following are average values which 
are found in actual practice. The numbers represent the 
weight of covering per square foot of area to be covered in. 

Slate 81b. 

Wood, 1 in. thick 35 lb. 

Lead 81b. 

Corrugated iron, 16 B.W.G 3*6 lb. 

Stone tiles 24 

Plain pantiles 18 

Slates should not be used upon a roof if the slope is less 
than 1 in 3, as the^ rain then soaks between the slates. 

The average weight of common rafters is 3 lb. per square 
foot of surface, while the weight of a timber frame for an 
ordinary roof is about 6 lb. per square foot. 

Messrs. Johnson, Bryan, and Tumeaure give the weight 
of ironwork about a roof with iron principals and purUns 
as — 

/ span m ee ^ ^\ ^^ ^^ square foot of surface covered, 

and the weight of a complete iron truss or principal as 
■^bP, where / is the length of span in feet and 6 the 
distance between trusses, the weight being in pounds. 

The width apart of trusses may be about one-fifth of the 
span, but the larger it is in general the more economical. 

The weight of snow varies greatly, according to situation 
and locality. In England it aoes not exceed 6 lb. per square 
foot, in mid-Europe 15 lb. per square foot, and in America 
30 lb. per square toot In England the snow and wind will 
not together strain a roof truss, because the wind blows the 
snow off, if there is any quantity. Hence it is often the 
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practice to assume a load of 30 lb. per square foot over the 
whole surface as representing the maximum effect of the 
wind and snow. 

As regards the pressure of wind alone on a surface, its 
maximum value is about 



v 



400 



lb. per square foot, 



where v is the velocity in feet per second perpendicular to 
the surface. In general, the direction of the wind is 
approximately horizontal, and the expression most often 
used to give the pressure per square foot normal to any 
surface is that due to Button, namely — 

Pn =P(sin^)^'«*«*^«^-i (86) 




Where P is the pressure per square foot on a surface, per- 
pendicular to the directit)n of the wind, Pn is the normal 
pressure per square foot on the surface, and 9 is the inclination 
of the surface to the direction of wind — 1.€., to the horizon. 
The maximum pressure per square foot in England is about 
56 lb. per square foot on the surface, perpendicular to the 
direction of the wind. The above equation has been plotted 
in fig 62 with ordinates representing normal pressures per 
square foot in pounds, and abscissae representing the inclina- 
tion of the surtace of roof to the horizon in degrees 

Although in England the Board of Trade requires bridges 
to be designed with an assumed wind pressure of 56 lb. per 
square foot, it is only under very exceptional conditions 
that this pressure is ever realised, even on very small 
portions of the surface exposed to the action of the wind. 
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Not only does the form of the structure materially affect 
the magnitude of the wind pressure, but the form and 
disposition of structures in the immediate neighbourhood 
exert an enormous influence in modifying and sometimes 
annihilating it altogether. Some experiments recently 
carried out by Professor Kemot in Australia show this 
in a marked degree. A strong blast was created by a 
mechanically-driven fan, and the pressures on different 
objects compared with those on a thin plate normal to the 
direction of the current of air. The ratio of the pressure on 
the object to that on a thin normal plate he called the 
modulus of the object. The modulus for rectangular blocks 
was the same whether the surface was normal to the 
direction of current or not, and was equal to about '8 on the 
average. Cylinders gave a modulus of about '5 when they 
were alone in the current. 

The results of experiments with model roofs showed that 
if there were vertical walls supporting the roof, the pressure 
due to the wind was considerably reduced. In the case of a 
roof whose slope was 45 deg., the presence of the walls 
reduced the pressure on roof by 80 per cent, and with a 30 
deg. slope the pressure was inappreciable. The pressure on 
lattice work was found to approach that on the complete 
surface if the interstices were small, while one girder of a 
bridge tended to shield its companion on the leeward side, 
though the amount of shielding depended upon their 
distance apart. 

Athough 301b. per square foot of surface is probably 
ample to allow for both wind and snow. Button's rule will 
be used in the first two or three examples of roof trusses 
that are worked out, using 561b. per square foot as the 
maximum possible wind pressure. From what has been 
said above it is evident that the design of the crescent- 
shaped roof that follows the French truss will be in general 
much too heavy. This also applies to the king rod truss. 

French Truss. 

A span of 70 ft. (centre to centre of bearings) has to be 
covered by a French truss roof, and the centre tie rod must 
be at least 4 ft. 2 in. above the horizontal line joining the 
centres of the extreme joints. The truss to be made of 
wrought iron, and pin joints to be used throughout, if 
possible without inconvenience. It is required U> design 
the roof, which has to be covered with slate and wood 
sheathing, and is amply protected from wind. It rests 
upon walls. 
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The tnuB is ahoirn in skeleton form in the npper part ti 
fig. 63, and one side of the same with wood and sl&te 
ooverin^, and pnrlins in the lower part of the same figure. 
The fixing of the centre lines from the given data may be 




accomplished as follows : The linea of the two supporting 
forces A B ajid A L are set down to some convenient scale, 
70 ft. apart, with their points of application on the same 
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level. The angle of slope, 30 deg., is then set down at both 
ends, the intersection of the two bounding lines being at 
the point of application of the force F G — that is, the vertex 
of tne roof. The length of each slope is then bisected by 
the lines Z P and Y W respectively, and the intersections of 
these lines with the horizontal A S, at a height of 4 ft. 2 in. 
above the level of the points of application oi the supporting 
forces, give the vertices of the side trusses. The remainder 
of the lines follow at once. The weight of the roof per 
square foot of area covered by the roof is on the average — 

Slate... 81b. 

Wood lining, 1 in. thick 4 lb. 

Snow ^ 61b. 

Iron-?^ + 4 .^.... = 71b. 

Total 251b. 

The principals may be spaced 17 ft. apart, and con- 
sequently the total load upon one principal is 70 x 17 x 
25 lb. =-: 13 tons approximately, and the total load upon one 
side truss is 6^ tons. ^ This is divided equally between 
seven purlins, as shown in fig. 61, the purlins being placed so 
as to divide each panel into two parts in the ratio of 2 to 1. 
In this way the extreme end joint will sustain (approxi- 
mately) one-seventh of 6^ tons plus one-third of the weight 
upon the second purlin — that is, (| + i of f ) of 6| tons, 
which equals 1*24 ton. The second joints from the top and 
bottom also sustain a like load. The middle joint sustains 
the load on one purlin, together with one-third of the load 
of the purlins on either side of it, or in all 1*5 ton« And, 
finally, the top joint will sustain double the amount of 
either of the extreme end joints — that is, 2*5 tons. The 
stress diagram, fi^. 63, may now be drawn, and the several 
stresses s^ed off and tabulated as in the table given on 
page 142. 

In drawing the stress diagram some little difficulty may 
be experienced by the novice in finding the point p. The 
stresses cm, am, mn, nd, m, and a z follow immediately 
from the previous work on stress diagrams, but it is at first 
sight impossible to locate the point p by following out the 
usual methods. The difficulty may be overcome in a number 
of ways, a couple of which mav be given here, as they will 
be found^ advantageous in deducing the stresses in other 
indeterminate forms. The direction of e p is known, and 
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the problem will be completely solved, if we can find 
seometrically the point p, or if the magnitude of 2 jo be 
found. 

From the symmetry of the figure, p wiU occupy a similar 
position in the triangle p^q^r to that of the point z in the 
triangle mzn. The point q is not yet found ; hence, assume 
any point ^i, in eq produced, and through ^i draw q^ rj. 

Table of Quantities, French Truss. 
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Total stress 
in tons per 




Composition of members. 


i 










square inch. 


Length in 
incbes. 


Sectional area 
in sq. inches. 


Make up. 


AB 


6-5 




— 


— 


AM 


+ 14-3 


130-00 


2-0 


Two round bars l^in. diameter. 


CM 


-16-3 


120-75 


— 


— 


MN 


- 1-1 


41-25 




— 


DN 


- 15-6 


120*75 




— 


NZ 


+ 1-7 


13000 


-25 


One round bar fin. diameter. 


AZ 


+ 12 6 


180-00 


1-8 


Two round bars \^ in. diameter. 


ZP 


- 4-5 


82-50 


— 


— 


PQ 


+ 1-7 


130-00 


•25 


One round bar | in. diameter. 


£Q 


- 14-8 


120-75 


— 


— 


QR 


- 1-1 


41-25 


— 


— 


8P 


+.6 


130-00 


-85 


One round bar li^^ in. diameter. 


SR 


+ 8-7 


130-00 


1-1 


Two roimd bars |in. diameter. 


RP 


- 14-2 


120-75 


— 


— 


AS 


+ 7-2 


340-00 


1-1 


One round bar 1^ in. diameter. 



intersecting fr in r^y this being parallel to Q R. Then 
through ^1 and r^ draw q^ jOi, and r^ p^ parallel to Q P 
and E. P respectively, intersecting in p^. iNext select any 
other point 92, and draw the triangle p^^ ^21 ^2* ^^^ li^^o 
P\P2 ^^^ contain the vertices of all the triangles, p, q^ r for 
every possible value of e g ; and hence the intersection of 
V\ P2 with 2 p gives the required point p^ and the stress 
diagram may now be completed. 
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We m^, if we like^ resolve all the forces acting at the 

Soint £ D N Z P Q in two directions, along and perpen- 
icular respectively to EQ, The components parallel to 
E Q cannot affect the stress in P 'L, because they are at right 
angles to it ; therefore consider on1y_ the perpendicular 
componeats. By the first l&w of equilibrium tne sum of 
these components must be zero. The stress in K Z is tensile, 
and from symmetry we should expect to find that in P Q 
tensile also. That it is tensile may be easily shown thus : 
Because P S and K 8 are in the same straight line, there can 
be no resultant force acting at the hinge joining them in a 
direction perpendicular to either of them, and consequently 
the stress in P Q must be of the opposite kind to that in 




Q R ; that is, P Q is in tension. Also the resolved part of 
£ F perpendicular to F R equals the component of P Q 
parallel to Q R plus the component of that part of the 
stress in RS due to the stmt Q R. As PQ and RS are 
similarly situated with respect to Q R, the above two com- 
ponents must be equal ; and consequently the component 
of the stress in P Q parallel to Z F is one-half of E F. 
The stress in N Z is known, and therefore its component 
is known, and equaU one-half the component of C D 
parallel to M N. Now, as the three components of de, 
nz, and pq are all tending to shorten Z P, then Z P must 
be a strut, and the total stress in it most be equal to the 
sum of the three components. Hence the point p is foond. 
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Another way of getting over the difficulty is by the 
'' Method of Sections." Cut the truss by^ the line xy (shown 
dotted), and replace the right-hand portion of the structure 
by forces which will balance the stresses in the three 
members which are cut. The portion of structure which 
remains is maintained in equilibrium by the forces a 6, 6 c, 
cd/de, ef,/r. r «, and s a ; and the sum of the moments of 
these forces aoout any point must be zero. Take the vertex 
of the roof as the point The moments of the forces fr and 
rs vanish, and the only unknown force is as. Having 
obtained tnis force, the diagram may now be completed. In 
the figure the compressive stresses have been denoted by 
thickened lines. This is merely a matter of choice, and 
does not affect the drawing of the diagram. 

The struts M N, Q R, and Z P may be conveniently made 
up of a pair of strips riveted together, the strips^ being 
separated by distance pieces. An elevation and section are 
given at P, fig. 64. If flexure takes place^ it must do so in 
the plane of the truss. Let d be the width of each strip, 

and - the thickness of same. Then substituting in equation 
(84), remembering that the ends are round, and consequently 

6d = A = '^+ /^W7f -lew^ 

/ J 6000/ /» 

or it may be preferable in this case to write equation (84) in 
the form — 

A 3 _ W A /, . ne\ kcWl^ 



/ 



^l + V^'^^kcWll (gyj 



12*2 b 
Then using 7 tons for / and , for k\ at the same time 

gutting in the load on Z P and its length in inches for I, we 
ave — 

bd^ - •48cf2 =5. 

If ^in. strips were used, b wdUld be 1, and from the 
equation we should get d =^ 2 approximately ; and making 

*bd = A = kp* and d = np-3'5p 
therefore hd^k " -^ 

a 
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a small allowance for the rivets, we may put 2^ in. as the 
minimum width of the strips. 

In the same way the minimum width of the smaller struts 
M N and Q E is found to be about 1 in., if the thickness is 
assumed to be § in. Then, if we allow for the rivets, the 
width may be taken as 1^ in. 

Next, to find the thickness of the distance pieces. Let x 
be the distance between the strips — that is, the thickness of 
the distance piece at the middle of strut Then the radius 
of gyration (of the cross-section) perpendicular to the plane 
of the truss must not be less than that in the plane of the 
truss. 

In the plane of truss — 

^ 3-5 3-6 
Perpendicular to the plane of truss — 

n 

and in this form of section, perpendicular to the plane of 
truss, n =s 3. Hence D = 2 approximately, where D is the 
depth of strut perpendicular to the plane of the truss. As 
the thickness of each strip is i in., the thickness of the 
distuioe piece must be not less than 1 in. In the same way 
the distance piece for the smaller struts should not be less 
than i in. thick. 

The upper member of each side truss is divided into four 
equal parts, the lower one of which (C M) is the most heavily 
str^ued. Now, C M is, when stressed, approximately per- 
pendicular at its upper end to M N, and hinged at its other 
end ; consequently, it is most nearly similar to a strut with 
one end fixed and the other round. The strength of this 
kind of strut is midway between that of a strut with both 
ends fixed and that of a strut with both ends round ; there- 
fore, c = TT^. In a tee iron, with the leg longer than the 
cross-piece, the value of ^ is about 2*5, and n is roughly 
about 3. Inserting these values in equation (84) or (87), the 
area A of cross-section is about 4| square inches. The 
largest tee iron in Messrs. Dorman and Long's catalogue is 
6 in. X 3 in. X ^ in., having an area of cross-section of about 
4^ square inches. 

This ma^ be used by reducing slightly the load on 
each principal — that is, oy reducing the distance between 
principals. A reduction of a couple of feet would be ample. 
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On the other hand, a tee iron can easily be made up of a 
pair of angle irons riveted together. In this way the two 
angles may be each 4^ in. x 2^ in. x § in., giving together a 
section of 5 square inches. Tiiis arrangement will be here 
adopted. The value of the bending action of the purlins 
situated between the joints is exceedingly small, and the 
equivalent stress in this case would not amount to more 
than 3 i>er cent of the total stress, and so can be neglected in 
calculating the strength of the struts. 

Lastly^ the size of the purlins have to be decided upon. 
These will be bolted to the principals, and will (though not 
necessarily) be of such a length as to cover two bays of the 
roof. . Seven purlins on each side have been suggested, and 
hence the load sustained by each purlin per bay will be just 
about 1 ton, and it will be evenly distributed along the 
purlin. Let W be this weight : then the maximum bending 

moment at the centre will be — ^, where I is the distance 

o 

between principals.^ This bending moment equals the 
moment of resistance of the purlin, which equals -^ . [See 

equation (29)J. 

Now, makers of angle irons and joists give, in their trade 
catalogues, the weight per foot, the size of cross-section, and 
the sue load which can be uniformly distributed over a 
piece of the same material 1 ft. in length. This last infor- 
mation saves much calculation in selecting anv particular 
section. Thus let w be the load that a joist 1 ft in length 
will safely carry uniformly distributed ; then the maximum 

bending moment is-^ =^ ^ as ^ is 1 ft. The bending 
moment = ^^- ; hence we have — 

From the catalogue,-^ =—■ ; 

O il 

and from the purlin, -^- = ^ • 

Now, the right-hand sides of both of these equations are the 
same, for the stress / is the same in both ; the moment of 
inertia must be the same, as the two pieces of material are 
taken from the same piece, and consequently h must be the 

* The purlin is here conBidered as a beam supported at each end, and nnifonnly 
loaded. 
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same in both. Therefore the left-hand sides must be equal, 

or w =^Wl (88) 

Hence multiply the weight on each purlin per bay by the 
distance between principals, and look in the trade catalogue 
for the distributed load w = W I that can be safely carried 
by a piece 1 ft. long when uniformly distributed. W I = 
1 X 17 tons-feet, and the nearest section that will sustain 
17 tons over 1 ft. is the 4x1} in. rolled joist, weighing 
8 5 lb. to the foot. 

As an aid in future designs, there is appended a table 
of sizes of irregular-shaped angle irons, and another table 
giving the above-quoted dimensions and weights of rolled 
steel joists. These have been kindlv furnished by Messrs. 
Dorman and Long, of Middlesbrougn, and will be found in 
all their trade catalogues. 

Table of Dimensions op Angle Irons (Unequal Sides). 
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T 
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In addition to these tables there is also given a table in 
which may be found the moment of inertia of the usual 
sections, together with the square of the radius of gyration 
(p^), the average value of the coefficient k in the equation 
A = kp^, the average value of the coefficient n in the 
equation n = dj and the quotient moment of inertia 
divided by the distance of the neutral axis from the 
extreme fibres, or I -^ A. The column giving values of k 
will be found useful with equation (84). (See pages 150 and 
151 for table.) 

Some details of the several joints are shown in figs. 64 and 
65. The bearing shoe is shown in elevation at Q, together 
with the purlin in section. At R is shown a plan and 
elevation of the joint A M N Z, fig. 63 ; and the joint A Z P S 
is given in plan and elevation at S, fig. 64. A strut is also 
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shown at F and T. In fig. 65 is to be f oand an elevation of 
Table of Steengths op Rolled Steel Joists. 



Weight per 


Normal section 
in inches. 


mstributed load in tons that 1ft. wiU safely 


foot length 


cany when the w<nrldng^tress is one-third, <me- 


inpoondB. 


fourth, and one-fifth of the breaking stress. 






One-third, i One-fourth. 


One-fifth. 


5 


3byU 


8--' 


6-lCi 


4-95 


0-25 


8 8 


20-56 


15-42 


12-88 


6 


Si u 


12-35 


9-26 


7-41 


10-75 


8| 8 


25-46 


19-1 


15*27 


8-5 


* If 


19-5 


14-6 


11-7 


12-75 


4 8 


33-13 


24-86 19-88 


14 


4| 8 


41-15 


30-79 24-68 


6-6 


4} 1} 


19-4 


14-5 11-6 


9-25 


4f 1} 


24-2 


18-15 ' 14-52 


13 


5 8 


44-07 


33 06 


26*45 


15-25 


5 8 


48-85 


36-64 


29*31 


17 


I U' 


59-44 


44-58 


36*66 


28-75 


77-72 


58-29 


46*63 


25*5 


5 5 


86-74 


65-05 


62-04 


9 


6i H 
5| 8 


23-51 


17-64 


1411 


11 


34*69 


26 Dl 


20-81 


12-26 


6 2 


40-57 


30 43 


24*34 


13 


6 3 


50-92 


88-19 


30-55 


16 


6 8 


63-21 


47-4 


37-92 


19 


6 H 


80*35 


60-26 


48-21 


26 


6 5 


103-93 


77-94 


62*36 


18 


61 8J 
7 8} 


75-35 


66 -5-2 


46*21 


20 


91-2 


68-4 


64*72 


18 


8 4 


105-03 


78*77 


63-01 


25 


8 4 


181-86 


98-89 


79*11 


81-25 


8 6 


171-7 


128-78 


103-02 


86 


8 6 


202-92 


152-19 


121*75 


24-25 


9 8} 


135-11 


101-33 


81*07 


58 


9 7 


345-32 


258-99 


207-19 


87 


9}} 4} 


227-13 


170 35 


136-28 


81*5 


10 4 


212*01 


159-01 


127-2 


29 


10 6 


210-13 


157-6 


1261 


85 


10 5 


268-25 


193-68 


154*95 


45*5 


10 6 


306*45 


229-84 


188*87 


48 


12 5 


822*75 


242*06 


193*66 


82-4 


12 5 


272*28 


204*21 


163*37 


54 


12 6 


457*96 


343-47 


274*78 


40 


18 6 


883*36 


250-02 


200*02 


45 


14 6 


438*47 


328-85 


263*08 


67 


14 6 


511*51 


891*97 


813*57 


42 


15 6 


422*8 


817*1 


264 


61 


15 6 


608-2 


456*15 


864-9 


60 


16 6 


507-26 


380-58 


304-46 


64*6 


16 G 


649-87 


487*41 


389*92 


76 


18 7 


909*2 


681-9 


545*4 



Of the above joists, lengths varying from 10 ft. to 40 ft. are generally kept in 
stock of sizes from 6 in. by 4^in« upwards, and the remainder in lengths varying 
from 10 ft. to 80 ft 



the junction plates for the vertex of a principaL The 
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amall vertical rod is for the purpose of aupporting the 
member AS and preventing it from Bagging. In the opper 

Sart of fig. 65 isa detail of the joint DEQPZN. These 
etaila do not, of conrae, belong ezcluHively to this form of 
trass, bat may be osed where convenient. 

The upper oord or priucipal rafter, fig. 63, when of great 
length, IB generally stayed laterally by cross-bracing to 




stiffen the whole roof, thongh this has not been shown in the 
figures. Some modifications of the French truss are shown 
in fig. 66. 

In the following table all the sections may be used as struts, 
and hence the vames of k and n are given ; while in general 
only some of the upper sections will be used as beams. 
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The value of n here given relates 
to the equation np = d. If the 
equation be wiitten np = D, 
then n = 5. 
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The average value of k for some other sections will be 
found to be as follows : — 

American Bridge Company's double tee section A; « 2*4 
American Bridge Company's box section. ^ = 1 *3 






Fig. 66. 



In all of these sections the radius of gyration is approxi- 
mately the same about a vertical or horizontal axis. 
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CHAPTER XIV. 

Crescent or Sickle-shaped Roof. 

It is proposed to cover in a shed with a steel-framed sickle- 
shaped roof, the span being 50 f t« from centre to centre of 
bearings ; the outside covering being corrugated iron of 
16 B.W.G. thickness. The shed is exposed to the action of 
the wind in either direction. The nse of the lower chord 
must not be less than 8 ft. The roof is supported on walls, 
and anchored with holding-down bolts. 
Weight of principal and purlins per square foot of area 

covered =?EML+4 = 61b. 

25 

Snow, say 61b. 

Corrugated iron, 16 B.W.G 35 lb. 

Total 15-5 lb., say 16 lb. 

The principals mav be spaced 10 ft. apart, this being one- 
fifth of the span. Then total load per principal = 16 x 50 
X 10 = 8,000 lb. 

The depth of truss at the centre is taken as one-sixth of 
the span, or about 8 ft., and the joints lie on the arc of a 
circle. Then, assuming seven bays or panels in the upper 
chord, and six in the lower one, with the bracing shown in 
fig. 67, the length of each panel in the upper chord is as 
nearly as possibly 9 ft The panel load is consequently 
about 1,143 lb., or '51 ton, due to the dead load only. Equal 
portions of each panel load will be supported at both ends, 
and consequently each load at the joints will be '51 ton, 
with the exception of the two outside loads, which will be 
only half that amount. As the roof is symmetrical with 
regard to the centre line, the supporting forces will be 
equaL The line of loads a, e. /, &c., can now be set down, 
and the stress diagram completed for the dead load. This 
has been done in fig. 67. The point c in the line of loads 
must, of course, be in the middle of the load line, as the two 
supporting forces are equal It will be noticed that the 
two end loads do not afiect the stresses in the members of 
the structure. When we come to the consideration of 
oblique forces, such as wind pressures, then they do afiGoct 
the individual members. 
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The wind may blow from left to right, or from right to 
left) and we must consider each case in turn. The slope of 
the panel E P, fig. 68, is 55 deg., that of F Q 37 deg., and 
that of S G 19 deg. Then, assuming the maximum wind 
pressure to be 56 lb. per square foot, the normal pressures 




N 



Fio. 67. 

per square foot upon the above panels, obtained from fig. 60, 
or equation (86), are 491b., 391b., and 231b. respectively. 
The total panel loads due to wind pressure are 2 tons, 
1*58 ton, and *93 ton respectively ; and after dividing them 
up between their joints and finding the resultants by the 
parallelogram of forces, we have D E = I ton, E F = 
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1-65 ton, F G = 116 ton, and G H = '46 ton in the 
direction there shown. The supporting forces must next 
be fonnd. The line of loads d.ej /, g, h is set down parallel 
and equal to the loads D E, EF, FG, andGH, fig. 66 (in the 




Fia. 68.— Wind from the leit. 



stress diagram the scale is double of thajb used for the loads 
in the upper part of the diagram). The left-hand end is 
assumed to be anchored down to the supporting structure. 
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whatever it might be, and the right-hand end is free to 
move horizontally ; consequently the direction of the re- 
action there mast be vertically upwards. In roofs of 
considerable length the free end is mounted on rollers or a 
sliding shoe, to allow free motion to accompany changes of 
temperature. 

The pK>le O is then taken in any convenient position on 
either side of the load line. The best position for O is in a 
horizontal line which will about bisect the vertical height 
of the line loads, and far enough away from the line of 
loads so that the slope of the extreme radial (dotted) lines is 
not too great. A little experience soon shows the value of 
this selection. The pole O is then jointed to each of the 
extremities of the loads (by dotted lines). Then through 
each space between the loads is drawn a line parallel to the 
corresponding radial line in the manner previously ex- 
plained with reference to fig. 18, forming in the end the 
funicular polygon shown dotted in the upper part of fig. 66. 
Thus, starting at the left-hand end of the rooi^ because that 
point is the only one yet known in the line oi action of the 
reaction CD, the first dotted line is drawn through that 
point and across the space E (between the lines of action of 
D E and E F) parallel to the radial line O e, cutting the line 
of action of E F in a. Then through a and across the space 
F draw a j3 parallel to the radial line Of, Continuing this 
process, the line y $ cuts the right-hand reaction in d, where 
7^ is parallel to Oh, Join 8 to the starting point, and 
through O draw O c parallel to it, cutting chine. Join d c, 
then c d and c h represent the left and right hand reactions 
due to wind pressure. Their values are about 3*5 tons and 
'87 ton respectively. The stress diagram may now be 
completed in the usual manner. The radial line Od does 
not enter into the construction at all, because the funicular 
polygon was started through the point of meeting oi dc 
and d e. Similarly the loaaD E does not afiect the stresses 
in the individual members, but only comes in in connection 
with the reaction. 

If both reactions are arranged to lie in the same direction — 
that is, parallel to one another — ^then the point c would lie 
in the line joining dto h ; and h d would be that direction. 
Then, if the funicular polygon be drawn afresh, after the 
reaction directions have been put in on the upper part of 
the figures, the then radial line O c will cut dhinc, and the 
stress diagram may then be completed. This state of affairs 
just described approximates to that of both ends of roof 
fixed. In fig. 68 the stress diagram is drawn on the 
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supposition that the right-hand end of the truss is free, and 
is to double the scale to which the loads are drawn in the 
upper part of the figure. 

The wind-pressure loads being now transferred from the 
left to the right, the corresponding stress diagram, fig. 69, 
is obtained. This is again drawn to a different scale. The 
corresponding stresses in the three diagrams are tabulated 
on page 158. 




Fio. 69.— Wind from the right. 

The fifth and sixth columns of this table have been 
obtained by adding the dead load stress, column 2^ to one of 
the wind-pressure stresses, the maximum sum being placed 
in column 5, and the minimum in column 6. In the latter 
it will be noticed that nearly all of the minimum stresses 
are compressive, while many of the maximum stresses are 
tensile, thus showing that some of the members will be 
sometimes in tension and at other times in compression, 
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•depending upon the direction of the wind. This necessitates 



Member. 


Dead load. 

Total stress. 

Tons. 


, Total streBs 
; due to wind 
from the 
left. Tons. 

\ 


Total stress 
due to wind 

from the 
right Tods. 


Maximum 

total stress. 

Tons. 


Mlnimxmi 

total stress. 

Tons. 


EP 


-305 


-5-5 

( 


+ 1-2 


-8-55 


-1-85 


CP 


+ 1-97 


i +5*8 


-41 


+ 7-77 


-2-13 


PQ 


+ 0-52 


+ 0-04 

1 


-0-4 


+ 0-56 


+ 0-12 


FQ 


-2-6 


-5-5 


+ 116 


-81 


-1-44 


QR 


-0-11 


+ 1-77 


-0 63 


+ 1-66 


-0-74 


CR 


+ 2-2 


+ 4-5 


-3-65 


+ 6-7 


-1-45 


RS 


+ 0-45 


-0-55 


+ 0-06 


+ 0-51 


-0-1 


68 


-2-5 


-41 


+ 0-63 


-6-6 


-1-87 


ST 


+ 0-06 


+ 1-7 


-0-9 


+ 1-76 


-0-84 


CT 


+ 2-35 


+ 3-3 


-306 


+ 5'66 


-0-7 


TV 


+ 0-27 


-0-67 


+ 0-76 


+ 1-03 


-0-4 


HV 


-2-5 


-30 


— 0-22 


-5-5 


-2-72 


VW 


+ 0-27 


+ 1-4 


-1*34 


+ 1-67 


-1-07 


CW 


+ 2-35 


+ 2-35 


-20 


+ 4-7 


-0-35 


WX 


+ 0-06 


-0-5 


+ 1-34 


+ 1-4 


-0 44 


KX 


-2-5 


-2-26 


* -1-43 


-4-75 


-3-93 


XY 


+ 0-45 


+ 0-9 


-1-88 


+ 1-36 


-0-83 


CY 


+ 2-2 


+ 1-75 


-0-63 


+ 3-95 


-1-57 


YZ 


-0-11 


-0-81 


+ 1-62 


+ 1-41 


-0-42 


LZ 


-2-6 


+ 1-98 


-2-82 


-5-42 


-0-62 


ZJ 


+ 0-52 


+ 0-50 


-0-9 


+ 1-08 


-0-38 


MJ 


-3-05 


-1-99 


-2-64 


-5-69 


-5-04 


CJ 


+ 1-97 


•f 1-4 


+ 0-76 


+ 3-37 


2*73 


CD 


1-8 


3-5 


2-8 


— 


— 


ON 


1-8 


0-87 


2-2 


— 


— 



the designing of such members both as ties and struts, and 
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if any of them are located in the lower chord, the chord 
must be braced laterally to maintain it in the plane of the 
truss. Now, the span of the roof is 50 ft., and the expansion 
due to fluctuation of temperature of the whole truss is not 
more than about A in. on either side of its mean position, 
and consequently f t is the general practice to flx both ends 
of the truss to Ihe supporting structure, and then the 
change of kind of stress in the lower chord does not take 
place. We may then proceed to design all the members in 
the left half of the roof as if the wind blew from the left 
and the truss were fixed at the left end. The stresses in the 
right half members will be generally small compared with 
those on the left, when the wind is blowing from the left. 
In the same way the members in the right half of the roof 
may be designed with the wind l3lowinK from the right, 
and the truss fixed at the right-hand end. The maximum 
stresses in homologous members must then be the same ; 
for instance, the maximum stress in P Q is the same as 
the maximum stress in J Z. With this assumption, the 
maximum stresses are — 



Members. 


Stress in tons. 


Members. 


Stress in tons. 


£ P and M J 


- 8*55 


C T and C W 


+ 6-65 


P and C J 


+ 7-77 


HV 


- 6-6 


P Q and Z J 


+ 1-08 


Q R and Y Z 


+ 1-66 or- -42 


F Q and L Z 


- 8-1 


R S and X Y 


+ -51 or - -1 


C B and Y 


+ 6-7 


S T and W X 


+ 1-76 or - -44 


S and E X 


-6-6 


T V and V W 


+ 1*67 or - -4 



The last eight members in the table are sometimes in 
tension and sometimes in compression, and therefore will 
have to be designed as both struts and ties. The stress 
{varying) in these members may be taken as 8 tons per 
square inch. A very convenient form for these members 
will be small channels, in which the average value of k [in 
equation (84)] is about 7. The sectional area of the strut 
thus obtained for a load of half a ton is about 1 square inch. 
The sectional area of a channel steel 2f in. by liV in. by ^ in. 
is slightly more than 1 square inch ; therefore this section 
will da It gives ample strength in tension also. The ties 
can be conveniently made of flat bars, of which C P and 
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C J may have a section 2 in. by ^ in., P Q and Z J one rod 
2 in. by i in., C B and C Y one rod 2 in. by ^ in. or 2in. 
by i in., and T C and W one rod 2 in. by f in. The most 
heavily stressed stmt is E P or J M. These are oonveniently 
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made of T steel, if the section required is not too great 
The lower end of either strut is fixed, and hence it may be 
treated as a strut fixed at one end and round at the other. 
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Using 8 tons per square inch as the working stress, and 
patting in the values of the other constants in equation 
(84), we obtain 4 square inches as the required sectional 
area. The T 6 in. by 3 in. by i in. will be suitable. The 
whole upper chord may be made in two or three pieces, 
having bends at the joints. Perhaps the most convenient 
form would be a rivet joint in the middle of each of the 
members GS and KX (see fig. 70). The corrugated iron 
will be bolted direct to the purlins, which may be of channel 
tie or angle section, and so spaced that the desired length of 
plate may be conveniently bolted to the purlins. 



CHAPTER XV. 

King Rod Truss. 

It is required to design an iron '* king rod truss," of 75 ft 
si)an, the purlins to be of wood, and the covering to be slate, 
with wood lining. The ties to be round iron rod, and pin 
joints throughout. The main rafter of each truss to be 
made of tee iron, or two angles riveted together, and the 
inclined struts to be made up of a pair of channel irons, 
riveted together, back to back. The slope of roof to be 
20 de^. 
Weights per square foot of area covered — 

Slate 81b. 

Wood lining, fin. thick 31b. 

Snow 6 lb. 

snan 
Truss and purlins = -gg" + 4 = 7 lb. 

Total 241b. per sq. ft 

Distance apart of principal trusses — say 12 ft Dead 
weight of one truss ana covering 

_ 12 X 75 X 24 Q.^ ^^ „^^ ^f. . ^„ 
2240 = 9 6, or say 10 tons. 

And if the truss be divided into ten panels, the panel load 
is 1 ton. The skeleton of the truss is given m ii^. 70, 
together with the dead-load stress diagram for one-half the 
truss ; the stresses in the other half being the same. The 
individual stresses are collected in the following table. It 

M 
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will be noticed that the stress in G H and Gi Hi is zero, but 
that member is still retained in the structure for the sake 
of supporting the heavy tie rods SH and Si Hi, and pre- 
venting them from sagging. The vertical members are ties, 
and the inclined members are struts. The stresses in these 
members are not changed by the imposition of the "wind 
pressures. The left end is assumed to be bolted do'wn to the 
supporting structure, -while the right-hand end rests upon 
rollers, or other arrangements for providing a free end. 
The several stresses may be tabulated as follow : — 



Member. 



Dead load. 
Tons. 



Wind from 

left. 

Tons. 



Wind from 
right. 
Tons. 



Maximum 

stress. 



Diameter 


Leng^ 


of 


Ot 


tie rods 


struts 


in 


in • 


inches. 


inches. 



SH .. 

SH, .. 

SL .. 

SL, .. 

SN .. 

8N, .. 

SQ .. 

SQi .. 

BH .. 
B.H,.. 
CK .. 

DM .. 
D.M... 
EP .. 

BiP, .. 
FR .. 

F.Rt .. 

GH .. 
G, H,.. 
KL .. 
K, L... 
MN .. 
M,N,.. 
PQ .. 

P, Qi.. 
RRj .. 

HK .. 
H,K^ 
LM .. 
Li Mj.. 
NP .. 
NiPx.. 
QH .. 

Q, Ri-. 



12 2 

l-^-2 

10-S 

10 8 

9-5 

9-5 

8-2 

8-2 



13 

13-0 

11-7 

11-7 

10 1 

10-1 

8-7 

87 

7-2 

72 





•5 
•5 
1-0 
10 
1-5 
1-5 
4-0 



9-2 
3-6 
8-0 
3-6 
6-5 
36 
5-1 
3-6 

8-4 
3-8 
7-2 
3-8 
6*0 
3-8 
4-8 
3 8 
8-6 
3-8 







1 

1 



9 



•5 







2-3 
2-3 



2-0 



1-5 



1-8 



2-2 



2-6 





1-9 

t I 
1-9 
6-2 
1-9 
4-7 
1-9 
3-3 

8*8 
84 
3-8 
7-2 
3-8 
6-0 
3-8 
4-8 
3-8 
3-6 





•5 


1-0 


1-5 
2 



1-5 



1-8 



2-2 



2-6 



21-4 
19-9 
18-8 
16-8 
16-0 
14-2 
13 3 
11-8 

21-4 
21-4 
18-9 
18*9 
16-1 
361 
13-5 
13-5 
11-0 
110 



1 
1 
2 
2 
3 
3 
6 

2-9 
2-9 
3-5 
3-5 
4-2 
4-2 
4-9 
4-9 



2 

2 

i| 

18 



96 
96 
96 
96 
96 
96 
96 
96 
96 
96 



96 
96 
112 
112 
136 
136 
162 
162 
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The wind pressure from fig. 62 is about 24 lb. to the square 
foot normal to the surface. Total wind pressure on one 
rafter 

_ 24 X 12 X 40 _ .., . . 

2240 51tons, 

or say 1 ton per pane], where 40 ft. is the length of the 
rafter. The stress diagram for wind pressure from either 




PAACriOAL UaOINECR 



side will be found in fig. 71, the upper figure representing 
the wind from the right on free end, and the lower figure 
the wind from the left on fixed end. The necessary funi- 
cular polygons are shown in fig. 70 (dotted), the upper one 
being in connection with the lower stress diagram, and vice 
versa. A p|eculiar feature in the wind stress diagrams is 
that the point h is also the points ^, l^ m, n, jp, and ^, which 
indicates that there will be no stress in the vertical and 
diagonal members of one-half the truss due to wind pressure 
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alone. Thus, when the wind blows from the left, there will 
be an absence of stress in the right half of the bracing, due 
to wind pressure, and vice versa. Great care should be 
exercised in finding the point «, otherwise the stress diagram 
will not close. 

The diagonals are composed of a pair of channel irons, 
riveted back to back. From the table of values of k, its 
value for this section will be found to be 9. The value of 
the constant c for wrought-iron struts with round ends 
is -js^-sj and the stress allowed per square inch is 7 tons. 
Substituting in equation (84), we obtain the following 
results : — 



Member. 


Sectional area in 
square inches. 


Composition. 


HEandH, Ex 

LMandL^Mi 

N P and Nj P, 

Q B and Q^ B^ .... 


2-75 
3-4 

4-5 
5-8 


Two channels, each 3} x 1^ x | inch. 
Two channels, each 3} x 1^ x | incli. 
Two channels, each 4} X 2 x i inch. 
Two channels, each 4^ x 2 x ^ inch. 



The principal rafter may be made up of a pair of angle 
irons riveted together in the form of a tee. A single tee 
iron will probably not be strong enough, using the 
commercial sizes. The rafter cannot bend in the plane of 
the roof covering on account of the purlins being so many, 
and rigidly secured to the rafter. The value of k (from 
table) when bending takes place in the plane of the 
truss is 2*65. ^ Then allowing &tons per square inch for the 
stress, equation (84) gives a sectional area of 6*7 square 
inches, assuming the ends round and the length of the 
strut equal to the length of one panel. There must be a 
considerable margin of safety on this assumption, because 
the conditions in this instance do not even approach those 
of round ends. Two angles, each 6^ x 3 x §, give a combined 
sectional area of 6*75 square inches, which will be ample. 

The purlins, may be of deal, spaced, say, 3ft apart. 
Total load sustained by one purlin = 12 x 3 x (17 + 24) lb., 
uniformly distributed. The maximum bending moment in 

pound-inches due to this load is ^ — ~ , which equals 

o 
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V* ^he section is rectangular, and hence this latter 
k 

fuantity becomes ^fbd^ where b = breadth and d = depth, 
nserting 75 ton for/, we get — 

9b = bd^ 

U b = 2, d = 6-9 ; and if 6 = 2^, c^ = 61. A purlin 
6x2^ inches will be suitable.^ 

A detail of a suitable shoe is given in fig. 74 in plan and 
elevation, together with a detail of one of the joints in the 
lower chord. Such a joint is very convenient to make and 
fit up. A modification of the above truss is that shown in 
fig. 72, sometimes called a queen rod truss. The struts 
are vertical, and the tie rods are inclined in the opposite 
direction to the diagonal members in the king rod truss. 
In fig. 72, the lines representing struts have been thickened. 




Fia. 72. 

It is sometimes useful to check by arithmetical calcula- 
tion the results obtained by graphical processes : and this, 
in many cases, can be easily done by Bitter's " Method of 
Sections." The process consists oi cutting some of the 
members of a frame and replacing the parts removed by 
the forces exerted by the removed parts upon the remaining 
parts of the structure. 

In fig. 73 the letters denote both the length and the name 
of the individual members ; and let A denote the point of 
application of the supporting force K. Also let a /3 7 denote 
the upper ends of the vertical posts, while 6<pir denote the 
lower ends of the same posts. Let the load at. each joint in 
the upper chord be w. Now cut the truss by the line 
mx m^, fig. 72 (x\ and put in the forces at the several 
sections with which the removed parts acted upon those 
which are left ; and let the total stress in each member be 
denoted by /, with the letter of that member as suffix. For 
example, the stress in the member a will be denoted 
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by /a, and so on. Taking moments about a, we obtain from 
the second law of equilibrium — 

and as 11 = 35 wjt = K .^ _ 3;5wm 

k k 

Taking moments about A, we get — 

fkx^e^wxe^^o, or .A = w;. 

Taking moments about ^, and denoting the ength of the 
perpendicular from ^ on to a by jo, 
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Fig. 73. 



A X /) — R X e = 0, and fb = 



35 we 
V 



To get /a, cut the truss by the line m^ W2, fig. 72, and take 
moments about Q, ^. Then — 



/*oXjo-Rxe = o, or /a = 



35 we 
P 



Now cut the truss with the line mg Wg, fig. 72 and ^g, 73 (z\ 
and take moments about A. Then — 

/fx2o^-2^e = o, qt/l = ^— . 

2q 
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Also by taking moments about a, we get — 

fiy^q-¥ffy^k-'Ry.e = o\ that is, 

/. Rg - qfi _ S^ we — '6 w e __ 3 we 
-^^^ k k IT' 

Proceeding in like manner to cut the truss by the line 
^4 n^ fig. 72, we obtain by taking moments about A — 

3 w 
w X e + w X 2e - fm X 2e = 0, or fm = -^ , 

and by taking moments about <f>, we get — 

ft X 2p + w X e - R X 2e = o; 



that is. 



3 we 



/.= ^^(7«,-.)= ^ 



Proceeding in this way, we obtain the following stresses 
in the several members of one-half of the stress : — 



Member. 


Stress. 


1 
Member. 

1 


Stress. 


1 
Member. 


Stress. 


a 


3*5 V) e 
V 


1 


'6 we 1 
k 


r 


2 w 


b 


8-5 w*. 
V 


9 

1 


2 5 we 
k 


I 


'5 we 
Si 


c 


3 v< 
P 


h 

1 


2we 
k 


n 


<l2 


d 


2-5 we 
P 


k 


w 


• m 


• • 


e 


3-5 we 
a 


1 


1-5 IT ! 

1 


S 

1 


1*5 »/»* 

<l3 



It must be evident that this method is more easily applied 
to a bridge with parallel booms and open bracing. 
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CHAPTER XVI. 

Ventilators. 

Thus far no mention has been made of the action of the 
wind on ventilators, because, in general, a ventilator 
contains more members than are necessary for statical 
equilibrium. These extra members are called redundant 
members. There are two methods of dealing with the 
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stresses in these redundant members. The accurate method 
is to find the stress in each of the members, by considering 
the whole of them together, and then applying the 
dynamical principle known as that of "least work.'' 
Except in the simple cases this method is exceedingly 
laborious, and, of course, would not be used in such a 
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trivial affair as that of an ordinary ventilator. The other 
method is to cut out the redundant inembers, and find the 
statical stresses in those that remain. This will here be 
adopted. The load on the ventilator is small, and were it 
not for gusts of wind the original framework would 
probably be ample. Bracing is then introduced to prevent 
deformation under wind pressure. The skeleton of a 
ventilator frame is shown at a?, fig, 74, subjected to the 
dead load only. The different portions of the dead load 
are conveyed to the roof truss by the three vertical posts 
of the ventilator. The bracing may be arranged as at ^ or 
2, fig. 74. With the wind from the right the parallelogram 
forming the right half of ventilator (omitting the brace 
Ri Gi) will have a tendency to be flattened out, and to 
prevent this a diagonal member may be introduced, as in 
2; or as in ^ ; the former in compression, and the latter 
in tension. The magnitude and direction of the wind 
pressures are obtained by finding the wind pressures 
normal to the sloping portion of the roof and the wind 
pressure (horizontal) on the vertical side of ventilator 
Gi T], and dividing it equally between the upper and 
lower ends of the vertical post. We then have at these 
points a pair of forces which can be compounded by the 
parallelogram of forces, as shown at the joint T^ G^ Ki Si, 
m fig. 74 (z). The resultants only are shown at y, fig. 74. 
The whole of the wind pressures from the right can be 
statically sustained by the right half of the ventilator, the 
members F G, G R, and R S not being required, and can 
therefore be omitted when considering the stresses due to 
wind from the right. The stress diagram can then be 
drawn in the usual manner. 



CHAPTER XVII. 

Knee Bracing. 

When roof trusses are supported by columns, the effect 
of wind pressure on the roof covering and on the side of the 
structure is to tend to deform it, as shown by dotted lines 
at C, fig. 76. This is more especially the case when the 
columns are assumed to be hinged or round at their ends, 
though the action is similar, but less in degree, when the 
lower ends are assumed to be rigidly fixed. To prevent 
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this deformation the knee braces at D, fig. 75, are inserted. 
The original truss will act as a rigid body, and can be 
treated as such when findine the stress in the braces. If 
the stress diagram is drawn for the dead loads only, or for 
any vertical components of loads, it will be found that no 
stress is produced in the knee braces ; consequently, it is 
only the horizontal components of the various loads which 
have any effect in straining the knee braces. We may then 
replace the main truss by a single beam, as shown at E, 
fig. 78. The truss may be assumed to be hinged to the 
supporting columns, otherwise the principle of "least 
work '' must be used ; and this for the present we wish to 
avoid. The column may be assumed to be fixed at the 
lower extremity if its base is large, and well fastened to a 
deep and rigid foundation ; but as this icondition is 
sometimes far from being satisfied, we have taken the 
simplest case, and the case of maximum stress, namely, 
that of round-ended columns. At E, fig. 76, there is shown 
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a couple of braces, but it will be seen that one alone is 
sufficient for static equilibrium by referring to the diagram 
E, where the left brace is removed, and the left column 
merely supports the left-hand end of the horizontal beam. 
A horizontal force is applied in a direction from right to 
left at the top of the column, which is resisted horizontally 
by the equal and opposite reaction at the foot of the 
column. It is clear the left column is unable to support 
any of the horizontally impressed force, and that the angle 
between the cross beam and the right column has a tendency 
to increase under the action of the impressed force ; the 
increase being resisted by the knee braca The several 
forces on the cross beam and right column are represented 
by arrows at G, fig. 76. If the impressed force acted in the 
opposite direction, the whole of the forces shown at G 
would be reversed, and the knee brace would be a strut 
instead of a tie. 

Our principal object in the present investigation is to 
determine the stresses in the truss members, with the knee 
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brace ictrodDced To occompliBh this end with greater 
cleameas, the croes beam has been separated from the right- 
hatid column in the diasr&m H, fie. 76, and the whole of 
the forces acting on each of them nave been put in, the 
stress in the knee brace having been resolved into its 
components in the horizontal and vertical directions 
These components will be represented hj /a and ^v respec- 
tively. The column is divided by the knee-brace joint into 
two parts whose lengths are a and p, while the cross beam is 
divided in the aame manner into the lengths and ^. 
Considering the equilibrium of the column first, and 
denoting the horizontally impressed force by h, and conse- 
quently the reaction at the foot of the colttmu by k, then 



• •\-n-- 



J^ 



the horizontal component of the force exerted by the cross 
beam on the top of the column must be equal and opposite 
to the horizonfAl component of the stress in the knee brace, 
foecanse by the first law of equilibrium the sum of the com- 
ponents in any one direction is zera By taking moments 
about the upper end, we obtain from the second law of 
equilibrium 

Referring to diagram F or O, fie. 76, representing the 
reaction of the left-hand col umn by K, we have, by taking 
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moments about the foot of the right-hand column, the 
relation 








and then, considering the equilibrium of the cross beam, we 
obtain, by taking moments about the right-hand end 
(diagram U), 

f - h^ ^ 
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Pig. 77. 



while the vertical component of the reaction of the column 
on the right-hand end 



=/^-^=¥C-^') 



There will now be no difficulty in drawing the stress 
diagram for the whole truss when one knee brace is used at 
a time. The total reaction at the free end will equal the 
reaction due to vertical loads alone 'pLm the vertical reaction 
K, due to the horizontal loads. The vertical reaction at the 
braced end will equal the reaction due to vertical loads p^ui 
the vertical pressure of the braced column on the cross beam 
or truss, due to the horizontally impressed force K The 
latter quantity is/v — R. The magnitude and direction of 
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the resultant reaction at the braced end of beam or truss, 
will be represented by the diagonal of the rectangle, whose 
adjacent sides are fh - h (horizontal), and (vertical) the 
reaction due to dead loads plus the vertical reaction /v - E, 
due to the horizontal load ti. 

The stresses in a structure calculated as above would 
actually exist if the knee braces were designed to resist 
tension only ; but, generally speaking, they are as well fitted 
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to resist compression as tension, and so make a stifier 
structure. 

At first sight, under these conditions, it would appear that 
it would not cause great error to divide the loads equally 
between the two columns ; but upon a little consideration 
it must be manifest that this will only hold when all the 
loads are symmetrical with respect to the centre of the truss, 
and that a wind pressure on one side of the roof only will 
cause a greater reaction on the end adiacent to the wind, 
and consequently a greater stress in the knee brace. 
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The method of obtaining the line of loads from which to 
draw the stress diagram of the trass members is shown in 
figs. 77 and 78. For the sake of convenience the wind 
pressures are assumed to be found, and the column is hinged 
at its ends, while the knee brace is in tension. The structure 
as a whole is in equilibrium under the action of the wind 
pressures and the reactions N A and AC, fig. 77, the dead 
loads being omitted. The reactions must first be determined. 
Set down the line of loads o n. Take any pole O and draw 
the funicular polygon (shown dotted in the upper part of 
figure). The closing line being drawn, its radial companion 
O a is then put in, cutting the vertical reaction na in a. 
Then a c represents the reaction at the foot of the right- 
hand column. It will be noticed that the funicular polygon 
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Fig. 79. 



was started at the point of application of this reaction, that 
being the only point which was known in its line of action.^ 
The stress in the knee brace must next be found. In fig. 
78 the columns and knee brace have been removed and 
replaced by the forces which they exert upon the truss. Of 
these N A is known from the previous figure. The stress 
AD in the knee brace is most easily found by taking 
moments of the forces on the column round the upper end. 
In this way the reaction A C (fig. 77), multiplied by the 
length of the column, equals the stress in the knee brace, 

* For detailed description of tlie method of 6nding the supporting forces, refer 
to the Warren girder, page 89, and the unsymmetrical structure, page 40, ante. 
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multiplied by the perpendicular distance of the upper end 
of column from the knee brace. Patting in the numerical 
quantities, we obtain the stress in A D, fig. 78. The line a d 
is then drawn parallel to A D from a, and of a length equal 
to that just found above. The point d is thus secured, cfoin 
dCy then dc is the reaction of the end of the column on the 
truss, and the line of loads is completed, so that the stress 
diagram may be drawn. 

Should the column be fixed at its base — t.c, securely 
fastened to a good foundation by holding-down bolts — the 
corresponding reactions, &a, may be approximately calcu- 
lated. Although the column may bend considerably, the 
upper end and the point of attachment of the knee brace 
still remain approximately in the same vertical line ; or, in 
other words, the deflection of these points will be the same. 
This is the key to the solution. In fig. 79, let E F C D 
represent the column fixed at D. The bending moment 
diagram (and consequently the stress diagram if the column 
is parallel) due to each load will be a triangle. Let G S K 
be the diagram due to the load at F, while H JK is the 
diagram due to the load at £. These two loads tend to bend 
the column in opposite directions, and consequently the 
resultant stress diagram will be formed by taking the 
diflerence of the ordinates of the two triangles. This is 
the same, as the vertical intercepts of the shaded portion, 
in which the intercepts of the triangle H Q G are, 
say, positive, and those of the triangle STQ negative. 
Transferring the shaded area by pure shear to the lower 
part of the figure is the same as plotting a new diagram on 
a horizontal line as base. The triangle H Q G may, for 
convenience, be divided into the two triangles HUG and 
KQG. 

By the graphic theory of deflection (previously given), the 
deflection of the point E, measured from the tangent at D, 
equals the moment of the area of the triangle H Q G about 
HE, minus the moment of the area of the triangle S JQ 
about H E. This is the same as — 

Moment of H R G + moment of R Q G - moment of S J Q 
about H E, which equals 

Area H R G x the distance of its centre of gravity from H E 
+ areaRQGx „ „ „ „ 

- area S J Q x „ 

Let ^x be this deflection, then 
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and if $2 ^^ ^^^ deflection of the point F from the same 
tangent at D, thea, similarly, 

Subtracting the latter equation from the former, there 
reaiains 

a^m amx ayz 

3 t 2 2 ' 

because the deflection of E and F are the same. 
But from similar triangles 

z __ m 

y x^ 

and replacing z in the above equation by its equivalent 

^^ we obtain 



X 

.2 — Q 4,3 



2ax + 3jt;2 ^ 3 y^ 

and after substituting li — l-^ for a, and I2 - P for ar, we find 
that 

2/1^2 + '2 
•^ '4Z2 + 2/1 • 

In this way the point Q, and consequently the point C, is 
obtained without knowing the magnitude of the forces at F 
and K This point C is a point of zero stress, and con- 
sequently a point of inflexion ; in other words, the portion 
EC of the column behaves exactly like a beam of that 
length supported at E and C. Then, in treating a braced 
structure with fixed columns, it is necessary to find the 
point of inflexion C in the columns, and treat that part of 
the column between the point of inflexion and the upper 
end as a column with round ends. 

On reference to flg. 77, it will be noticed that the truss is 
exceedingly shallow at the section where great strength is 
required ; and this absence of depth produces excessive 
stress in the members located in that region. Should the 
roof be very large, and so situated that it cannot be divided 
up into a number of smaller trusses, it is customary to use 
a form similar to that shown in fig. 80. 

Here it will be noticed that the truss is deepest at the 
section where the knee bracing occurred in tne previous 
roof; consequently the stresses are more nearly uniform 
throughout the truss. The roof principal here shown is 
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formed of a pair of girder-shaped rafters, hinged together at 
the vertex, and resting upon hinge or cup shaped joints ; 
and it is evidently well suited to accommodate itself to 
great changes of temperature. The bearings at the base are 
well bedded in good foundations, or are tied together under 




Fig. 80. 



the floor of the building by iron rods. The principal is in 
reality a three-hinged arch, and will be included in the 
investigation of arches in general This form of roof is 
much used for very large railway stations. 



CHAPTEK XVIII. 

The Quadrangular Truss. 

This form of truss (fig. 81) is also sometimes used for large 
spans, notably the station roof of the Central Eailway of 
New Jersey, at Jersey City, U.S.A. That shown at E, in 
the figure, has " queen rod bracing, while that shown at F 
has "king rod'' bracing. In the former, the majority of the 
diagonals are struts, and in the latter, ties. If the stress 
diagram is drawn for the two forms of bracing, it will be 
found that the stress in the braces decreases from the extreme 
ends to some section between the ends and vertex, there 
changes sign, and then increases towards the vertex. We 
shall thus have a certain number of braces in tension, and 
the remainder in compression. It is often convenient to 
maintain all of one kind of bracing (say the diagonals) in 
the same state of stress, and this may be done by reversing 

- N 
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the direction of the diagonal bracing at and after the section 
where the stress chanses sign. Thus, in form E (fig. 81), the 
two verticals nearest tne vertex are in tension, the remainder 
being in compression ; and, similarly, the corresponding 
diagonals are in compression, the remainder being in tension. 
To maintain all the verticals as struts and the diagonals as 
ties, all that is required is to reverse the direction of the 
diagonals whose stress sign is different from those near the 
extremities, as shown in the left half of G. 
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Fio. 81. 

In some instances the two forms of bracing arel used 
together, as shown at H (fig. 81), the stresses in which are 
statically indeterminate, and can only be accurately found 
by the method of least work. An assumption often made in 
practice is that each system of bracing sustains half the load, 
and the vertical posts distribute the load equally between 
the two systems. 

It may be interesting to inquire into the reason for the 
change in kind of stress in the bracing, and for that purpose 
it will be more conclusive to resort to the method of sections. 
A few panels are shown drawn to a larger scale in fig. 82, in 
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which R is the left-hand supporting force, and a load of w 
imposed at each joint in the top member. The horizontal 
distance apart oi the vertical posts may be denoted by x^ 
and the stress in any member by /, with the snffix t for the 
top member of a panel, and the suffixes d and 6 for the 
diagonal and bottom member of the panel respectively. 
Now cut the truss through the nth panel — in this case the 
fifth — and substitute for the removed parts the stresses 
exerted by them on the remainder of the truss. These are 
shown in the diagram. Let there be N panels in the truss 
altogether. Taking moments about P, we get — 

/dX d + w,x + 2wx + 3wx + , . , , {n-l)wx -/ja^O; 

or, fdd + wx(l + 2 + S + .,.n - i) -ha « O ; 

or, /,-_./»- -2^(«-l). 

Again, taking momenta about N, 

R« (n - 1) - (» - 2H» - 1) mx -/,p„ - O; 

and R =^ (^2~) ^ ' 

therefore, /& = ^^i^ " ^^ [N - n + 1]. 

Substituting this in the equation for /<i. we have — 

2d Ljt?„ J 

If the booms were parallel, then a would be equal to 
Pn, and d would be some multiple of (w - 1), say r (W - 1), 
and the stress in the nth diagonal would then be 



wx 
2r 



(N + 1 - 2 n). 



This can never be negative, and decreases as^ n increases^ so 
that the stresses in the diagonals would be in arithmetical 
progression, and would decrease from the extremities to the 
centre of the truss. But with the given truss in fig. 82, d is 
some function of (n - 1)— very nearly a simple^multiple^of 
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it — and a decreases while pn increases from the extremities 
to the centre ; hence the stress in the diagonals will decrease 
much more rapidlv from the ends to the centre of the tnuui' 
(fig. 81) than witii parallel booms, and consequently will 
pass through zero, and change sign somewhere Between the 
ends and the centre of the truss. The same holds for the 
verticals, for 

which is ver^ similar to the last equation. 

Another form of roof truss, in which a kind of knee 
bracing is introduced, is that shown in fig. 83. The lower 
boom of the truss often assumes the shape of a circle or an 







Fio. 82. 

ellipse. The truss is more especially used when a number 
of l^ys run side by side, so that one pillar supports the ends 
of two trusses, as shown in the upper part of the figure. It 
is a light and economical form oi roof when used as shown. 
Considering a single pillar, it is evident from symmetry 
that one truss acts upon its companion adjoining it, 
horizontally ; the forces being D E and E F for that shown 
on the left of the enlarged view. In reality the whole 
truss is made up of three different trusses. Looking at the 
view of one column and a portion of two trusses shown in 
fine lines (lowest sketch), it is evident the first two panels 
on either side of the pillar form a cantilever, its extremity 
in the middle view of the figure being the hinge where the 
force H J is applied. 
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The three panels on either side of the vertex of the truss 
form a truss of themselves, similar to the ordinary roof 
truss. It will be easier to find the forces DE and EF 





Fio. 83. 



arithmetically. Half the weight of the central truss will 
act at the point of application of H J, and if we denote each 
load by w^ and the horizontal distance apart by a?, while the 
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vertical distanoe between D E and E F may be denoted by 
h^ we obtain, by taking moments about the lowest point dE 
the roof — 



or. 



(3-5m> X 2a;) + (w X a?) = EF X A; 

EF = ^^^ = DK 
n 



The stress diagram may then be drawn, that for one-half 
the complete truss being shown in the lower part of fig. 83. 
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It will be noticed that there is no stress in the third 
member (from the end), which radiates from the centre of 
the curve of the lower boom \ also there is no stress in either 
of the members attached to its lower end. This portion of 
the bracing is sometimes replaced by a solid web plate. 

On examination of the stress diagram, the first two 
diagonals on either side of the vertex will be found to be 
struts ; and as it is generally desirous to make the struts as 
shortj as possible, or to make the longest members ties, 
these diagonals should be reversed, together with the 
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diagonal nearest to the columns, as shown in the third view 
from the top of fig. 83. The long bracing members are all 
ties, and the short ones struts. A specimen of this sort of 
truss may be found in the Liverpool Street Station, London. 



CHAPTER XIX. 

Double Cantilever Roof Truss. 

Another form of truss largelv used for covering the 
platforms of railwajr stations is tnat shown in fig. 84. It is 
supported at two intermediate points, with a considerable 
portion of the roof overhangiDf; the supporting columns. 
The truss in the figure has N bracing, and the stress 
diagram is shown below the truss. The effect of wind on 
the truss is shown in fig. 85, the direction of the wind being 
from left to right. The stress diagram for wind pressure 
alone is given immediately below the diagram of the truss, 
the one on the left being drawn with the assumption that 
the right-hand column sustains no horizontal load : and the 
right-hand diagram, with the assumption that the airections 
of the reactions of tne columns are parallel to one another. 
The difference is very slight. Referring to the stress 
diagram, fig. 84, it will be noticed that^ the verticals are 
struts, and the diagonals are ties. The wind pressure stress 
diagram shows that the two diagonals on the right of fig. 85 
are in compression, while the verticals are in tension. 
Should the compressive stress due to wind pressure exceed 
the stress due to dead load, the diagonals must be designed 
to resist compression as well as tension. If the diagonals 
are long, it is customary to insert a second set of diagonals 
(shown with heavy dotted lines) in the re\rerse direction, 
both sets being ties. The reason for this will be more 
apparent on reference to fig. 84. The figure WXVU 
represents a single panel with hinged joints, and, for our 

Surpose, fixed at W and U. If a force is applied at X in the 
irection of the arrow, it will tend to deform the panel into 
that shown with heavy dotted lines. The diagonal WY 
will be stretched, and consequently in tension, while the 
diagonal U X must be in compression, if there is one there 
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at all. Bat if this diagonal is designed as a tie, and of a 
good length, it will^ oend easily before offering much 
resistance to compression ; and hence we may say that the 
diagonal W Y is the only one that materially tends to resist 
deformation of the panel. If now the force at X is reversed, 
the diagonal UX is the one that effectively resists 
deformation of the panel. As will be seen further on, this 
doable bracing is more general in bridge constraction than 
in that of roofs ; bat all the same, if by any means the 
stress in a diagonal is reversed in sign, a reversed diagonal 
(generally called a coanter-brace) will ensare the stability of 



U— -^J— ^i^-">-^ 




the panel The introdaction of coanter bracing mast not be 
confoanded with the superposition of one truss upon its 
complementary form ; the former is to maintain the 
stability of one or more particular panels, when the stresses 
in the diagonals are reversed (generally by means of a 
movable load), and the latter is a methoa of producing an 
increase in strength by a multiplication of parts, rather 
than by an increase in the dimensions of the individual 
parts. It is a common occurrence for the crescent-shaped 
truss to be constructed with double diagonal bracing. 

No hard and fast rule can be laid down as to the fitness of 
any particular truss for a given span, except that the arch, 
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the quadrangnlar, or the crescent-shaped truss is invariably 
used for very large spans, such as terminal railway stations 
or very large public buildings. The examples that have 
been given of the different trusses are not of very laree 
dimensions, or for any very special purpose, and hence the 
designs have been exceedingly simple. The reader is 
referred to Mr. Bow's work on "Economics of Construction" 
for the skeleton diagrams of an almost indefinite variety of 
roofs, and to the pages of Engineering and the Engineer for 
the actual designs of roofs of every description. 

In the majority of examples of roof details already given, 
the joints have oeen arranged with pins, and the axes oi 
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the members have all intersected in the same point, at the 
centre of the pin ; but it is a common occurrence in trusses 
of small span for the joints to be formed other than as 
already shown, four varieties of which are shown in fia, 86. 
That depicted at G must be used for small spans only, as 
induced stresses due to bending would occur in most of the 
members on screwing up the joint, if the ends are not forged 
with scrupulous care to their respective shapes. The lowest 
member is one continuous rod, stretching clear across the 
roof, and consequently cannot be made conveniently in 
great lengths. The joint at E is often used in the "kins 
rod " truss, where there are a series of vertical tie rods, and 
another series of inclined struts. 
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The joint at F is a common form to be met with in almost 
all forms of trusses, the several members being held together 
by means of flitch plates and rivets. A modification of this, 
in which the rivets are replaced by pins, is that at H ; but 
a better joint would be made by separating the ends of the 
lowest rods until the centres of all the pins were situated on 
the circumference of a circle, of which the centre of the 
present lowest pin is the centre. 



CHAPTER XX. 

Bridge Trusses or Girders. 

As we pass from the truss of a roof to that of a bridge it 
is usual to call it a girder, and in general there will be two 
of them, though in railway bridges there may be any 
number. When each girder has pin joints throughout, and 
friction be neglected at the joints, while^ at the same time 
there are no redundant members — that is, there are onlj 
just enough members to produce statical equilibrium— or if 
any one member be removed, the structure will collapse ; 
then the stresses in the several members can generally be 
determined by ordinary graphical methods such as those 
previously described. 

But it is often desirable to know the influence of any 
definite portion of a load in straining any particular 
member. This may be most easily determined bjr the 
application of Bitter's " Method of Sections," and as it also 
contains the elements of the theory of counter bracing, an 
example of the same will be now given. 

Take a girder made up of symmetrical N bracing, as 
shown in fig. 87, having six panels, and loaded on the bottom 
boom or flange. The total load at each joint will be made 
up of the dead load due to the weight of the girder, flooring, 
and ballasting, together with the load which is put on, such 
as a body or number of bodies moving over the bridge. In 
the present instance we shall only consider the latter 
element, as the stresses due to the dead load may be added 
on afterwards, and can nearly always be found graphically. 
Another and obvious system of nomenclature is also here 
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introduced for the first time, namely, that of denoting each 
member by a single letter or number situated in a small 
circle somewhere near the middle of the member. This is 
convenient when using the method of sections. In fig. 87 a 
girder has been chosen with equal panels, the width of each 
being denoted by 6, and the depth by a ; also the perpen- 
dicular distance apart of two consecutive diagonals has been 
designated p. Let the several loads be w^^ w^^ <kc., not 
necessarily equal, but situated at the joints ; while R and 
Q are the two supporting forces or reactions. The stress in 
any member will be denoted by /, with the suffix letter of 
that member; thus, the stress m a will be denoted by 
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/a, and so on. By taking moments about the abutments, we 
find that— 



R =^ z Wt + t w^ + % 10^ + ^ w^ + i Ws ; 



and 



Q = i M^i + 



-J w^ 



+ V Ws + ^ W^ + i U>6. 



These quantities might have been put down from in- 
spection ; thus, the weight t^^i is one-sixth of the span from 
K and five-sixths from Q ; hence five-sixths of w^ will be 
supported at E, and one- sixth at Q. In the same way, 
two-sixths of W2 will be supported at Q, while four-sixths 
will be supported at E. Now apply the method of sections 
to obtain the stresses in each individual member. 

Cut the first panel on the left with a vertical line, and 
take moments about E : also denote the sum of these 
moments by Ms. From tne second law of equilibrium, we 
get— 

M. = 0=/id - R6, 
and substituting for R from above, we have^ 



a 
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Also Mb = =/ai? + R6, 

or fa '^ - - (^W^ + iW2 + iWi + ^Wi + i w^), 

V 

Now cnt Z, 0, and i by a straight line ; then — 

Mb = c= R 6 + (^/i, 

or /i = - ^R« -/,. 

Proceeding in this way, we shall find that — 

fm = A, and/r =» /i, Also fb = /r. 

Again Ma = = c?/i + 6/o, 

or — 

This might also have been obtained from inspection ; thus, 
the member I cannot transmit any of the vertical force R ; 
therefore it is left entirely to the member a ; in fact, the 
vertical component of fa must be R. The member t cannot 
resist any of the vertical component of /a, and consequently 
it must be borne by the member ; or in other words^ 
/o = R. 

Further, cutting the second panel with a vertical line, we 
have — 

Mf = = 2R6 - Wib - d/mt 

and Ma = — 1^1 6 - fhp^ + /» c?, 

or /6 = ( - i i^i + t Wa + I «;» + J w>4 + i w^). 

P 

In this way the stress in each member may be found. 
Some of them are tabulated below. Thus — 

h 

P 
/^ = - -(- ^ t^i +|w;2 + f W^3 + I W>4 +it«^5) 

V 
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V 

A =» - -(i r^i + J t^'2 + t w^s - t w* - J w^s) 
P 

In the same way, for the verticals, we have — 

/o = I t^'i + i t^'a + T w;» + f 1^4 + i t^'s 

And for the lower boom — 

fi == ^(1 t^i + T w;a + f W'a + t t«'4 + i t^s) 

a 
a 

/f = :7(f Wi + ^ 2^2 + I w's + ^ w;4 + I w^s) 
a 

/x = -A\ i^i + ^ 1^2 + I t^S + * ^^4 + f W^s). 

And finally the stresses in the upper boom members may 
be written down from those of the lower boom members as 
previously shown. An examination of the above results 
shows that in general the stresses in the booms increase 
towards the centre, a result previously shown to be true. 
Also the stress in any member due to any particular load 
increases as the distieince between the load and member 
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diminishes ; or the nearer a load is to a member the greater 
will be the stress in it due to that load. And, lastly, the 
stress in the booms does not change in kind, as all the terms 
in each expression are of the same sign. 

Now, passing on to the diagonals, and taking any one of 
them at random, say c, the stress in it fe contains terms some 
of which are positive and some ne^ativa Now, if /e is to be 
a maximum (negative), the positive terms should be as 
small as possible, and/e will be greatest when w^ and w^ are 
zera Iteferring to the figure 87^ and removing for the 
moment w^ and w^^ it will be evident that the girder is 
fully loaded on one side of the member c. Next take the 
diagonal h. The stress /6 is a maximum (negative) when w^ 
is zero or removed from the girder, and therefore when the 
girder is fully loaded up to that member. It is, then, 
evident that as a load passes over a bridge — ^a trun, for 
instance — ^the maximum stress of one kind occurs in that 
member when one end of the load has arrived at that 
member. 

Again returning to the member c, the maximum positive 
stress occurs when w^^ 1^4, and w^ are zero ; that is, when 
they are removed from the girder. In the same way the 
maximum positive stress in 6 occurs when w^^ t^s, 1^4, and 
Wi are removed from the girder, and this will happen when 
the load moves off the bridge in the opposite direction to 
that previously assumed. It will then be evident that if we 
consider any diagonal c, and suppose a load approaches the 
girder from the right, that the negative stress (compressive) 
increases as the front end of the load approaches 0, and is a 
maximum when the front end is nearest to c, that is at D. 
The stress will gradually change from negative to positive 
as the load passes c, and will be a maximum positive (tensile) 
when the rear end of the load is just leaving c, after which 
the stress will decrease the further the rear end retreats 
from c, until it is zero as the load leaves the bridge. 

If one load is much in excess of any of the others in the 
immediate neighbourhood, its influence may so mask that 
of the others that the above argument appears to fail, and 
the loads must be shifted on to the next position, ana the 
stress in that member calculated. This can be easily done 
by merelj shifting the weights i^i, w>2-i <fec., along to their 
next positions in order, in the expression for /<•, the coefB- 
cients remaining in their present places. In this way the 
influence of the positions of a series of weights can be seen 
almost at a glance. 
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The same holds with the vertical members as with the 
diagonals. The rhythm rannine through the table of 
stresses should not be lost signt of, as it enables the 
remainder of the stresses to be put down after a few have 
been obtained. 

We maj sum up the result of the above discussion thus : 
The maximum, positive, or negative stress in any member 
occurs when all the individual loads of the opposite sign are 
removed. 

It^ may be worth while noting that the stress in any one 
vertical mav be written down from inspection. Thus, take 
the vertical e. The load Wi is supported five-sixths at R 
and one-sixth at Q. This latter one-sixth is transmitted 
from B through the diagonals and verticals to Q, and in 



6 
pulls e to the amount I W2, and w^ pulls it to the amount 



so doing it pulls e to the amount -^. In the same way w^ 
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Fig. 88. 

I Wsi while the i W4, is also sustained by it. The one-sixth 
of Wfi that is supported at R tends to compress e ; and if we 
add up all these elements, taking cognisance of signs, we 
shall have the result previously obtained. 

Applying the foregoing investigation to the case of the 
moving loads shown in fig. 88, the numbers there indicating 
the loads in tons (and for the sake of simplifying the 
problem, the distances apart of the loads have been taken 
the same as the distances between the joints in the girder 
flange), it is required to find the effect of the position of 
the load on the stress in the member C, fig. 87, and the 
position of the load for maximum and minimum stresses. 
The moving load only is here considered. The loads are 
assumed to approach the girder from the right. Let the 
front wheel arrive at D, the middle joint, then w^ and w^ 
are zero, and from the last batch of equations, we find — 

/c = - - (- iW'i - ^W>2 + t W>3 +i'^^ + iw^s). 
P 



n 
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Inserting the values of Wi Wq, <!b&, in this equation, we 
get— 

fc^ -^(-0-0 + 1x4 + 1x4 + ix 9) 
P 

= - 4|-tons. 
P 

Now advance the front wheel to C ; then — 

/c= -^(-0-*x4 + *x4+*x9 + Jx7) 
P 

= - 4J —tons. 
P 

When the front wheel is at B, 

fe = - 5 -tons, 
P 

and so on, until the fourth load of 7 tons has arrived at A, 
when — 

fc= -l(-^x5-?x4 + |x4) 
P 

= i . - tons. 
P 

Here the sign has changed from negative to positive, 
indicating that the stress has been altered from compressive 
to tensila In the same way the stresses may be calculated 
for any and every other position of the load, and the 
following results may be tabulated : — 

When the front load is at E, /e = - 2— tons. 

When the front load is at D, /c = - 4^ - tons. 

P 

When the front load is at C,/c = - 4i -tons. 

P 

When the front load is at B,/c = - 5 -tons. 

P 

When the front load is at A,/c = - 2i - tons. 

P 
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When the second load is at A, /c = - § - tons. 

When the third load is at A, /c = - J- tons. 

P 

When the fourth load is at A, /c = ^ - tons. 

P 

When the fifth load is at A,/c = 2- tons. 

P 

When the sixth load is at A,/c = § tons. 

P 

From this it will be seen that the largest load of 9 tons 
has the predominating infiaence in producing stress in the 
member C ; the stress being a maximum as the 9 tons rests 
on the joint next before it. As that load proceeds from this 
position across the girder the stress in C diminishes, and 
passes through zero, at the same time changing sign ; then 
it increases up to a certain quantity, and finally diminishes 
again to zero as the last load leaves the girder. With the 
above considered loads, the stress varies from a maximum 

thrust of 5 - tons, to a maximum tension of 2 - tons. 
p p 

It must be evident that if there are a number of large 
loads intermixed with the smaller loads, there will be 
considerable fluctuation of strsss occurring many times as 
the loads pass rapidly over the girder, and it is not difficult 
to imagine cases in which the fluctuations are so extremely 
rapid as to be almost instantaneous. 

As a load may advance towards the bridge in either 
direction, it is only necessary to calculate the stress in one- 
half of the members, the other half being similar and 
symmetrically placed. 

With a uniform load the calculations become rather more 
simple, and the results can be written down from inspection 
after a few have been obtained. 
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CHAPTER XXI. 

Counter-bracing. 

It is now proposed to show where counter-braces should 
be introduced ; but perhaps it would be as well to first show^ 
without the aid of a calculation, how it is that the stress in 
a diagonal may change sign as the load passes over the 
bridge. In the upper part of fig. 89, the load is bhown 
approaching the panel whose diagonal member is E F. 
That portion of the load on the bridge is sustained by the 
reactions at the buttresses. The left-hand reaction tends to 
displace that portion of the girder to the left of E F in the 




Fig. 89. 



upward direction, while the load tends to displace the 
remainder in a downward direction. This action, which ia 
a shearing action, tends to distort the third panel from the 
right into the shape shown, in which E F is elongated, and 
consequently will be in tension. Now let the load proceed 
across the girder until in the position shown in the lower 
portion of fig. 89. Here the reverse action has taken place^ 
and E F has been shortened, and consequently must be in 
compression. Of course, the same action takes place in all 
positions of the loads, but these two positions are perhaps 
the simplest and the most self-evident. In the lower part 
of fig. 89 the contraction of EF may be prevented by 
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inserting the other diagonal, shown dotted, which will be a 
tie. This latter diagonal is csdled a counter-brace. The effect 
of the dead load in the above case was not considered. 

Whenever the stress in a diaff:onal changes sign under the 
influence of both the live and dead loads together, it is 
customary to insert a counter-brace in the same panel ; 
because, in general, it is more convenient and cheaper to use 
a counter-brace than design the diagonal as a strut, and the 
weight of the structure is maintained at a minimum. 

Take a girder of the form shown in the upper part of flg. 
90, whose uniform dead load is assumed at 1*5 tons per 
panel, and the live load the same as in the previous example, 
flg. 88. It is required to flnd how many panels should be 
counter-braced. Call the diagonals a, 6, c, <&c., beginning at 
the left-hand end. The live loads will move along the 
upper boom, and the dead weight of the structure may be 
assumed to be concentrated at the joints in the upper boom 
also. There are ten panels, and, consequently, the denomi- 
nator of all the fractions in the previous equations* will be 
10. This greatly facilitates the calculation, as the decimal 
notation can be easily applied. We then have — 

^^ '3 Wj -I- -2 t^8 + 1 W9) 

fi, = -(- 'livi + -8 u\ + -7 1^3 + '6 W4, -\- '5w^ + -4 Wq + 
^^ -3 Wj + '2Wi + '1 w^) 

fc = - (- -1 i^i - -2 M^a + '7 Ws + "61^4 + 'bw^ -V -4 w^ -H 

^^ -3 W^ -I- -2 Wg + 1 w^) 

and so on. In each of these equations, if we consider the 
dead loads flrst, w^ = w^ = w^, &&, = 1*5 tons ; and the 
numerical results will be found to be as follow : — 

fa = 675 - tons ; 

fb = 5-25 - tons ; 

fe = 3*75 - tons ; 
p 

fd = 2*25 - tons ; 
fe = '75 - tons. 

* See page 188. 
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Now consider the moving loads. By inspecting the above 
equations, it will be noticed that the expression which 
contains the greatest number of negative terms represents 
the stress in the diagonal nearest the centre of the spam 
viz., ft. This diagonal, then, has the greatest chance oi 
having its stress changed in kind from tension to a thrust ; 
and as we move towards the extremities of the girder the 
chances of changing sign become less, on account of the 
decrease in the number of negative terms. If, then, 
the counter-bracing is to be inserted at all, it will be most 
required in those panels near the centre of the span. 

Naming the diagonals from the left abutment to the 
centre in the same manner as before, namely, a, 6, c, c2, and e, 
we must first proceed to find the maximum stress in each 
of these members as the loads move across the girder. Let 
the loads move from right to left and face the same way as 
in fig. 88. In the previous equation, for/e put in the values 
of t^i, t^29 ^^> assuming the front of the load to be at 
H, Q, R, and S in turn. The values found for ft will be 
respectively — 

6*3 -tons, 8*2 -tons, 7*5 -tons, and 7*2 -tons. 
V P P V 

Now assume the loads to face in the opposite direction, 
and to move on to the girder from the left towards the 
right. The stress in the member e, when the leading load 
is respectively at S, R, Q, and H, will be — 

- 2-9— tons, - 5-3 -tons, - 4-2— tons, and - 36 - tons. 
P P P P 

These, it will be noticed, are of a different sign to those 
obtained with the loads approaching in the opposite 
direction. 

In the same way find the maximum stress in the member d. 
With the lojid moving in the original direction from right 
to left, and facing the same way as in Hg, 88, the stress in d^ 
with the leading wheel at R, will be — 

fd =^ (1 X w^ - '2 X W2 - '^w^ + -6 w^ + -5 t^'s + '4 w^ 

+ "^Wt + '2 w^ + 1 w^). 
Here iv^ = w^ ^ w^ ^ 0, and 

/ = 10 7 -tons 
P 
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Similarly, when the leading wheel is at S, 

fd = 93 ^ tons, 
P 

and after moving through one more panel, 

/d = 2 9 - tons. 

The member c, treated in the same manner, results in 

15*2 -tons as the maximum positive stress, and - 1'2-as 
V V 

the maximum negative stress. 
Tabulating all these, we have : 



Member. 


Dead-load 
stress. 


Maximum 

positive 

live-load 

stress. 


Maximum 

uegative 

live-load 

stress. 


Maximum 

total 

stress. 


Minimum 

total 

stress. 




Tons. 


Tons. 


Tons. 


Tons. 


Tons. 


e 


•<5~ 
P 


8-2-? 
P 


-5-3i 
P 


8-95 ?L 
P 


-4 -55-? 
P 


d 


2-25- 
P 


107^ 
P 


-29?L 
P 


12-95J^ 
P 


--6 i 

P 


c 


3-75 ^- 
P 


15-2^ 
P 


-1-2^ 
P 


18-95- 
P 


+ 3-55- 
P 



The second, third, and fourth columns simply contain the 
results already found. The fifth column contains the 
maximum positive stresses due to the dead and live loads 
together, which are obtained by adding the numbers in 
column 2 to those in column 3. The last column contains 
the minimum stresses due to the live and dead loads together, 
and are obtained by adding those in column 2 to those in 
column 4. This table shows that at certain times the 

member e is strained by a tensile force of 8*95 - tons, and at 

other times by a compressive force of 4*55 - tons ; or, in 

other words, it is sometimes a strut and sometimes a tie. 
The same happens to the member d ; but the member c is 
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never a strut, because the stress in it fluctuates between 

h h 

15 "2 -- and 3 '55 -, both positive values. To prevent d and e 

bpcoTTiinp: struts the counter-braces S E and R G are inserted. 
(Sh« the middle part of fig. 90.) 

It must be carefully noted that both the live and dead 
loads must be considered together in determining the panels 
to be counter-braced. Were there no dead load, then the 
whole girder would have to be counter- braced : but as the 
stress due to the dead load alone increases in tne diagonals 
from the centre to the ends, there will be a diagonal some- 
where between the centre and one end, in which the dead- 
load stress is greater than the live-load negative stress, and 



\ 


\ 


\ 


\ 


\ 


/ 


/ 


X 


X 


A 




S R Q H 




1^ 


\ 


\ 


X 


X 


X 


X 


X 


X 


X* 




T C C f K 

Q hG)OC 


1 , 


\ 


\ 


\ 


\ 


\ 


\ / 
/ \ 


X 


X 


X 


V 



c r K 

Fio. 90. 

consequently this diagonal cannot be negatively stressed — 
that is, be in compression — under any circumstances of live 
and dead loads together ; and hence no counter-bracing will 
be required in that or succeeding panels as the end is 
approached. The counter-bracing being now introduced, it 
is evident that while each counter-brace tends to prevent 
the distortion of its panel, the original diagonal will also act 
in the same way by offering some resistance to compression. 
If the diagonal is very long compared with its least 
transverse dimension, then it will easily bend, and offer verv 
little resistance to compression, and the counter-brace will 
be the principal factor in resisting distortion of the panel 
In general, so that there shall be no tendency to compress 
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« 

the diagonal at all, the eye at each end is elongated, giving 
the pin a certain amount of play along the axis of the 
member. In this way it is ensured that each diagonal can 
only act in tension. 

Ic is also requisite, after the counter-braces are inserted, 
to see if they have any influence in changing the stress in 
either of the remaining diagonals or verticals. Referring; 
to the lowest part of fiij. 90, the counter-braces Q F and H K 
are shown dotted, and a load is shown tending to cause a 
thrust in G H and the next diagonal on the right. As the 
negative stress in G H (without counter-bracing) is greater 
than in its next neighbour, the counter-brace Q F will 
always be put in if H K is there. The front load will be 
resisted by the vertical post underneath it, as the diagonal 
F J cannot act in compression. The thrust in JK will be 
resisted on the left by a tension in the counter-brace H K ; 
this again will be resisted by a thrust in H F ; and further, 
this will be conveyed to the strut Q G by the counter.- brace 
Q F. To the left of Q G all the diagonals will be in tension, 
and hence no change in direction of stress will occur. 



CHAPTER XXII. 

Moment of Inertia. 

When discussing the question of the strength of beams and 
struts, we often had occasion to use the term " Moment of 
inertia," and it is now proposed to brieflv explain its 
meaning, and how it is obtained. Its value for many 
different sections has already been given in the table 
dealing with the strength of struts ; and the values for 
other forms can generally be found in treatises on 
mechanics or strength of materials ; notably Professor 
Kennedy's " Mechanics of Machinery" 

The original idea of the moment of inertia comes to us 
from a consideration of the dynamics of rotation. Dealing 
with motion in a straight line we have — 

The force acting on a free body == the mass of the free 
body X the acceleration of the body produced by the 
force. 
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Applying this to the particle in fig. 91 (left-hand side), 
moving in a circle round the centre of motion C, we have — 

Force F = mass of particle x its acceleration along the 
circumference. 

If we multiply both sides of this equation by r, the distance 
of the particle from C, we get — 

F . r . = M X linear acceleration x r. 

But the linear acceleration = angular acceleration x r \ 

.\ F.r. = M X angular acceleration x r^ ; 

or Moment of force = angular acceleration x M./*.^ 




Fio. SI. 

The last factor on the right is constant for a certain 
particle, if its distance r from the centre of rotation is 
constant, and this factor is called the moment of inertia of 
the particle. 

If we pass from a particle to a composite body, we 
consider the body to be made up of a very large number of 
particles, and then the moment of inertia of the body will 
be the sum of the moments of inertia of all the particles of 
which the body is made up ; or, written symbolically. 

Moment of inertia = 2 m. r.^. 

In the strength of materials we are principally concerned 
with a section of any particular piece, and there comes into 
the calculations a factor very similar to the above, viz., 

where a represents a small piece of the area of the section. 
It will be at once seen that this quantity would be of the 



APPLIED TO STRUCTURAL DESIGN. 201 

same nature as the one above, if it were multiplied by a 
thickness and a density ; hence the summation in one case 
is similar to that in the other. The first is called the 
dynamical moment of inertia, while the other goes by the 
name of the geometrical moment of inertia. One example 
only will be given of the accurate method of finding the 
latter in the case of a rectangular section. That of all other 
forms of regular figures is exactly similar, but often the 
expressions are more complicated. In fig. 9 (right-hand 
side) the moment of inertia of the rectangle is required 
about the axis X.X., the line P.P. being a parallel line 
through the centre of gravity of the section. Consider a 
very thin strip (shown shaded), distance y from the axis 
X . X ., and of width d y. Its area is h ,dy .^ and its 
geometrical moment of inertia about the axis X . X . = area 
of strip y. y^ =^ h,d y.y.^. 
Also moment of inertia of whole section about X X 

^'Lhy'^dy, 

taken between limits - y^ and y^ 

-Vx \. 6 A -yi 

= I [^2^ + 2/x'] = ^ ^^' ^ ^' ^ [2/2^- yi y^ + yi^l 

area of spction r *> .91 

= 3 Iv^" - ViVi + yi^\ 

If the axis P P coincide with X X, then 

where d is the depth of section ; and the moment of inertia 

= area of section x -, 

This is the moment of inertia of the section about an axis 
through its centre of gravity, and perpendicular to the 
dimension d. 

If we write x for the distance apart of the lines P P and 
X X, then the moment of inertia about 

X X = area x zr^ + area x ^^ 
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= moment of inertia about an axis through the centre of 
gravity + area x square of distance apart of axis X X, and 
axis through centre of gravity. 

This is a property which is often useful for finding the 
moment of inertia about an axis parallel to another axis 
through the centre of gravity. 

In fig. 92, let the area of the small shaded element be a ; 
then its moment of inertia about K K as axis will be 

ay2. 
and, in the same way, its moment of inertia about G G will be 



a x^. 



But 



ay^ + a x^ — a (a?' 



+ y^) = a r2. 



which is the moment of inertia about an axis through R 
perpendicular to the plane of the paper. In the right-hand 
side of fig. 92, the lamina is shown in perspective witt the 



%^^ 





Fig. 92. 

above axis R R perpendicular to its surface, and piercing it 
at the point of intersection of the axis KK and GG. 
As every other element has the same property, and as the 
moment of inertia of a whole is the sum of the moments of 
inertia of its parts, we may write the following equation : — 

ly + Ix = Ir 

where the suffixes denote the particular axes about which 
the moments of inertia are reckoned. This equation enables 
the moment of inertia of the area of a circle about a 
diameter as axis to be easily determined, when that about 
an axis perpendicular to its plane is known. 

A very near approximation to the moment of inertia 
of anj^ plane area may be obtained about a given axis by 
splitting up the area into a number of strips parallel to the 
above axis, and then adding up the quantities thus — 



I = a^x^'^ + 02 X. 



:2+a: 



X. 



+ ^4 iC4^ + &C., 
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where a denotes the area of one of the strips, and x the 
distance of its centre of gravity from the above axis. 
Generally, the moroent of inertia is required about the 
centre of gravity of a section, and in that case the centre of 
gravity is required to be found. Experimentally, it can be 
found immediately by simply hanging up the lamina by a 
piece of cotton or string, the latter being continued beyond 
the lamina, and holding some weight to keep it taut. Two 






points in the lamina covered by the string are noted, and 
afterwards joined. The same is repeated with some other 
point of suspension, and the intersection of the two lines 
thus found gives the centre of gravity of the section. It is 
generally much quicker to calculate the moment of inertia 
than to find it graphically ; but as some prefer the graphical 
method, it will now be explained. 

Let it be required to find the moment of inertia of the 
shaded section, fig. 93, about an axis through its centre of 
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gravity, which shall be perpendicular to A B. Divide up 
the shaded area into a number of narrow strips perpen- 
dicular to AB. The division lines are shown rather line. 
Mark on the centre line A B the centre of gravity of each 
strip. This is done in the figure by a round dot. Through 
each of those dots draw a line perpendicular to A B. These 
are shown dotted. Now, if G is the centre of gravity of the 
section, and 

are the areas of the strips respectively, beginning at the A 
end of A B ; also if 

are the distances of their centres of gravity from the point 
G, then the moment of inertia of the section 

approximately. The narrower the strips are, the more 
accurate will be the final result. In the figure they have 
been taken very wide, so as not to introduce many lines. 

The first operation is to find the centre of gravity G of 
the cross- section, and this is done by means of the funicular 
polygon, as explained in a previous article.^ Each of the 
spaces between the dotted horizontal lines is labelled, and 
the line of loads (areas in this case) c n drawn, where c d 
represents the area a^ to some scale, say y square inches to 
the inch, the shaded figure being drawn to a scale of, say, 

- th full size. Take any p<^e O (preferably so that O X 

X 

shall represent some round number), and draw the funicular 
polygon shown on the right of the shaded section. The 
line through the intersection c^ n^ of the closing lines of 
the polygon passes through G, the centre of gravitv of the 
section. Now, it has been previously shown that the 
moment of the load c d about the axis through G is given 
by,0 H X Ci c?i — that is, by O H x the intercept cut-off on 
the axis by the two lines in the funicular polygon, which 
meet in the dotted line through the centre of gravity of the 
load (strip). In the same way the moment of the second 
strip about GisOH x d^e^^ and the moment of the third 
strip OH X €i /i, and so on for all the strips. 

For the sake of rendering the figure less complicated, the 
intercepts c^ rfi, d^ e^ ^i/], &c., have been repeated in the 
lower right-hand corner of the figure. This is not necessary 

"* See page 24. 
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when the draughtsman is used to the method. Take another 
pole Oi ; the distance Ox X^, being in the original diagram 

of lengths, will represent a length to a scale of -th full 

X 

size — that is, the real distance Oi Xi is x times the number 
of inches in Oi X^ on the drawing. Complete this second 
pole diagram, and draw a second funicular polygon (to the 
left of the shaded section), whose sides are parallel to the 
radiating lines in the second pole diagram. These sides 
produced will cut off intercepts C2 c^2i ^2 ^2« <^<^* ^^ ^^^ 
same way as before, the moment of c^ d^ about the axis 
through G is C2 c^2 ^ ^i ^it ^^^ ^^^ moment of n^ m^ is 
n^ rrtz x O^ X^. But the moment of c^ d^ about axis 
through G is Ci (£1 x r ; therefore 

C2 c?2 X Oi Xi = Ci d^ X 7*1. 

Again, it has been shown above that 

Ci c?i X O X = c c? X r^, 

and, after multiplying these two equations together, we get 
C2<i2 ^ Oi Xi X OX = cc? X r^^ = moment of inertia of 
upper strip about axis through G. In the same way 
c^2 ^2 ^ Oi Xi X O X is the moment of inertia of the second 
strip, and as the moment of inertia of the whole equals the 
sum of the moments of inertia of the parts, ^2 9^2 ^ Ox X^ 
X O X is the moment of inertia of the whole section about 
axis through G. But in the diagram each part is drawn to 
a reduced scale, such that the qaantity represented by O X 
is the number of inches in O X on the drawing x y square 
inches ; also the qaantity represented by Ox Xx (being in 
the diagram of lengths) is the number of inches in Ox Xx on 
the drawing x x^ the result being linear inches. Further, 
the intercept C2 ^2, being in the diagram of length, will 
represent the number of inches in C2 ?i2 on the drawing x x 
linear inches ; and the moment of inertia of the section will 
then be given by the number of inches in C2 ^2 on the 
drawing x the number of inches in Ox Xx on the drawing 
X the number of inches in O X on the drawing x x^ y. 

The moment of inertia may for many dynamical purposes 
be easily found experimentally as follows : Attach the body 
rigidly to a length of wire, so that the wire produced would 
approximately pass through the centre of gravity of the 
body, and that the wire represents the axis about which the 
moment of inertia is required. Twist the wire slightly, and 
note the period of oscillation of the body. Now attach 
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rigidly to the wire some simple form of body whose moment 
of inertia is known or can be easily calculated. This is in 
addition to the body whose moment of inertia is required. 
Let the moment of inertia of the unknown body be 
represented by i, and that of the known body by I. Now, 
the period of oscillation of a body T is connected with its 
moment of inertia I by the equation — 

T2 = c I, 

where c is a constant for a particular wire. Hence, in the 
case in question, 

T2 = c I and ^2 ^ c (i + I). 
Dividing one by the other, we get, after simplifying, 

'2 _ ^2- 



r^2 _ X2-| 



Radius of Gyration. 

Let the moment of inertia of a body be represented by 
M k^ ; then, 

M ^2 ^ S m r2 ; 

and, in the case of an area, 

A^2 ^ Sar2 c= I; 

then, ^-Ji' 

This quantity k is called the radius of gyration. In the 
case of the rectangle previously alluded to, we have 

therefore, k = 



Jl2 



when the axis passes through the centre of gravity of the 
section. 
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CHAPTER XXIII. 

Maximum Bending Moment with Moving Loads. 

There are two problems in connection with the maximum 
bending moment : one to find the maximum bending 
moment at every point for every position of the moving 
load ; and the other, to find the position of the moving load 
for maximum bendiog moment at any point or in any panel 
of a girder. We will begin by considering the former of 
these problems. 

It has been previously shown in connection with the 
graphical determination of bending moment,^ that the 
bending moment at any point in a beam for any given 
position of the loads was given by — the intercept cut-oft by 
the funicular polygon on a vertical line through the point 
in question x the horizontal pole distance O H x the scale 
of lengths x the scale of loads. Eeferring to fig. 94, the 
bending moment under the load D E is given hy ts x OH 
X scale of lengths x scale of loads. 

The funicular polygon for that position of the loads is 
shown in the figure by the full lines klusy^ while c ^ is the 
line of loads ; also c / is the reaction at the left abutment^ 
and gj that at the right abutment. Now, whether the loads 
move along the beam, or the beam moves under the loads in 
the reverse direction, the relative movement and eftect i& 
precisely the same. In any case the funicular polygon will 
always remain in company with the loads, because its 
corners are determined by the vertical lines through the 
loads. The loads and their relative distances apart are 
quite independent of the length of the beam ; hence the load 
line will always be the same wherever the load is situated ; 
and as the pole O is selected at random, it is independent of 
the beam, and consequently the pole diagram is entirely 
independent of the position of Ihe loads along the beam, 
except the last drawn line 0^, which determines the reactions; 
and therefore the shape of the lower contour of the 
funicular polygon will always be the same wherever the 
loads may oe situated, but the closing line k I will depend 
upon the position of tne loads along the beam. 

Let the loads move along the beam from their present 

* See page 24. 
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position towards the left. This is the same as keeping the 
loads stationary, and moving the beam through tne same 
distance to the right. This has been done in the figure for 
the sake of clearness. The verticals through the ends of the 




Fig. 94. 



beam are also drawn in, cutting the polygon in k^ and l^. 
The closing line is now ^^ Z^, shown dotted, and the reactions 
are c x and g x. The bending moment at any point will be 
given by the intercept cut-off being the funicular polygon 
kyV sul^ X OH X. scale of lengths x scale of loads. If now 
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the beam be shifted into different positions, and a corres- 
ponding number of closing lines drawn, the bending 
moment may be found for all positions of the load. This 
will be most conveniently accomplished by keeping the 
beam stationary and shitting the funicular polygon and 
loads. Under the beam, and parallel with it, draw 
the line ^2 h (lower part of fig. 94), and plot ^2 ^2 equal 
to y Zf also to 82 equal to ts. In ^ that way we get 
the polygon f2^2^2^2^2> "w^hose ordinates are the same 
as those of the funicular polygon kysuL ^ Now draw the 
funicular polygon again for some new position of the loads, 




Fig. 95. 

and transfer the ordinates to the lower part of the figure. 
After a number of repetitions of the process, let a curve be 
drawn through the upper extremities of the ordinates ; that 
curve will be the curve of maximum bending moment 
for all positions of the loads. To do this quickly and easily^ 
draw the beam, the verticals through the ends, and the base 
line k2 12 on a sheet of drawing paper. These are shown 
by heavy lines W Y Z X, fig. 95. Then draw the funicular 
polygon kysulj^g. 94, on a sheet of tracing paper, together 
with the vertical dotted lines through the loads and a 
horizontal line, such as the bottom line of the beam which 
is also to be found on the drawing paper. This last line i» 
simply for reference, and is shown dotted in fig. 95. The 
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finds of the polygon should be prolonged for some distance. 
Now put the tracing paper on the drawing paper, so that 
the horizontal dotted line on the tracing coincides with th^ 
underside of beam, and the end verticals W Y and X Z 
will cut the funicular polygon. Draw the closing line 
of the funicular polygon on the tracing, and plot the 
intercepts on the base line Y X. The polygon is shown in 
thin lines. Now shift the tracing paper horizontally into a 
new position. The end verticals will now cut the polygon 
in two new points, and a second closing line can be drawn, 
and the ordinates plotted on Y Z, as before. This is repeated 
for a number of positions, and a number of points are found, 
as in fig. 95, representing the upper ends of the ordinates. 
Draw a curve through the extreme points, and this is the 
curve of maximum bending moment. It is shown with a 
full line in fig. 94. 




We will now find the position of a given set of loads to 
produce the maximum bending moment at a given point in 
the span. Let there be a sinele load w situated at any 
distance x from the right-hand abutment. The bending 



W X z 



moment at D, fig. 96, is K^ 2, which equals — -j—. If the 

weight be unity, then the bending moment is -j z^ which is 
the equation to the straight line C E, whose ordinate 

FE = ?-(/-0). 

In the same way the moment at D, due to the weight unity 
on the other side of D, will be represented by the ordinate 
to the line K E. The ordinate N P gives the bending 
moment at D, caused by the load unity immediately over N ; 
and the moment at D, caused by w in the position shown, is 
given by w times N P. 
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Now, if there are a series of loads on the girder, as shown 
in fig. 97, some of which are on one side of the point D and 
some on the other side, let G^ be the sum of the loads on 
the left of D, and G2 the suoi of those on the right, these 
resultants acting at the centres of gravity of the weights on 
each side, and let the figure K E C be the bending moment 
diagram at D, with unit load at any point along the girder. 
The bending moment at D due to the load G2 is 

Go X 2/2. 
and that due to Gi is 

Gi X 2/1. 

Therefore total moment at D due to all the loads together 

= M = G2 2/2 + Gi y^. 



OOP . POP oO 




Fm. 97. 

Let the loads move towards the left, through a distance 
d X ; then 2/2 becomes 

2/2 + ^ 2^2, 
and y^ becomes 

Vi - d yi, 

while M becomes 

M + c^M, 
and 

M + cZ M = G2 (2/2 + <^ Va) + Gi (2/1 - d ?/i) 
and, subtracting the previous equation from this, we get 

ci M = G2 . (^ 2/2 ~ Gi . 0? 2/i' 
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But '> = JE and t"* = If, 

dx FC dx FK 

.-. (i M = G2 . ^ . (^ ar - Gi . ^^ . (^ ^ 

1^ O r K. 

or ^ = F E {^-^ - ^\ 

"^^^ dx "^ VFC FK/ 

If M is a maximum, then 

c? M _ ^ 
~di " ^* 

and the quantity within the bracket is zero, and therefore 

G2 ^ FC 
Gi FK 

and if G denote the total load G^ + G2, 

Gl ^ Gx + Gg _ FC + FK ^ K^ 
Gi Gi FK FK* 

These two last equations express symbolically the condi- 
tion that the point in question divides the loads in the same 
ratio as it divides the span ; or, if written thus — 

G Gi ^ Gg^ 
K C F K F C 

shows that the average load per foot on either side of the 
point is the same as the average load per foot on the whole 
span. 

A further problem in connection with the maximum 
bending moment is to find the position of any one of a given 
number of loads, so that the bending moment under that 
load shall be the greatest possible under that load. 

In fig. 98 the loads w^y W2 , - » > wr , , . , wn 
are shown on a girder of total span L The two reactions 
are Ei and E2, and the distance separating E^ and w^^ is or, 
that separating w^ and w^ is Xi^ and so on, until that 
between Wn and E2 is Xn. All the lengths except x and 
xn are invariable as the loads move over the bridge. The 
left reaction is obtained directly by taking moments about 
the right-hand end, thus — 

El / = t^i (iPi -f- a-o + ^3 • • • • + ^n ) 

+ W^ix^ + X^ + X^ . . . . -^ Xn) 

+ Wz{0Cz + OC^ + X-^ . , , -\- Xn) , , + Wn Xn, 
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which may be written 

Rl = y \xi Wj^ + X2 (W^ + W2) + X^ (Wi + W2 + Wq) 

.... + Xn (wi + W2 • . . . + ie;n ) 
The bending moment under the weight wr is — 

Mr = Ri {X + Xi + X2 . . . . 4- Xr-l) 

- 2^1 (a^i + a:2 • • • • + ^r-i) 

— ?^2 \'^2 •" *^3 • • • • I Xi' — ly 
. . . . - Wr-1 Xr-l 



vt, w, w, w. 



OOP o 



Q. 




Fio. 98. 

which can be written — 

Mr = Ri (X + Xi + X2 . . . . + Xr-\) 
- Xi Wi - X2 {Wi + W2) - ^3 («^i + W.2 + W^) 
.... - Xr-l (Wi + W2 + W^ . . . , + Wr-l). 

For a maximum moment under wr 



dUr 

d X 



= O. 



Remembering that in the above equation all the terms are 
constant except the first, then 

O = — R^ ■\- ix + Xy + Xo . . . . + Xr-i) — r-^. 

d X d X 

The quantity in the brackets is the distance of the load 
Wr from the left abutment, and which we may call z. Also 
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the above expression for Ri contains only one variable, 
namely, xn, wnich increases as x decreases ; therefore 

d Ri 1 / , , , \ d Ri 

d Xn I d X 

Substituting in above, we get 

JK'i - ; {iVi +1^2+^3 • • • • + t^H ) = O, 

and „ Ri / 

2 = 



Wi •\- W2 + W^ . . . . + Wn 



But Ri contains a term (the last one) which has one factor 
a variable, namely xn. For this substitute its value _^[g|gg«i^ 

I - {X + X^ + X2 + X<^ . . . . 4- Xn-l)j 

and the last equation becomes after replacing 

zhyx + Xi+Zo . . . . + Xr-), 

and Wi + W2 + W3 . . . . + wnhy w. 

we get X + Xj^ -\- X2 . . . . + xr- 1 = 

— [^1 ^1 + ^2 (^1 + ^2) + •^s (^1 + ^^2 + ^3) • • • 
w 

+ {I -^ {x + Xi + X2 . . . . Xn-l)} 
{Wi + W2 + . . . . + IVn}] 
or, 2x =^ I - [(Xi + X2 . . . . + Xn-\) 

+ (a?i + a'2 . . . . 4- Xr-x)] 

+ \Xi Wi + X2 (Wi + W2) + X^ (iVi + W2 + Ws) .... 

+ Xn-l (Wj^ + W2 . . . * + Wa-l)] 

After dividing through by 2, add to each side 

(Xj^ + X2 + X^ . . . . + Xr-l\ 

and the above becomes 

Z = ^ - i (Xi + X2 + X^ . . , . + Xn-l) 

• 2 \*'^1 "•" '^2 ' *^3 • • • • I Xy — l) 

. XiWi+X^(v}l-hW.j) + xJWi-hW2+Wfi)..X7,—l(Wi-\-W2 .. te>*— l) 
2 ( l«>i + t«^2 + ^^3 • • • • + W.i) 
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The value of the first bracket in this expression is the 
total length of the loads from end to end, while the value of 
the second bracket gives the length of the loads from the 
left-hand end up to the rth individual load under which the 
bending moment is being considered. The maximum 
bending moment under the rth load is obtained by sub- 
stituting for El its value, 

in the previous equation for Mr, which gives maximum — 

Mr = — — - X^W^ - X2 (Wi + W2) .... 
- Xr-l (Wi + 2^2 • • • • + ^^'•-1) 

It will be noticed that Mr depends upon z and the number 
r of the individual load from the left-hand end. Also that 
in the equation for z all the terms are constant for a ^iven 
system of loads except the third. This materially facilitates 
calculation. As an example, let 

Wi — 6 tons, W2 ^ S tons, iv^ = 7 tons, 

w^ = Wn ^ Wq = b tons. 
Also let 

^1 = ^3 = Sft., X2 = x^ = 7 ft., and x^ = 6 ft. ; 

while the total span of tho girder is 60 ft. Inserting these 
values in the above equation for ?, and finding the different 
values of ^ for maximum bending moment under the first, 
S€ cond, third, and fourth loads respectively, we get — 

2i = 21*6 ft., 02 = 25-5 ft, 03 = 29 ft., and 04 = 32ft 

With these different values of z, the corresponding values of 
Mr are 278 foot-tons, 327 foot-tons, 359 foot-tons, and 306 
foot-tons respectively. The greatest of these maxima is 
that under the third load when that load is 29 ft from the 
left abutment. Referring to fig. 94, it will be noticed that 
the maximum bending moment curve approximates to a 
parabola, and the error will be very small if a parabolu is 
drawn through the end of the ordinate 359 foot-tons, and 
through the two ends of the girder. 

This method will be found to be the quickest for deter- 
mining the maximum bending moment that occurs in any 
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beam or girder, for generally an inspection of the problem 
will be enough to locate it as under one of two loads or one 
of three loaos. If the number of loads be very great, and 
irregularly placed, then it may be as easy to determine the 
maximum bending moment graphically. The second method, 
namely, that of finding the position of the loads for a maxi- 
mum moment at any point in the span, ma^r be used to 
check calculations. Thus, taking the numerical example 
just given, the position of the loads for a maximum moment 
at a section 29 ft from the left abutment is that already 
found, namely, when the third load is over that section. 
For in that case 

For this to be possible the third load must be over the 
section in question, for if t^' 3 be to the right of the section, 
Gi will be less than 17*4, and if w^ be to the left of the 
section, Gi will be greater than 17*4. 



CHAPTER XXIV. 

Design of Plate Girder. 

It is required to design a steel plate girder to carry one- 
half a gantry crane. Span, 40 ft ; maximum load lifted, 30 
tons ; weight of gantrv, 3 tons ; maximum deflection to be 
not more than one five- hundredth of the span, and the girder 
to b#* fish-bellied. 

It has been previously (page 50) shown that the deflection 
of a girder can be expressed as 

cJJl 
dE 

where / = maximum working stress ; 
/ = length of span ; 
d = depth of girder ; 
E = Young's modulus of elasticity, 

= 9,000 tons per square inch for built-up wrought 
iron or steel ; 
c = a constant depending on the form of girder. 



APPLIED TO STRUCTURAL DESIGN. 217 

It has been shown that if the girder is of uniform width 
and uniform strength, loaded at the centre, c = i ; but if 
the girder is of uniform width, depth, and strength, c = ^. 

The case in question does not coincide with either of these 
cases, but is somewhere about midway between them, so 
that we may take c about *3. 

It has been shown in connection with working stress that 
if a load come suddenly on a piece of elastic material, the 
maximum stress produced is double of that which would be 
produced if the load were applied steadily, or as a dead 
load. In the gantry under consideration it is probable that 
sometimes the lifting chain will slip slightly round the 
object it is lifting, and thus produce the sudden doubling of 
the dead-load stress in the chain and girders. Assuming the 
maximum permissible stress to be 9 tons per square inch 
over the net section, then the working stress would be 4*5 
tons per square inch. 

Putting Known quantities into the above expression for 
the deflection, we get 

40 ^ '3 X 4-5 X 40 X 40 

500 90U0 a 

and d = 3ft 

This is for centre of span. 

It is customary, in designing a girder, to assume that the 
bending action is resisted wholly by the flanges, and the 
shearing action wholly by the web, and in each case the stress 
is assumed to be uniformly distributed over the section ; 
the flanges to include the angle irons, but no part of the 
web. 

The above assumption may be shown to be approximately 
true, thus : Take the case we are now dealing with, flg. 99. 
The area of each flange will be found to be, approximately, 
13'5 square inches, and the centre of gravity of each flange 
is at a point about 17 '5 in. from the neutral axis ; hence 
moment of resistance of flanges 

= 2 X 175 X 135 X 45 = 21400 tons-inches. 

The moment of resistance of the web, assuming a thickness 
of f in. at mid span, 

= ix4 5x§x35x35 = 345 tons-inches. 

Hence, in this case, the moment of resistance of the flanges 
is over sixty times that of the web, and consequently the 
error is very sUght in neglecting that of the web. 
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With regard to the shearing stress, to show that it may 
be assnmed to be constant thronghoat any transverse section, 
consider the stress on the end of the element E A B C D F, 
fig. 100. Its area = h .dh. Total stress over shaded end 
^f^.h.dh, from right to left in direction. Total stress 
over opposite end =fi,b.dh. from left to right. Eesultant 
of these two end stresses = (/2 - fi)h . dh in a direction 
from right to left. Let M^ and M2 be the bending moments 
at distance x^ and x^ from the left reaction ; then, from 
previous wort [equation (29)], 



consequently resultant stress on element 

= (M2A _ M^^ft.^^. ^ (M^ - M,)^-:-^ 



dh 



from right to left. Also resultant stress on Q M N K T G 

//•hjt -Kit \h ,hdh r dyi.h .h ,dh 
(Mg - Ml) —J — =y J 

when Xo - x^\& very small, and equal to d x. Stress over 
area G T K 

^ rPBultan t f nrc« on Q M N K T G 

areaGTK 



-/ 



dM.b ,h.dh 



RK.dx.l 

A, 
dM 

But -=— = shearing force at distance x from left reaction 
dx 

= F, say, and 

H 

b .h . dh. 



f 



» moment of area M N K T about neutral axis = m, say, -= 
area M N K T x distance of its centre of gravity from the 
neutral axis. 
Then, shear stress over G T K 

61 
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when 6 = T K, F = shearing force over whole transverse 
section, and I « moment of inertia of section. But a 
shearing stress ^ is always accompanied by another shear 
stress*^ of equal intensity, in a plane at right angles to that 
of the first stress, both planes being perpendicular to the 

Elane of distortion or flexure ; consequently in the above 
eam at any point T, the shear stress at a point in a 
vertical plane is equal to that at the same point in a 
horizontal plane, both being perpendicular to the plane of 
flexure. 

Thus, in fig. 101, the shear stress at the outer fibre « o, 
because m = o. At B it is 

F ^ moment of end of top plate about neutral axis _i » . 



* ThiB is easily seen, thus : Take a block, of material, »howxi shaded in the 
Fketch fig. 103. We can produce a shearing stress in it by attaching ifc to 
two other pieces of material at its opposite faces, as shown, and then applying 
two equal and opposite forces P, and Pj. By the first law of equilibrium, these 
two forces together do not tend to trauslate the shaded material, but they do 
tend to turn it about an axis perpendicular to the plane of the paper. This 
couple can be balanced by an equal and opposite couple produced by the forces 



M 




^ 



/ 



f 



a, 



y/////////////x^/^ 



1 



% 






< -^ — ^^ 

? 

Fio. 103. 

Qi and Q,. Let I be the length of the block, % its thickness, and d its depth ; 
then, by the second law of equilibrium, 

Q,J - Pid = 0. 
Let/;^ be the shearing stress in a horizontal plane, and f^ that in a vertical plane, 
then Pj = P, = /^ X i X «, and Qi = Qa =/|, X d x «. 

Substituting in above for P^ and Qi, we find that/^ = /^, and it was shown juft 

above that either of these cannot exist alone ; hence, at any point in a piece of 
material, there must be two shearing stresses perpendicular to each otber, and 
perpendicular to the plane of deformation. 
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at c it is 

F moment of ends of two upper plates about axis 
T"" 8 

at d it is 

F moment of ends of three plates _ ^ , 
1 8 ^* 

Just below D it is 

F ^ moment of three plate ends _ j j . 

T ^ "^"^^^ 



= cci; 




Fig. 99. 



just below E it is 

F moment of area a bove E about axis 

just below G it is 

F moment of area abov e G about axis 

and at K it is 

F moment of area above K above axis 

-X 



— C €0 \ 



= 992 ; 



^~ «/ Ka» 



APPLIED TO STRUCTURAL DESIGN. 



221 



The curved lines are portions of parabolas. This diagram 
shows at once that the assumption before mentioned is 
approximately correct, that the web is chiefly instrumental 
in resisting the shearing force due to the load, and that 
it is approximately uniformly distributed over the web 
section. 

The effective depth of the girder is taken as the distance 
between the centres of gravity of the flanges. With this 
data we have bending moment = moment of resistance of 
section, or (fig. 99) M = F d where F is the total stress over 
one flange section. But if A represents the net area of the 
section of one flange, and / the working stress. 



and 



/A = F, 

-M=A = — 
fd 4-5 



M 



M 



X 36 162 



square inches. 




Fio. 100. 

Now, if the gantry is situated at a distance x from the 
left-hand end of girder, the left reaction will be 

w (I — x) 
J 

where w is the concentrated load. The bending moment 
will be a maximum under the load, and therefore 



Mmax = IV (l - x) J 
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which is the equation to a parabola whose vertex is at mid- 
span and axis vertical. When 



a; = — , Mmax 



= «;-'- i (30j,^)i0 = 165 tons-feet 

4 4 

= 1980 tons-inches. 



But there will be a certain amount of bending moment due 
to the weight of the girder itself, and this may be deter- 
mined as follows : Let w be the weight of the girder in tons, 
r = the ratio of span to depth of girder, and c = 1,200 ; 



then 



to — 



wl r 

cf - L r 




Fi.* 101. 



Putting in data, we get- 



33 .r. 40 
_ X 40 X — 

2 3 



IV = 



1200 X 4*5 - 40 X 



40 
3 



= 35 tons. 



This weight is, roughly, uniformly distributed over the 
span, and consequently the bending moment is 



IV I 

8 



= 210 tons-inches. 
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Adding this to the former moment, we have 2,190 tons- 
inches as the maximum bending moment at the centre of 
span. Inserting it in the above equation for A, then 

A = — TTT = 13*4 square inches. 
162 ^ 

This will have to be made up of plates and angle irons. 
The width of the girder is not limited ; hence take 8 in. as a 
convenient width. 
Try two J in. plates with a pair of 3 x 3 x J in. angles. 

Gross sectional area of two plates = 2 x 8 x i = 8 sq. in. 
„ „ two angles 3 x 3 x | = 5J ,. 



Total gross area = 13 '5 ;, 

This will clearly be not sufficient when the rivet holes are 
deducted ; hence try three | in. plates. 

Gross sectional area of three plates = 3 x 8 x § = 9 sq. in 
„ „ two angles 3 x 3 x | = 5*5 „ 

Total gross area = 14*5 „ 

The diameter of the rivet is given by the equation 

d = 1-2 Jl, 

where t is the thickness of each plate. With g in. plates d 
= '74 in., or | in. The rivet cuts through three plates and 
one wing of an angle at the same section, and as there are 
two rivets, we have, for the area to be deducted on account 
of rivet holes, 2 x | x 1§ = 2^ square inches. After sub- 
traction there are left 12 square inches. This is too little ; 
hence try three J inch plates. 

Gross area of three i in. plates = 12 square inches. 
„ of two angles = 5*5 square inches. 

Gross area = 17 '5 square inches. 

Using above equation we find that d — '85, or say, ^ in. 
Area to be deducted on account of two rivets = 3*5 square 
inches. After subtraction, we have left 14 square inches. 
This will do. 

In the compression flange the rivets do not appreciably 
weaken the flange, and consequently they may be left out 
of account. Two ^ in. plates with two 3 x 3 x J in. angles 
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will be sufficient, but should there be found a difficulty in 
arranging bolt holes to attach the rail race for gantry, then 
3^ X 3^ X ^ in. angles may be used to advantajze. The area 
ot flange would then be 14^ square inches. These will be 
used if necessary. 

With these flange areas we shall have stress intensity x 
sectional area = F ; 

F 

or stress = - 

A 



= 2± = 4*35 tons for tension flange, 
14 • 



and 



61 
14-26 



= 4*25 tons for compression flange. 



These will be denoted in what follows by ft and fc respec- 
tively. 




Fia. 102. 

Next consider the web thickness at the centre of span. 
As the shear stress is approximately uniform over a vertical 
section of the web, we shall have maximum shear force at 
centre of span = shear stress x area of section. 

The maximum shear force at mid span will occur when 
the load is just on one side of the centre — i.e,^ when the 
reactions are approximately equal. Then total load on one 
girder 

= ^^^ = 16-5 tons. 

Shear force at centre = 8*25 tons. There will be no shear 
force due to the weight of girder, because the weight of 
girder is uniformly distributed over the span. Let t be the 
thickness of the web ; then 825 = f« x 35 x ^. 
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If ^ is I in., /« = *63 tons per square inch. If the resist- 
ance of the flanges to shearing be also taken into account^ 
the averafi;e shear stress f% will be less than this amount. 

It has been mentioned before that at any point in the 
web there are a pair of shearing stresses of equal intensity, 
at right angles to one another. These equal shearing stresses 
produce direct tensile and compressive stresses of equal 
intensity, inclined to the shear stresses at 45deg.* We 
shall thus have strips of the web in compression, such as 
CD, fig. 99, and consequently have to secure that these 
strips do not buckle similar to a column. Equation (83), 
previously p^iven, indicates the limit of direct crushing 
stress permissible without buckling, it being remembered 
that all of the strips in question are fixtd at their extremi- 
ties, and their lengths = depth of web between angles 
X ^ ^ Using the values 

Z = 29 X s/2, and t = p ^12, 

we find that U = *57 ton, which means that if the shear 
stress in the web at the centre is not allowed to exceed *57 
ton, there will be no chance of buckling in the web. This 
thickness of web will do at the centre of span. The above 
value of / allows of a good margin of safety, in fact 

* Take a triangular prism of material such as A B D E F, fig. 102, and let 
there be shearing stresses over the faces A B and E of intensity A. If t be the 
thickness of prism, then total shear force over CBaBCxtxA, and over A E b 
A B X t X /f. These shearing forces, which act along planes perpendicular to one 
another, wiU produce a stress over the face A D. The direction of this stress in 
general will be oblique to liie face A D, and consequently can be resolved parallel 
with and perpendicular to that face. As the stress over A D is produced by the 
stresses over A E and E, we shall have, after resolving parallel to A G, 

/a . A B t . cos d - /«SB C . t sin ^ = /Un . A . 1, 

where f tan ^ shearing or tangential stress [over A D. Divide through this 
equation by AO, and we get 

/tan =/i](co8« Q - sin« ^) = /« . COS 2 Q, 

Resolving in the same way perpendicular to A C, we get 

/W a /« sin 2 ^ 

where /n is the stress intensity perpendicular to ▲ C. 

Put ^ a 45 deg. : then /tan = O, and /n = f^ 

IfO^ 135 deg., /tan = 0, and fn - — f. 

The stresses fn being purely normal to the plane A. D, they will be tensile when 
positive, an i compressive when negative, and at right angles to one another. 

Q 
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considerably more than is often allowed. Mr. Cooper, in 
America, uses the formula — 

5 
/c = . d'^ tons per square inch, 

"*" 306072 

where d = depth of web plate. With this formula fe => 
li ton per square inch. 

As the buckling stress is not reached in the web, there 
will be no occasion to put in stiffeners to the web near the 
centre of span. At the extremities let the dei>th of web 

Slate be 18 in. That part between the angles will be 12 in. 
eep, and assuming a § in. plate, we get as the safe crushing 
stress 2'07 tons per square inch. 

Also /« X f X 11 = maximum shearing force at end of girder, 

= 16-6 + 1*75 = 18*26 tons ; 
therefore /s =27 tons per square inch. 

This is considerably greater than 2 tons ; hence try a ^f in. 
plate instead of the g in. plate. Then 

fe = 2*85 tons, and/« = 2*3 tons. 

A iVin. plate will be adopted without stifieners, but, of 
course, a § in. plate could be used if stifieners were intro- 
duced. Intermediate sections may also be examined, to see 
if stiffeners are required in their neighbourhood. 

Next) to get the pitch of longitudinal riveting. The 
rivets prevent the flanges from sliding longitudinally over 
the web. Take a small piece of the girder at one end, as in 
fig. 103) of length equal to the pitch of rivets, p inches. 
Then for the equilibrium of it we must' have 

Fd = Rp. 

B will be greatest when the load is near that end, and will 
equal 18*25 tons. At the ends d = 19 in., and F will equal 
the resistance of the rivet to shear, because all the stress in 
the flange has to be transferred to the web, through the 
rivet. The rivet will shear at two sections ; hence 

F = 6x2x^x (1)2 = 5-3 tons ; 
4 

also ^ Fd 6-3x19 r.^. 

^ E 18-25 
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See if, with this pitch, the bearing pressure on rivet would 
be excessive. Let h ~ bearing stress ; then 

./ft X A X f = 5-3, 

or, fb = 16*7 tons. 

According to the experiments of the Research Committee 
of the Institution of Mechanical Eagineers, the bearing 
stress may be double of the tensile stress of the material 
If there should be any preference shown for any definite 
bearing stress fb, then 

^ R 18-26 '^^''''• 

If 14 tons bearing stress is allowed, p = 4'8 in. 

If 12 tons bearing stress is allowed, j9 = 4 in. 

A pitch of 5 in. will do in this case. To get the length of 
a cover plate for a joint in the flange, proceed thus : 

Net area of one plate = ^ (8 - IJ) = 3J square inches. 
Maximum total tension in plate = 3^ x 4'35 = 14*2 tons. 
This is resisted by n rivets on each side of the joint, and 
each rivet is in single shear ; therefore 

14-2 = w X ^ X (i)2 X 6, 
4 

and w = 5*3 ; 

that is, there must be six rivets on each side of joints.^ These 
are situated in two rows, longitudinally ; hence the minimum 
length of cover plate is six pitches, or 30 in. 

It will be necessary to know the section beyond which the 
third plate in the flange is no longer necessary. Let this 
section be situated y feet on either side of mid-span. At this 
section net area of flange = 13 '4 — 3*25 = 10*15 square 
inches. Total stresses over flange = 10*15 x 4*5 » 46 tons. 
The contour of the lower edge of girder is roughly a parabola, 
in which y^ = 4iax^ when y \b horizontal ordinate from 
centre, and x the vertical ordinate from a tangent at the 
vertex. To get the value of 4 a, take the point y » 20 ft., 
X » l^ft; then 400 « 4a x 1*5, and 4a » 266; also 2^^ =» 
266 X, But the depth of the girder 

c? = 3 - a? 

= 3 - ^^ ft • 
^ 266 ^*-' 



228 GBAFHIC STATICS, 

therefore, moment of resistance 

- 46 (3 - 2^) tons-feet. 

= bending moment^ 
n B r| - ^ j + bending moment due to weight of girder 

-<-'){^*^) 

= 11 ^{i-y) tons-feet, 
therefore bending moment 

= '^ ,^ ^ C4- - y^) = -45 (400 - y^) tons-feet 
40 \4 / 

Then, as moment of resistance » bending moment, 

•45(400 -y«)-46(3~|^) 

and 12-8 ft. = y. 

That is to say, the top plate must extend at least 12 ft. 10 in. 
on either side of mid-span. 

If plates are at hand 26 ft. long, the top plate may be put 
in without any joint, and thus a cover plate for it is xiot 
required ; but should so long a plate be not procurable, then 
it would be convenient to make a joint at mid-span, and 
continue the upper plate on either side for 3 ft., more or 
less, the extra piece to act as cover plate to a joint in the 
second or third plate ; while the cover strip to the joint in 
the first plate may be extended for about 3 ft on either side, 
to act as cover strips to the two remaining joints in the 
second and third plates. 

There will be one or two joints in the angles, according to 
convenience. Net area of one angle = 2§ square inches. 
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Total stress over angle section — 2f x 4*S5 «= 10*4 tons. 
Let n a the nnmber of rivets on either side of joint ; then 

"Xjxdyx 6 = 10-4, 

and n » 3*9, or 4 pitches^ 

The joints are shown in fig. 104 ; the parts cross-hatched 
indicate the lengthening of plates to act as cover strips. 
There mnst be some joints in the web. Let F be the 
shearing force at the section where the joint is required. 
A cover strip will be put on either side of the web. Let n 
be the number of rivets on either side of joint ; then 

^ IT /3\ 2 

/x jx (^ij x2xn = F; 

F 

or n = . IT /3\2 ^ 

/x-x(-) x2». 

After getting n, see if the bearing stress is too great 






Fio. 104. 

Some people prefer to obtain the length of flange platea 
graphically. In the case of parallel flanges, proceed thus : 
Set off the si>an C D. flg. 105, and draw the bending moment 
diagram, which in tne figure is the broken line C £ F G H D. 
The maximum moment occurs under K, and consequently 
the greatest number of flange plates will occur under K. 
Let the net area of flange be 20 square inches, of which 
angles take up 6 square inches, and three equal plates, each 
of 4*66 square inches. From K set ofT K N to any con- 
venient scale to represent 6 square inches ; also N P = F O 
B Q R = 4*66 square inches to same scale. Join R G, and 
through Q, P, and N draw lines parallel to E G. cutting K G 
in S, T, and V. Through V, T, S, and G draw lines parallel 
to C D, and through C, a, 6, c, d^ and D draw vertical lines, 
thus forming by lull lines the outline of the plates. The 
verticals through C and D must be continued through the 
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%iigle iron (t.«., the depth K Y) and throogh the next plate, 
beoaoBQ the first plate ii always oontinaed throughout the 
length of the girder. 

H the girder has other than parallel flanges, the method 
of procedure is slightly extended. When the flsji^es are 
parallel, the bending moment diagram is also the diagram 
of total flange stress — i.^., a diagram which indicates the 
quantity F in the discussion on the plate girder. Now, 



and 



F X depth of girder = moment of resistance, 

= bending moment^ 

■p _ bending moment _ M 
depth of girder d ' 



and it is this quantity F which determines the thickness 
C R Q P N K D 



\ 



\ 

— N; 

a \ 






/ 






^: — "x T 



TFe 



r 



1^ 



vfi 






Fia. 105. 

and number of plates in a flange, and the length of all the 
individual plates. 

In fig. 106 the depth of the girder variesL that at Q being 
QS. The bending moment diagram is tne dotted curve 
passing through < and t, so that the moment at Q S is given 
Dy q 8, Now, if the flanges were parallel, the total flange 
stress F would be represented by q s^ and would equal 
g « -r Q R| or moment -r- depth. But in the case in question 
the depth varies and equals Q S, and the total flange stress 
F equals 



moment 
depth 



^1 = .^_L X -Q^— -2LL V TV 



QS QS QR QK QS 

TV 
>- total flange stress with parallel flanges x ^-^ , 

and can be represented by 

TV 
,.XQ-=,r. 
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In this way the full line curve through r and t is con- 
structed by simply multiplying the ordinate of the bending 
moment curve by the fraction — 

maximum depth of girder 



depth at section under consideration ' 

> 

The full line curve through r and t is then used in the same 
manner as the curve CEFGHD in fig. 106. 



The "Launhardt-Weyrauch" Formula. 

An expression for the safe working stress, which is often 
used, especially in America, is that due to Professors 
Launhardt and Weyrauch. 




Let / denote the working stress, which may be used in 
designing a structure, when the stress fluctuates between 
given limits, which may be called maximum and minimum 
stresses respectively. Also let a represent the constants 5 
for structund steel and 4 for wrought iron. Then 

f^^[l+ mimmumstees8_-j ^^ per square inch. 
L 2 maximum stress J 
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As an example, take the case of a load yarying between 
30 tons (tension) and 10 tons (tension). The ratio- 
minimum 10 _ 1 



2 maximum 2 x 30 
and if steel is the material used, we shall then have 

/ = 5 (1 + i) = 51 tons per square inch. 
If the load had varied between 30 tons and 20 tons, then 

/ «= 5 f 1 + - — — r j = 6§ tons per square inch. 

Also, if there had been no variation of load, then 

/ = 5^1 + ^ — r^j = 7*5 tons per square inch. 

If, now, the load fluctuated between 30 tons in tension to 
10 tons in compressiou, we must get 

/ = 5 (l - - — — ) = 4i tons per square inch. 

Again, if the load varies between 30 tons in tension to 20 
tons in compression, then 

/ = 5 (l - - — — r ) = 3J tons per square inch ; 

but should the load vary between 30 tons in tension to 30 
tons in compression, then 

/ = 5 ( 1 - on ) ~ ^i *^^^ P®"^ square inch. 

These results agree very well with those observed by 
Wohler, previously mentioned. 
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CHAPTER XXV. 

Masonry Structures. 

The several members of a masonry structure are connected 
by mortars of some description or other, whose chief purpose 
is to completely fill up the space between two adjacent 
members, so that the pressure oetween these members shall 
be uniformly distributed, or shall vary uniformly. Mortars 
certainly are capable of resisting tension, espQcially those 
kinds which go by the name of cement ; but it is very small 
in comparison to their capacity to resist compression. Even 
if the permissible tensile stress were great, the adhesion of 
the member to the mortar is small, and consequently the 
tensile capabilities of the mortar would be of no value, 
unless some special provision were made by which the 
mortar could lav hold of the member. To bricks having a 
coarse surface the mortar clings much more tenaciously than 
to those having a smooth sui^ace, such as pressed bricks. 
The following are considered to be the safe working stresses 
per square inch to which the following material may be 
subjected, expressed in hundredweights : — 



Material .... 


Portland 
cement. 


Brickwork 
in cement. 


Brickwork 
la mortar. 


1 


Common 
mortar. 


• 

1 

6 


• 
0) 

1 


6 

J 

oa 

1 


Teniion 


1 


•5 


•1 


•3 


— 


_ 


— 


— 


Compreflsion.. 


9 


1 


•5 


2 


•5 


10 


9 


5 



In the preceding table the concrete is assumed to be of the 
composition of 5 to 1, while the Portland cement in the first 
column is supposed to be neat. Mortar made with hydraulic 
lime will withstand a tension of '1 cwt. per square inch. 

With ordinary materials at hand it is customary to design 
structures which are important, or whose collapse may 
cause injury to life or property, with the assumption that 
no part may^ under any circumstances, be strained in 
tension. But in the case of enclosure walls and other similar 



234 OBAPHIC STATICS, 

structures tension is often allow^ed, and if of any consider- 
able amount, hydraulic lime mortar or cement is used at the 
weakest sections. 

The conditions, that a structure may be stable, are : That 
it must not overturn about any joint ; the intensity of the 
working; stress in tension and compression must be within 
the limits of stress prescribed as safe ; and that there must 
be no sliding of one block over another at any of the joints. 

Let us take the general case, and refer to fig. 107, where 
two blocks are in contact, their mutual surfaces having the 
line CD as a trace in the plane of the paper. Assume 
tension possible, and that the surfaces are in contact 
throughout by the aid of cement or other materials. Let 
the resultant force with which the upper acts on the lower 
block be represented by K, having its point of application 
at a distance y from C and x from the centre of prravity of 
the section G. Resolve R into components H and N, parallel 
and perpendicular to C D ; then H tends to make the upper 
block sude over the lower one, while the component N 
produces a variable normal stress over the surfaces in 
contact. At G, the centre of srravity. introduce two equal 
and opposite forces N^ and N2, botn equal to N. Equi- 
librium is still maintained. N and N2 together produce a 
couple whose moment is given by N a;, while N 1 produces a 
unitorm stress over the section equal to Ni -^ the area of 
section. But from previous work we have found that 

N a; = { I [see eq. (29)], 
ii 

because the stress is assumed to vary uniformly ; and where 
/ is the stress produced by the couple at a distance h from 
the centre of gravity of the section, and I is the geometric 
moment of inertia of the section, about an axis in the plane 
of section through G and perpendicular to the plane of the 
paper. The stress /, being plotted on the base line Ei E2 
for different values of A, gives the diagram Ei F^ Gj^ F2 
E2, where ordinates below E^ E2 represent compression, 
and above, tension. Also draw Ki K2 parallel to Ei E2 at 
a distance from it representing, to the same scale, the direct 
compressive stress N^ -r- area of section. Then at the point 
El we have the resultant compressive stress fc =/i +/2> 
and at E2 the resultant tensile stress ft = fi - f^* If no 
tensile stress is allowed, then 

fi - fz^ 0, and /i = fz. 
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N 
Substituting from the above equation for /i, and -. for 



/2> ^^ have 






and y = CG - a: = 



CD 



kA' 




Pig. 107. 

If the value of I be inserted from a previous table, it will 
be found that for a 

Rectangular section y ^ ^CD ; 

Circular section y = | C D ; 

Annular section y = ^CD; 

Hollow square section 2/ = i C D. 

This means, that in the case of a rectangular section, for 
example, the resultant force E exerted by one block upon 
its neighbour must not cut the section at a point nearer the 
outside edge than one-third of the depth of the section, if 
there is to be no tension, and if the stress varies uniformly 
over the whole section. As this may happen with regard to 
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either edge, there remains a spaoei in this case equal to 
one-third of the depth, inside ox which the resultant 
must ^pass, consistent with stability under the above 
conditions. This is generally defined by saying the resultant 
must pass through the middle third of the section if it is 
rectangular, the middle fourth if circular, the middle two- 
thirds if hollow and rectangular, and the middle half if 
annular. In the lower portion of fig. 107 A B is the middle 
third of Ci D^. The resultant, as shown at X, indicates a 
stable structure, while that at Xi or X2 indicates instability. 
As an example bearing upon the foregoing discussion, take 
the wall, fig. 108, whose height is 4 ft, made of ordinary 




Fio. 108. 



stock bricks, and with good mortar, which will safely with- 
stand a compressive stress of 50 lb. per square inch, but will 
not resist tension. It is required to find what must be its 
thickness so as to be stable under a wind pressure of 32 lb. 
per square foot. The weight of 1 cubic foot of the wall is 
1201b. 

It has been previously assumed that the stress varies 
uniformly over the whole of any horizontal section of the wall 
such as M N ; consequently the stress at M will be zero, and 
a maximum at N, and the resultant of the wind pressure T. 
and the corresponding weight of wall W will be II, and will 

pass through a point in M N at a distance of — ^— from N., 
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Taking moments about the point of intersection of B 
and M N, we have — 

T X ^ = Wi; 
2 6 ' 

where T is the total wind pressure in pounds over a piece of 
wall 1 ft. long, h inches high, and t inches thick, and which 
weighs W lb., its centre of gravity being at Q. 
But 

W = t£^ X ix ^x ±lb., 

w being weight of 1 cubic foot ; and 

T = P X A X 1 lb., 

where F « wind pressure per square foot ; therefore 

PA A ^ wht t 
12 2 144 6 

and ??^ = t^ 

w 



or, ^ = 6 /^ (A) 

Substituting in this equation from the given data, we get 
t - 21-4 in. 

We also have the relation : Moment of wind pressure 
about the middle point of M N = moment of resistance of 
that section about same point ; or, 

T.| = i./6.6.<2. 

where fb is the stress due to bending, and h the width of 
piece of wall in question = 12 in. But if there is no tension 
at M, then at N, fh will equal 

ht ^ ' 
and as ft, +f =fc^ 

the total crushing stress at N, then 

fc = 2/6. 

Substituting in the above equation, we get — 

^^ = 864 . . (B) 
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and patting in the known quantities, 

/, = ^^— = 6-6 lb. per square inch. 

oo4 

This stress is far below the maximum permissible of 50 lb. 
per square inch, and consequently the material is not being 
used to the greatest advantage. At present we have no 
stress at M due to a wind pressure of 32 lb. per square inch. 
Suppose the wind pressure to increase, then, as there can 
be no tension at M, fig. 108, the material there must give 
way, and the joint will begin to open, as shown on the 
right-hand side of the figure, and bearing will take place 
along a portion only of M N , such as Q E, the stress at Q 
being zero, and that at E being fc. In this case the stress 
will vary uniformly over Q E ; and as the point Q moves 
towards E, the point F, where the resultant cuts the joint, 
will also move towards E, because under the given condi- 
tions E must pass through F, and F E = one-third of <j E. 
The shifting of the point F towards E increases the stability 
of the wall, because N F is thereby increased, and conse- 
quently the moment of the weight of the wall W x N F is 
also increased. Therefore we may say that the opening of 
the joint increases the stability of the wall up to a cer&in 
limit, and this limit will be seen immediately. As Q moves 
towards E, the stress at E due to bending increases, and 
therefore the total crushing stress fc increases. This may 
go on until fc reaches the limit — 50 lb. per square inch — in 
this particular case ; in others, the limiting crushing stress: 
after which, if Q still moves on towards E, the stress at E 
becoming greater than the limit, the material there will 
begin to crush, and the joint will give way altogether. 
This reasoning will account for the stability of masonry 
structures containing cracks of considerable magnitude. In 
the figure the opening of the joint is much exaggerated ; it 
will in most cases remain undetected. The problem which 
now presents itself is to find the thickness of the wall 
consistent with stability when the windward side of the 
joint is permitted to open until the stress on the leeward 
side reaches the maximum allowed. The centre of gravity 
is shown at Gi, and we shall have moment of wind pressure 
about F - moment of W about F = O ; or, 

T^ = W X NF = W (I - Z ) . . . . (C) 

The total mpment of resistance about F is zero. Also by 
taking moments about the middle point of Q E, we have 
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moment of wind pressure - moment of weight of wall - 
moment of resistance dne to bending only = O ; or, 



2 2 ^ ' ^ 



(D) 



where fb is the stress due to bending, and equals ^fc. From 
the figure, 3 Z = c^ = Q K 
Substituting in equations C and D, we get the relations 



12 PA 



1 - 



w . h 



** L^ 1296 fc 
p V- w t ^ w h 



] 



_ t^ w / 1 _ wh \ 
12 h\ 1296 fc ) 



A = 



fc 



t'^ w 



> . 



12 P + 



<2 



w 



1296 fc 
w h 



i«[i-!|!;i] J 



(E) 



Taking the numbers just previously used, we find that 
t = 13 in. Thus, while with the assumption that the 
resultant must pass through the middle third, the least 
thickness consistent with stability is 21*4 in., and) the 
maximum crushing stress fc » 6*6 lb. per square inch. , The 
wall would not collapse if made only 13 in. thick, when the 
maximum stress would be 50 lb. per square inch. 

It will also be found that 



Z = 



w . k . t 
2592 /c 



(F) 



With the numbers before used, z = "57 in. Equation (F) 
mav be easily obtained thus : — 

The vertical load which i)roduces direct stress / over the 
area of contact at joint is W. The area of contact is 
3 Z X 6, and in general b may be considered as 12 in. for 
the sake of convenience. 



Hence 
but 



/ X 3Z X 6 = W; 
/=:^andW = !(; X A X A X 1. 
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Sabstituting, we get 
Z = yhL or fc - 



vertical load 



lbs. per sq. in. . (G) 



2592 /c "■ ' ^ 3 Z X 6 X 72. 
and replacing t by its equivalent in equation (E), we get 



Z = 



/ 12 w?h 



I 



w h 



2692/c / 1 _ _^^ 
'^ 1296/c 



(H) 



In general it is more convenient to proceed in a slightly 
different manner to find the thickness of a wall or buttress, 
though the result is practically the same. 

Let it be required to design a pillar 7 ft. high and 18 in. 
wide, Co withstand a thrust of 800 lb. inclined at an angle 




of 60 deg. to the horizon, the material used being common 
brick and mortar, in which the safe stress is 601b. per 
square inch in compression, and zero in tension, and the 
weight of one cubic foot about 120 lb. On account of the 
height of the pillar it will be most economical to increase 
the thickness near the base, and at other sections as required, 
as shown in fig. 111. Let the thickness at the top of the 
pillar be 14 in. It is first required to find how far down 
this thickness may be continued consistent with stability. 
In fig. 109 let Ci D] be the section below which the 
thickness must be increased, the distance of Ci D^ from the 
top of the pillar being 4 ft 
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Weight of 4 ft of pillar, when w = weight of 1 cubic foot 

= 4 X i| X ji X t«; = 8401b. 

This will act vertically downwards through the centre of 
gravity of the mass at Gi. Find the resultant Ex of the 
800 lb. thrust) and the weight of 840 lb. This may be done 
thus: Produce the line of action of the 8401b. backwards 
until it intersects the line of action of the 800 lb. in a. Set 
off a 6 to represent 840 lb., and through h draw h c parallel 
to, and to represent to the same scale, the thrust of 800 lb. 
Join a c, then a c represents the resultant Ei of these two 
forces to the same scale. The line of action of Ei cuts 
Ci Di altogether outside the base ; consequently the pillar 
is unstable under all considerations, and it must be 
thickened higher up than Ci Di. Try the section C^ D2 at 
a distance of 2 ft 6 in. from the top, fig. 109. The weight of 
the piece of pillar above C2 Dg 

= 123 X ?? X jl X y = 525 lb., 
12 12 12 ' 

and the resultant E2 of this force and the 800 lb. is found to 
be df, which intersects C2 D2 in u. The distance C2U = 
1*25 in. by measurement = Z in the discussion of the 
previous problem, equation (G) or (H). We next require to 
find whether the maximum stress fe at C2 is greater than 
601b. per square inch. In the previous problem it was 
shown that when no tension is permitted the maximum 
stress fc is double the mean stress — t.e., double the uniform 
compressive stress over the bearing area, due to the vertical 
component of the load acting through the centre of gravity 
of the area of contact That area is 18 in. long (the width 
of pillar) and 3 Z broad = SG^u; because the resultant cuts 
the base such that C2 ^ is one-third of the depth of contact, 
or one-third of the depth over which there is any stress. 
We then get 

mean stress over area of contact = lertical^m ponent E^ 

area of contact 

-.« /' vertical component of E9 /xrv 

or/= ^2-^^- (K) 

where b is the width of pillar. But as/c = 2/, then 

2 
fc — r^r, i'^ vertical component of E 

u Zi 

2 X 1240 ocKiu • u 

- 3^n 25-X-T8 = ^ ^ ^^- p*' "'!"*'*' ""*• 
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This is considerably below the limit, and will be adopted. 
Of course, some other section might be tried, say at a aepth 
of 3 ft. from the top, if desired. After C2 D2 let the pillar 
be thickened by one brick, say 4^ in., as shown in fig. 110, 
the section 0.^ D3 being the same as C2 T>2 ^^ %• 109. The 
resultant E2 of the weight of the top block and the thrust 
is diown. Try the section E3 F3 at the bottom of the 
pillar, and see if it can remain without further thickening. 
The weight of the lower block is 

120 X ^ x-^f^ X 1| = 16601b., 
12 12 12 ' 

and this acts vertically through the centre of gravity G3. 
Produce the line of action backwards until it intersects 




Fig. 110. 

Rf in t. Set off ih as before, equal to 1,6601b., and hj 
parallel and equal to Ro ; then ij represents their resultant, 
and cuts Eg Fg in ^. K^ t = z = ^ in., and 

f, = 2x verticil component of R, ^ ^14 lb. per sq. inch. 

3 X -5 X 18 f ^ 

This is too great ; hence try the section E4 F4, fig. 110, at a 
distance of 3 ft. 6 in. from C4 D4. The weight of material 
in C4 F4 is found to be 1,290 lb., and the vertical component 
of K4 is 2^600 lb., and 2 = li in., while fc = 74 lb. per square 
inch. This also is too much ; hence try a depth of 3 ft. from 
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Os Ds, fig. Ill — that is, at the section E5 Fg. The weight 
of the material C5 Fs is found to be 1,104 lb., and the 
vertical component of the resultant Es is 2,3201b, while 
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Z measures 1*5 in. Inserting these values in the abov^e 
equation, we find that 

U = 57 lb. per square inch. 

This will do, and the completed pillar is shown in fig. 111. 

It will often be found that the process of trial and error, 
under special conditions, will determine dimensions with 
quite enough accuracy for practical purposes, and give 
results without the use of long and tedious f ormulse. 

Stability of Chimney Stack. 

A round brick chimney, shown in section in fig. 112, is 
built of good brick and to the dimensions given in feet in 
the table on next page. ^ It is required to find what wind 
pressure the chimney will withstand, when the stress on 
the windward side of a section is assumed to be zero, and 
consequently the resultant will pass through a point at a 
distance of one fourth of a diameter from the centre of 
section. The weight of 1 cubic foot of the material of which 
the chimney is constructed is 100 lb. 

The height of the chimney is 125 ft above M N, and is 
made in three sections, of lengths shown in the figure. The 
thickness of brickwork is constant for each 01 the three 
pieces into which the chinmey is divided. The average 
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ratio of inside to ontside diameter throughout the length of 
the chimney is about 7 to 10. 

Let P be the wind pressure per square foot on a plane 
surface situated perpendicular to the direction of the wind, 
then it is found by experiment that the effective pressure 
on a cylindrical surface is one-half of the pressure r. The 
point of intersection of the resultant and a horizontal 
section is^ called the centre of pressure, and it is the point 
about which the total moment of resistance of a joint is 





Outside 
diameter. 


Least inside 
diameter. 


Greatest inside 
diameter. 


B F 


8-25 


6 


• • 


HE 


6-5 


6-5 


7-25 


OD 


11 


7-25 


8 


MX 


12 ^ft 


7-25 


8-5 



zera This point is at a distance Z from the leeward side of 
the chimnejr, and from the previous table of different values 
of Z for various sections, we find in this case Z = i d where 
d is the outside diameter of the chimney. 

First investigate the stability of the top piece at the 
section H K 

Moment of wind pressure about centre of pressure in 
H K « average effective pressure per square foot over an 

axial section x - pounds-feet. 



P 
2 



^8;26 + 9;5\ X 40 X 20 = 3660 P pounds-feet. 



Moment of weight of top piece of chimney about the 

d 



centre of pressure = weight of top piece x 

__ IT fiSUb'^ - 62) + (9-62 - 7-252) 



[ 



] 



d 



X 40 X 100 X —pounds-feet. 

4 



= 110,600 X ^ = 262,000 pounds-feet approximately. 
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As the total moment of resistance of the section is zero 
about the centre of pressure, we shall have for the equi- 
librium of the top piece of chimney — 

Moment of wind pressure = moment of weight of top 
piece about centre of pressure, 

or 3550 P = 262000 

and P = 741b. per square foot 

As the pressure of the wind is not assumed to reach this 
magnitude, the chimney is safe against overturning at the 



M 
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ioint H K. Next find the maximum stress fe on the 
leeward side of the section. It has been snown that 
the maximum stress /c is double the mean pressure/ caused 
by the direct weight of the structure above. 
Hence, 

f^ __ 2 X weight of chimney above H K 

•^ tr (9-52 - 7-25*^) X 144. 



2 X 110500 



- = 51*5 lb. per square inch. 



IT X 2*25 X 1675 x 36 

This is well within the limit, and hence the upper section 
of the chimney is stable so far as the maximum stress is 
concerned. Now treat the chimney down to the joint C D. 
Moment of wind pressure 

= ? X 9-6 X 80 X ^ pounds-feet. 
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Moment of the weight of chimney above C D about the 
centre of pressure 

= i [110500 + ;{ (9-6^ - 65')^+ (11^ - 8^) | 

X 40 X 100 I pounds-feet. 

Putting in 11 ft. for dy and equating the two moments 
above, we get 

P = 49*5 lb. per square foot. 
Also 

^ 2 X weight , 2x276600 ^ ggn, .^ 

area of section Zm^^ 32) ^ 144 

4 

Finally, the moment of the wind pressure about the section 

MN 

= P (12-25 + 8-26^ ^ ,25 x if pounds-feet, 

and the moment of the weight about the centre of pressure 

= - [weight of two top sections + weight of third section] 
4 

= 12:25 r2755Qo ^ I r qi^ - 7-25^) + 12-25^ - 8-5^) 1 

X 45 X 100] pounds-feet 

= 1640000 pounds-feet ; 

and 40200 P = 1640000, 

or P = 41 lb. per square foot. 

Further — 

/• o w weight above section 

/c ■= ^ X s 

area of section 

2 X 536500 ,^^„ . , 

= = 120 lb. per square inch. 

144 X ^ (12*252 - 8-52) 
4 

If the lower courses are set in Portland cement, the above 
stress will not be excessive, and the chimney will be stable 
at every section. It is not necessary that any other sections 
in any particular piece should be tested, because if the lowest 
is safe, those above will be more sa It is further of no use 
to test for the tendency to slide at any section, as the 
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inclination of the resultant to the horizon will never be 
small enough to permit of a horizontal component that 
would be great enough to produce sliding. 

Stability of Enclosure Wall. 

An enclosure wall, 10 ft. high, is built of ordinary brick, 
and to the section shown in Ig. 113. It is 18 in. thick, but 
the buttresses are 4^ in. thicker than the wall. It is 
required to investigate the stability of the wall, assuming a 
certain amount of tension on the windward side. 

Take a piece of wall between the centre lines of two 
alternate buttresses. In this piece there will be a section 
of plain wall 8 ft. long and 18 in. wide. There remains 
three bits of wall which, when added together, form a 
section of 27 in. square, and symmetrical with respect to the 
neutral axis of flexure. 

The mean direct stress /due to the dead weight of the 
wall 

_ [(8 X 1 -5) + (2-25 X 2-2 5)] 10 x w ^.. ,, ^^««„o,.^ ;««!, 

— ^ — riw- -.'-^. — ^ ^^.,1 -^i- = 7 oib. per square men, 

[(8 X 1 6) + 2*25'^] X 144 t^ ^ » 

when to = 110 lb. per cubic foot of material. 
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The moment of wind pressure about the lowest joint » 
moment of resistance of that joint ; 



or. 



P X 10-25 X 10 X 5 X 12=/* I 
_ ^, r^l23 X 183 X ^^) + (iV X 27^) "! 



=/.[ 



V. 



from which we obtain 



P = -03 fb. 
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Now, ft, the permiBsible tensile atreas, equals ft-f; 
therefore fb =/t +/ =/i + 7« ; 
and for ordinuy mortar and bnck 

ft •• 71b. per square inch ; 
also for hjdranlic mortar and brick 

/[ = 14 lb. per square inch ; 
and for cement and brick 

fi = GO lb. per square inch. 
The best hydranlic mortar used vith good bricks, and 
allowed some months to set, will resist a tensile stress of 
about 40 lb. per square inch. 



Substituting these vtdues for /t in the preceding equation, 
we get with 

Ordinary mortar, P = S'g lb. per square foot, 
Hydranlic mortar, P = 13-6 lb, „ „ 

Cement, P = 425 lb. „ „ 

Stability of Masonry Daus. 
Given the profile of the masonry dam shown in fie. 11^ 
in which 1 cubic foot of material weigliB about 160Tb., or 
075 ton, the dam being 10 ft. thick at the top, and increases 
to 68'5it.at the basa It is 73 ft. high measured from the 
base, and there must be no tension on the water aide ; 
neither must the line of resbtance pass anywhere outside 
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the middle third of a horizontal section when the reservoir 
is full or empty. It is required to investigate the stability 
of the dam. 

The section fig. 114 is divided into six parts by horizon- 
tal dotted lines 12 ft apart ; and as the lengths of these 
lines are required, they have been scaled off, and found to be 
13'5 ft, 18 ft, 24 ft, 32*5 ft., and 44 ft, taken in order down- 
wards. Consider a piece of the dam 1 ft long — i.e., 
measured in a direction peipendicular to the section ; then 
the weight of any portion, included between two adjacent 
horizontal dotted lines, will be 

•075 X ^^L + A X 12 X 1 tons, 

where hu represents the length of the upper horizontal line, 
and hi represents the length of the lower horizontal line 
bounding the piece of section in question. Substituting 
for the different lengths, we obtain for the weights of the 
six individual parts, reckoned from the top, 10 6 tons, 14*2 
tons, 18^ tons, 25*2 tons, 34 '3 tons, and 46 tons. These 
loads will act at the centres of gravity of the several 
portions which are shown by verjr small circles. The centre 
of gravity will lie on the line joining the middle points of 
the upper and lower horizontal lines bounding a piece of 
the section. Its distance from the upper line is given by 
the expression 

1 2 2 hi + hu * . if. 

* Let G be the centre of gravity of the given area, fig. 115, and let A be its area. 
AUo let X be the distance of G from 0. The equation to the straight line S F is 

y as m a; + c, 
where e s OE a y,, 

and m a the tangent of the inclination of 

EP to CD aZsJl !^. 

Taking moments about 0, we get — 

yj CD 

A X X ^ J y » dx . X . =yx (mx + c)dx 
y, o 

__ rmx^ . cxn^» / y»-y. \ CD-' . „ cd= 

o 

D8 P= " yi + 2iil 

and X= L-^ ^^CDf^-^'-^n 

yi -*- '^ 2 .CD L3 (ya + yJ-J 
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Having located the centres of gravity of the six portions 
of the dam section, the next thing to^ be done is to find the 
line of resistance when the reservoir is empty. On the 
right-hand side of fig. 115 the centres of gravity Gi, G29 
and Gs, of the three upper portions of the section are shown, 
much extended horizontally, for the purpose of more easilv 
distinguishing the several quantities. The horizontal thick 
lines indicate the assumed joints represented by dotted lines, 
fig. 114. Let Wi, W2, W3, (kc., be the weights of the six 
portions of the section ; then the centre of pressure of Wi 
and W2 — or, in other words, the point in which the resultant 
of Wi and W2 cuts the second horizontal dotted line, fig. 




Fio. 115. 



114--is at P2, fig. 115. This point can be determined by 
taking moments about the vertical through Gi, thus — 

Wi X + W2 arg = (Wi + W2) X2, 

X2= ^^ 



and 

In the same way- 



X 



2 



and 



X, « 



X, = 



W, + W2 

Wo a;. + W 



3 ^3 



Wi + W2 + W3' 



w. 



.r. 



4- W. 



X. 



+ W, 



!K/ 



Wi + VV2 + VV3 + W4' 



and so on for as many as may be required. Plotting these 
points in fig. 114, and joining them with a curve, we get the 
full line curve C D, fig. 114. This is the line of resistance 
when the reservoir is empty, and it lies wholly within the 
middle third. The dotted curves indicate the limits of 
the middle third ; therefore the dam is stable when the 
reservoir is empty. 
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It is next required to draw the line of resistance when 
the reservoir is full. In fig. 117 we have the weight W 
of each piece of the section acting through its centre of 
gravity, together with the water pressure P over its surface. 
These two forces will have a resultant R acting through the 
point in which the two components P and W intersect. 
The subscript numbers denote the block referred to taken 
in order from the top. Only a portion of the dam is shown^ 



Qt u V 




Fig. 116. 

it being drawn to a larger scale than iig. 114. It must be 
understood that the resultants R^ H2, &c.j fig* 117, are 
due solely to the weight of, and pressure on, each block 
separately ; for instance, R3 is the resultant of P3 and Ws) 
the pressure of water on the third block and the weight of 
the third block only, the weight of the blocks above not yet 
being included. These resultants are very conveniently 
obtained by setting down the line of weights C £, fig. 116, 
in which C D represents Wi, D K represents W2) and so on. 
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Further, draw G Q to represent Pi to the same scale ; also 

?;T representing Po, and so on till XY represents ?«. 
hrough the points Q, T . . . . Y draw vertical lines 
(shown dotted) ; and through D draw D Z parallel to C Q, 
and K N paraUel to C T ; also H O parallel to C U, and G M 
parallel to C V, and F A parallel to C X : and, lastly, E B 
parallel to CY. The lines CY, CX, &c., have not been 
drawn in the figure, as they are unnecessary. The diagonal 
C Z is the resultant of P^ and Wi. The diagonal C N is the 
resultant of Pi, Wi, Po, and Wj ; therefore the diagonal 
Z N is the resultant of P2 and W2. 




Fig. 117. 



In the same way, C O is the resultant of Pi, Wi, P2, W2, 
P3, and Ws : consequently N O is the resultant of Pa and Wg. 
Similarly, O M is the resultant of P4 and W4. From this 
figure the resultants Ki, E2, &c,, can now be put down, as 
shown in fig. 117. What we are finally seekiug is the point 
in which the resultant of all the forces above any joint cuts 
that joint ; for example, the point in which the resultant of 
Pi) Wi, P2, W2, Ps, and W3 cuts the third horizontal dotted 
line from the top, fig. 114. Beginning with the top block, 
the resultant of all the forces acting on that block is Ki, 
fig. 117. The forces acting on the second block are Po* W2, 
and El. The resultant of P2 and W2 is K2> &^^ ^^ 
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resultant of E^ and E2 is 829 which passes through the 
point of intersection of Ki and K2* '^^^ resultant S2 is 
C N, fiff. 116. The resultant of all the forces acting on the 
third block — that is, the resultant of Pi, Wi, P2, W2, Ps, and 
W3 — is Ss, fig. 117; that is, the resultant of S2 and K3, and 
actis through the intersection of the lines of action of these 
two forces. Similarly, S4 is the resultant of Ss and E^. 
The points in which E^, S2) Ss, <&c., cut their respective 
joints are indicated by arrow heads, iig. 117. These points 
are on the line of resistance when the reservoir is full. 




Fig. 118. 

These points being joined up, we obtain the full line C E, 
which, as shown in fig. 114, falls wholly inside the middle 
third, but touches the limit near the lower end of the 
dotted line C E. When drawing figs. 114 and 117 the scale 
should be considerably increased to that in the illustra- 
tions ; in fact, the larger the scale, the more accurate will 
be the result. Also the dam should be divided into as 
many parts as pK>ssible by horizontal lines. In the case in 
(|ue&tion only six parts have been selected, so as not to 
involve the figure in too many lines to be intelligible. 
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Masonry Arches. 



It has been previously shown that if a linkage be loaded at 
its joints with vertical loads, and supported at the ends, as 
shown in fig. 118, the stress in eacli link is given by the 
force polvgon shown on the right of the figure, and the 
horizontal component of all the links is the same, and is 
represented by the horizontal line O H. The member O C 
is shown as a strut to maintain the two ends apart, but the 
equilibrium would not be disturbed if the link DO were 
acted upon at its upper extremity by a single force equal to 
the resultant of the two there shown, which resultant would 
act in the same straight line as D O. This would be the 
direction of the reaction of the pin on the link if the link 
were simply suspended on the pin without any such member 
as C O. The vertical components of the reactions, namely, 
D C and C G, are obtained in any case by drawing through 
O in the force diagram a line parallel to C O in the link 
diagram. In this particular case, because the two ends 
happen to be on the same level, the line through O coincides 
with O H, or, in other words, the points c and H coincide. 
Then d c represents the vertical component D C, and c g the 
component C G. The members D O, E O, F O, and G O are 
in tension. If now the linkage be turned upside down, as 
shown in the lower part of fig. 118, the same loads being 
used as before, the equilibrium of the system will not be 
disturbed if the links are capable of sustaining compression. 
The force diagram is shown on the right, that also being 
turned completely round ; the member Ci Oi being now in 
tension instead of compression. In fact, the stresses are 
reversed throughout, though not altered in magnitude. If 
the member 0^ Oi be removed, then there must be applied 
at the ends a pair of opposite lorces which will do the same 
as the member Ci Oi. The system of links just described 
forms an ideal arch, or, more correctly speaking, the line of 
resistance of it ; for on referring to fig. 119, a system of 
links C, D, E . . . . K are shown loaded at their joints. 
About the linkage is described with dotted lines, blocks 
of masonry forming an arch, the joints of which are all 
perpendicular to the links. Now, it is evident that the arch 
will behave exactly the same as the linkage in supporting 
the loads, if we assume that the weights of the blocks are 
included in the load shown ; for take any individual block, 
say the third from the left. It is shown separated from the 
rest in the centre of the figure. The thrusts T^ and Tg, 
together with the load W3, are in equilibrium, the same as 
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in the linkage, and the thrusts Ti and T2 act perpendicular 
to the joints in the masonry, and consequently there can be 
no tendency of anv of the blocks to slide relatively to one 
another; and further, if the compressive stress is within 
the safe limit, and the centre of pressure nowhere passes 
outside the middle third of a joint, the masonry arch is 
stable, and the line of resistance will coincide with the 
system of links, in a manner similar to the reservoir dam. 
As no tie can be inserted between the ends, the reactions R 
and S must act in the directions alluded to in the previous 
figure, namely, in Di O1 continued, and Oi Oi continued. 
It is not necessar:^ that the joints should be perpendicular 
to the line of resistance,, but they must not deviate from 
that position through an angle greater than the angle of 




Fig. 119. 

repose, which is sometimes called the angle of friction. 
This is not likely to occur in an arch as usually constructed. 
In arches generally, the space between the two curved 
lines, fig. 120, is called the arch ring^ while the end stones 
S are called springers. The arch stones v, v are called 
voussoirSf and the joints between them bed joints. The top 
of the arch ring is called the crown^ while the extrados is 
the convex surface, and the intrados the concave surface, of 
the arch ring. That portion of the intrados near the 
springers is sometimes called the soffit^ and the structure 
l^tween the arch ring and the roadway is called the 
spandrels. The rise of the arch is shown in the figure as A, 
and the clear span as S. The actual span Si is slightly 
greater, it being the horizontal distance apart of the ends 
of the line of resistance. 
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Now, if a body be acted upon by a set of forces, the 
reactions called into play by tnose forces, and the internal 
forces in the body, will be the least possible. This is 
sometimes stated thus : If forces which are together in 
equilibrium upon or in a body or structure be classified in 
two systems, called respectively active and passive forces, 
which stand to each other in the relation of cause and effect, 
then will the passive forces be the least which are capable 
of balancing tne active forces, consistently with the physical 
condition of the body or structure. For the passive forces 
are caused and brought into play by the application of Uie 
active forces to the structure, and they will not increase 
after the active forces have been balanced by them, and will 
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Fio. 120. 

therefore not increase beyond the least amount capable of 
balancing the active forces. 

We may therefore conclude that as the force which one 
member of a structure exerts on another is a minimum 
with any specified loading, then the horizontal component 
of the thrust in the arch ring must be a minimum with that 
loading, and consequently the line of resistance will be that 
which, consistent with stability, gives the horizontal com- 
ponent a minimum value. 

Iq fig. 121 only that portion of the arch is shown to the 
left of the point at which the curve of resistance is hori- 
zontal ; and therefore at this point the thrust in the arch 
ring equals the horizontal component H. Let the loads on 
that part of the arch be Wi, W2, W3, &c., their sum being W, 
and let their horizontal distances from the point of 
application of R be represented hy Xi^ X2, oc^, . . . . and 
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X respectively. Take momenta about the point of application 
of R, and we have — 

H^ - Wi a?i - W2 X2 - W3 fl?3 . , , . &C., = O ; 

HA - Wa? = O; 
War 



or, 
that is, 



H = 



h 



which shows that if the positions of the loads remain the 
same, and the relative magnitudes of the loads Wi, W2, W3, 
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&c., do not alter, then the horizontal component varies 
directly as the sum of the loads. 

Let the loads and their positions remain constant ; then 
W 07 is constant. Now suppose those loads to act successively 
on the two different linear arches, fig. 121, of heights h^ and 



s 
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^2, the corresponding values of H being Hi and H2. From 
the above equation we have — 

H ^ = W a? = constant = Hi Ai = H2 ^2 I 

therefore Hi : H2 : : ^2 • ^i* 

Thus the horizontal component varies inversely as the 
height or rise of the arch. In the upper part of fig. 121 
produce H to cut the line of action of W, and draw the lines 
K L and L M to represent the forces H and W respectively. 
Join K M, and through the point of intersection of H and W 
draw a line parallel to K M. This will be the line of action 
of K, and will cut the bearing surface of the springer at the 
end of the line of resistanca If L M is divided into parts 
having the ratio Wi, W2) &c., and each of the points of 
division be joined to K, then the sides of the funicular 
polygon are parallel to these joining lines. 

In fig. 122 let it be required to draw in the arch ring 
between the points 3 and 4, so that there shall be a definite, 
horizontal component H, with the loading given at the top 
of the figure. The ordinate to the irregularly curved line 
gives the intensity of the loading at any point. This 
diagram has been divided by vertical lines into ten parts 
having the same horizontal breadth, and the area of each 
of these ten pieces will represent, to a certain scale, the 
load on that portion of the arch ; and consequently the mean 
ordinate of any one piece gives a measure of that load. A 
little circle indicates the centre of gravity of each piece, 
and a vertical dotted line has been drawn through each of 
them. Bow's notation has been used, and the line of loads a, 
by . , , , m drawn, the point n in it being at present 
unknown. Set off the horizontal distance H from the load 
line a, m, drawing the vertical dotted line that must contain 
the pole. In that line take any pole Oi, and draw in the 
radiating dotted lines Oi a, Oi 6, &c.y and afterwards 
complete the funicular polygon 1, 2 in the usual manner, 
including the closing line 1, 2. Through Oi draw Oi n 
parallel to the closing line ; then a, n represents the vertical 
component of the reaction at 4, and m, n, the vertical com- 

Sonent of the reaction at 3, the same as in a beam problem. 
Tow, we took any pole Oi, and obtained the lunicular 
polygon 1, 2. If any other pole had been taken, we should 
nave obtained another polygon different to 1, 2 : but as we 
have not altered the position of the loads, we snail get the 
reactions in the vertical direction the same as before, namely, 
a, n and m^ n. That is to say, wherever the pole Oi is 
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selected, the point n remains unaltered in position. Now, 
the full line Oi n is parallel to the closing line 1, 2. The 
closing line of the funicular polygon which we require to 
draw IS 3, 4, and as the point n remains unaltered for all 
poles, and as the new line corresponding to Oi n must pass 
throufifh n, draw n O2 parallel to 3, 4. The point where it 
cuts the vertical^through Oi is the new pole O2. Draw in 
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the new radial lines and a new funicular polygon, which if 
started at 4 will end at 3, this polygon being the line of 
resistance of the arch, sometimes called the linear arch. It 
will be observed that the lower funicular polygon is simply 
the upper one distorted by pure shear in a vertical direction, 
the angle of distortion being Oi n 02» and consequently 
the vertical ordinates of the two are the same, or pi « po* 
This might have been anticipated from previous work 
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dealing with the graphic determination of bending moment^ 
for, wherever the pole is selected, the vertical ordinate is 
a measure of the bending moment; and as the loads are 
unaltered, the bending moment cannot vary : and as the pole 
distances in both cases equal H, the vertical ordinate of the 
funicular polygon must be the same. In this way the lower 
polygon might have been plotted by simply transferring 
the vertical ordinates from the upper polygon to the line 3, 4. 
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As a preliminary to the next problem, it wiU now be 
shown that the ratio 

Hi _ A.2 
Hi " a;* 

not only holds good for the points in two linear arches at 
which those curves are horizontal, but that the same is true 
for any other pair of points in which a vertical line cuts 
two funicular polygons which terminate in the same points, 
these points being in the same horizontal Una In ng. 123^ 
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there are drawn two funicular polygons through X and N, 
corresponding to the two horizontal components Hi and H2, 
represented by q d and q Og. The closing line X N being 
the same for both polygons, the lines q O^ and q 0% wiU 
coincida Let n s = A^i c^d rz — h^* Consider the points 
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of application of the load KG to each of the arches — 1.«., 
the points u and a respectively. Using Bow's notation, the 
thrust }c Ox in the member K O1 can be resolved into its 
two rectangular components, t u horizontally and t u verti- 
cally. These we may designate Hi and Vi respectively. 
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For the equilibrinm of the piece of arch between u and N 
we must have, by the second law of equilibriam — 

Moment of H^ about N + moment of Yj. about N = sum 
of moments of forces KG, GF, FE, ED, and DC 
about N ; or — 

Hi X ub) + (Vi x6N) = (KG x 6N) + (GF x SN) + 
(FE X 5N) + (ED X N6) + (DC x 7N). 

And with similar treatment of the point a in the lower 
arch, using suffix 2 instead of 1 — 

(H2 X ab) + (V2 X 6N) = (KG x 6N) + (GF x SN) + 
(F E X 5 N) + (E D X 6 N) + (D C X 7 N). 

The right-hand sides of these equations are the same ; 
consequently 

(Hi X ub) + (Vi X 6N) = (H2 X ab) + (V^ x & N). 

The latter bracket on each side of this equation is the 
same, for, on referring to the pole diagram Vi, the vertical 
component of K Oi ia kq; and Y^, the vertical component 
of K O2, is also k q ; hence these equals may be removed 
from the equation, which then becomes 

Hi X 1*6 = H2 X a 6, 
or Hi ^ 06 , ^ Hi^ ^ A2 

H2 ub' H2 Ai ' 

therefore ^ = A2 = T_l. 

ub hi ns ' 

Similarly for any other joints, thus : 

Hi _ ^2 __ m_ _ .^ _ 2, 6 _. 4, 6 
H^ Ai ~ n7 ~ "1*6 ~ iTB ~ 3^6 ' ^^' 

And the same, of course, holds between the joints. It may 
also be noticed that as 2, 5 : 1, 5 : : 4, 6 : 3, 6, and, there- 
fore, the lines 1, 3 and 2, 4 will intersect X !N in the same 
point J. The same relation exists with any other pair of 
corresponding lines. 

Problem : Given the springer points 2 and 3, fig. 124, and 
a third i)oint a in the linear arch, loaded as shown with any 
loads, it is required to draw the linear arch. 

Produce the lines of action of the loads as shown by dotted 
lines, including lines through the points 2 and 3. Set down 
the line of loads c p, and take any pole Oi. Join this pole 
to the points Cyd^e^ . ' . . . ;?, and draw the funicular 
polygon 3, 4 with sides parallel to the polar lines, as usual. 
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Draw the closing line 3, 4, and then the companion parallel 
line Oiq, The point q divides the line of loads into two 
parts, such that c q represents the vertical component of the 
reaction at 3, while p q represents the vertical component of 
the reaction at 4| exactly the same as in the bending moment 
problems. In these latter, it will be remembered that the 
vertical reactions were thus found wherever the pole Oi was 
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taken ; and as the ordinate cut-off by the funicular polygon 
was the same as long as the horizontal pole distance 
remained constant, if we draw ^02 through g, parallel to 
2, 3, and equal to H^, we can then draw another funicular 
polygon 36 2 (shown dotted) with sides parallel to the radial 
lines O2C, O2 <^, &c., which must pass through 2, and whose 
vertical intercepts are equal to those of the polygon 3, 4. 
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Bat th^ polygon 263 does not pass throueh the point a 
as desired. Using the rf'sult of the discussion immediately 
preceding this problem, we have 

6 « : a s : : Hx : H2 

a bding a point on the rec^uired funicular polygon. Set off 
8t equal to 9O21 and join at; then through b draw bu 
parallel to a ^, cutting 2, 3 in tt. Then suia the re<}uired H3, 
and the distance 9 0« is set off* equal to su. This is evident^ 
for by similar triangles 

as st Hx* 

A third polygon is drawn, whose sides are parallel to the 
radial lines Os c, O^d^ &c., and this polygon will pass 
through a and 2, the horizontal component being H 3. 

In an actual arch, in which the loads are^ continuous, the 
polygon will be a continual curve, which will pass through 
the comers of the given polygon. 

If the springing points 2 and 3 are not on the same level, 
the process is the same, but it must be remembered that 8 1 
and 8 u are still on the line 2, 3, and not horizontal, as shown. 
After having obtained the line of resistance, or linear arch, 
with maximum and minimum loads, symmetrical curves 
must then be drawn, so that these lines of resistance shall 
be altogether included between them. These symmetrical 
curves are the limits of the middle third of the arch ring. 

A very short method upon the principles here set forth 
of drawing the linear arch through three given points is 
shown in ^^, 125. The points are 2, 3, 4 The line of 
loads ch being drawn to some convenient scale, and any 
pole Oi assumed, the funicular polygon 5, 3, 6 is drawn, 
commencinfi; witn the member GO through the given 
point 3. The line a Oi is then drawn parallel to 5, 6, and 
ca, ak are the vertical components of the end reactions. 
Draw 3, 7, 8 through 3 vertically, and join the two given 
points 2, 4 ; this will be the closing line of the required 
linear arch. Through a draw a O parallel to 2, 4, and take 
the point O in it such that H : Hi : : 3, 7, : 3, 3. This is 
easily done thus : Set down Q S and Q R equal to 3, 7 and 
3, 8 resp**ctively ; also QT equal to Hi. Join RT. and 
through S draw SV parallel to RT, cutting TQ m V. 
Then Q Y is the required H. Set off H to the right of the 
line of loads, and the vertical through its extremity cuts 
a O in O. This is the required pole. After drawing the 
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radial lines, the linear arch 2, 3, 4 is then drawn, commencing 
with either of the points 2, 3, or 4 In general, with 
granite voussoirs, if p be the radius of the circle which 
touches the topmost point of the intrados, and the inside 
faces of the springer, then depth of keystone at crown 

= *25 Jp + -5 gp^ + •2ft. 

For ordinary stone arch work multiply this result by f , 
and for brickwork multiply by |. 

The depth of springers is the same as depth of keystone, 
<^xcept for excessive spans. In small arches the depth of 
keystone is often taken as 



JV^ radius of curvature of soffit at crown 

for single arches, and for a series of arches the constant 1*2 
is replaced by 1'7. 



CHAPTER XXVI. 

The Principle of Work and Miscellaneous 

Problems. 

Let a force F be applied at the end of a piece of elastic 
material, whose transverse sectional area is A square inches 
and uniform, while its length is I inches, and Young's 
modulus of elasticity is K The sign of F is positive if 
tensile, and negative if compressive, and any extension due 
to the force F will have the same sign as F. 

The elongation of the material under the action of the 
load F = strain x length ; but 

F 
stress A 



E = 



strain strain ' 
F 



.-. strain = ^, 
and consequently the extension 

f; 

"" AE' 



r 

\ 
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The work done in steadily straining the material = average 
force X extension 

where 

m = -^-= = the extension produced by a load of 1 lb. 

F 
In equation (a) it is evident the average load is o' 

because the load is gradually and steadily applied without 
shock of any kind. We may put the matter in another 
way, thus : Let a scale pan be attached to the material, and 
let some finely-divided substance, such as sand or shot, be 
steadily pjoured into the pan ; the material will stretch as 
the load increases, and as the load is uniformly increased 
from zero to F, the average must be 

F + O _ F 

It may be argued that the putting on of a load is a 
different operation to the pouring in of a finely-divided 
substance such as shot ; but upon a little consideration it 
will be seen that the two are identical Take the case of 
putting a weight on an ordinary spring balance ; say the 
weight is 10 lb., and is held in the h^ds. The spring 
stretdies as the load is applied, and when the balance 
indicates, say, 61b., the remaining 41b. is upheld by the 
hands. Hence, at every point ia the elongation, some part 
of the load is supported by the hands, beginning at zero 
elongation with supporting. the whole of it, and gradually 
allowing the balance to take more and more of the weight, 
until the hands support none of it at maximum elongation. 
This is what takes place when a load is steadily applied to 
any elastic structure. 

Now, from the principle of the conservation of energy, or 
what is sometimes called the principle of work, the work 
done upon a structure by all the external forces equals the 
work aone in deforming the members of the structure. 
This principle will be applied to solve some of the problems 
which follow. 

Consider the hinged frame D B C, fig. 126, in which D B 
is 5 ft., B C 7 ft., and DC 10 ft ; also the sectional areas of 
D B and B C are 1 and 3 square inches respectively. Let 
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the points D and C be maintained in their respective 
positions — i,€,y the member D C mnst be absolutely rigid. 
For convenience in calculation, let suffix 1 relate to D B, and 
suffix 2 to B C. It is required to find the vertical deflection 
of the point B. Work done in extending 

2 ^' 

where Fj represents the total stress in D B. [Vide 
equation (a).] 
In the same way, the work done in extending 

B C = ?^^ 7^2, 

2 

the work done by the external force 

where S = the vertical deflection of B. Then, as the work 
done upon the frame by the external forces equals the 
work done in deforming the members of the frame, 

^ ^i _ 5 X 12 _ , 

^ EAi "■ 12000 X 1 ■'^'^^ 
^ _ ^2 _ 7 X 12 __ r 
^^2 " EA~ " 12000x3 ~ ''^• 

The total stresses Fi and Fg must be found by ordinary 
statical methods. The triangle of forces at the point B is 
shown in fig. 126, and as the triangle of the^framework and 
the triangle of forces are similar, 

W DC '^''' 
and ^"^ = ^ ^ — 7 

Inserting these values in equation (/3), we have — 

5 _ Fi^y?ii + Fg^mg 
W 
2-5^ 3-52 X 7 
200 »»00 



5 
= -012 in. 
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The same result might have been obtained thus : 
Extension of D B = F^ wii = 2*5 x t^tt = '0125 in. 
Extension of BC= -Fg W2 = -3'5 x ti^=^ - 0082 in. 

In the upper part of fig. 126, drawn to a much larger 
scale, are the extensions B G and B Q, representing '0125 in., 
and - '0082 in. respectively. Through G draw GN perpen- 
dicular to B G, and through Q draw Q N perpendicular to 
Q B, cutting G N in N. The point B is deflected by the 
load W to the point N, through a vertical distance B E, and 
the horizontal distance E N. The former, if measured off, 
equals '012 ia, as found above, and the lattpr equals '0051 in. 

Another and useful method of iiuding K N, the horizontal 
deflection, is as follows : Put on a force H, acting at B in a 
horizontal direction, flg. 127, from left to right, in addition 
to the load W. The work done by H on the structure will 
be — 

where dh » horizontal deflection. 

The work done by H on the structure must equal that 
done in deforming the individual members of the structure, 
and it is this quantity we must next find. 

Let two forces, P and Q, act in the same direction and 
together upon a piece of material, say along its axis. The 
work done 

= i (P + Q)2 m = i (P + Q) (P + Q) m 

= ?(P + Q)m+9(P + Q)m (7) 

= work done by P + work done by Q. 

Hence the work done by one of a number of forces on a 
member equals the product of m and half the force in 
question into the sum of all the forces acting on the member 

Referring to fifl:. 127, and considering the stresses in D B 
and B C due to H alone, we find, after drawing the triangle 
of forces X Y Z, the angle 



the angle 



Y = ^-D. 



X = l-C. 



and the angle Z = C + D. 
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And farther, because in any triangle the sides are propor- 
tional to the sines of the opposite angles, then 

H ^ JVl ^ IV 
sin Z sm X Y 

and putting in the equivalents of the angles, we have 



H 



Fx^ 



I? 1 



sin{C + D) sin(^-C) 8in(^-D) 



or. 



H 



Fi^ _ Fj^i 



sin B cos C cos D' 




Fig. 126. 



Now, from trigonometry we get 



sin B = -p ^ ^ ^ -^ VS(S-DB) (S-BC)(S-DC) 



where S = half the sum of the three sides. 
In this way we find 

2 



sin B = 



6x7 



J 11 (11 - 5) (11 - 7) (11 - 10) = -93 ; 



also 
and 



cos C = 



DC + CB« - DB^ 
2 X DC X CB 



•88, 



^j._ DC^ + DB«-BC^ _ ^. 
^' ^ == 2xDCxDB ^ ^^' 



270 GRAPHIC STATICS, 

Using these values in the above equation, we have 

Fi^ - -95 H, and Fji = '82 H. 

It has also been previously found that the total stress in 
D B and C B due to W alone are F^ =' 25 tons and Fg = 3*5 
tons respectively. Now, in D B we have stress due to both 
loads W and H = Fi + Fi^ = 25 + 95 H, and in BC we 
have - Fg + Fg^ = - 35 + 82 H ; the negative sign 
showing that W tends to shorten BC, while H tends to 
lenficthen it. 

Now, from equation (7) we get — Work done by H on 
member D B equals the continued product of mi, naif the 
stress due to H, and the sum of the stresses due to H 
and W, 

= ^^- (Fx + F,^) ^1 -» ^ (26 + -95 H); 
and the work done on B C by H 

and from the general equation of work we have 

H 5^ = -9511 (2.. _^_ ^6H)»n + '^ (-3-5 + -82 H)^^ ; 

or, dh = -95 (2-5 + '95 H) m^ + '82 (-82 H - 3 5) wig. 

Now we require to find the horizontal deflection of B 
with W alone — that is, when H is zero ; hence in the last 
equation put H = O, and there remains 

_ (-95 X 25) _ (-82 X 3-6) x 7 __ .r^.- 
* 200 3000 "^^'"^ 

Further, let D C still remain rigid, and let a bar, 1 square 
inch in section, connect B to T, of the same material as that 
in DB and BC. The structure now contains one more 
member than is required for statical equilibrium, and it is 
required to determine the stresses in the members BD, 
BC, andBT. 

Let the actual stress in B T be represented by H ; then we 
may remove T B and replace it by its stress H, as shown in 
iig. 127, on the right. Using the same notation as in the 
previous example, we must have — Stress in D B is Fj due 
to W alone, without H, and — Fi ^ due to H alone, without W. 

Similarly, stress in BC is -F2 due to W alone, and -Fg^ 
due to H alone, the negative signs indicating compression. 
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Now, the member B T is one of a system which is a con- 
servative system of members, and consequently the work 
done by any one member is stored up in the others ; or in 
other words, the work of the whole svstem remains constant, 
and is unaffected by any individual member. Hence the 
work done by any member on all the members of the system, 
including itself, must be zero. It may be seen more easily, 
thus : The work done by a member is that amount which 
it ^ives up to others, and is consequently negative from that 
point of view. The work done on the other members is 
received by them, and is consequently positive. Further, the 
work done by the one member equals the work done on the 
remainder of them, and the total work done on the system 
of members (i.6., on all of them) = minus that given out 
by the one plus that received by the remainder, = zero. 
Therefore, we may state that the work done by a redundant 
member on the whole structure (including itself) is zero. 
It will be useful to tabulate the results as they are obtained, 
thus : — 



Member. 


I 
m=. — 
Ah. 


Stress 
due tu 

W 
alone. 


Stress 
due to 

H 
alone. 


DB 


•sio 


2-5 


-•95n 


BC 


iiinrf 


-3-5 


-•82H 


BT 


4hu(f 





H 



Flongfttlon 
m X total streibs. 



•0125 - -00475 H 

- -0082 - -0019 H 

•0032 H. 



Work due to H alone s 
stress due to U alone 
X elongation x ^. 



(-•0119H+-0045H2)xi 

(•0067 H+ -00156 H2)xi 

•0032 H2 X § 



The length of the B T is 3 ft. 3 in. ; and, consequently, 

13 I 



m = 



4000 A E • 



Also in Column III., the stress in BT due to W alone is 
zero, as the stress in BT does not now exist as a stress, 
it being replaced by an external force H. The negative 
signs in Column lY. indicate that the stresses in D S and 
B C due to H alone are compressive. The total stress spoken 
of in Column V. is the stress in III. added to that in IV. 
This sum is multiplied by the corresponding value in IL, 
and placed in V. As we require the work done by H alone 
on the whole structure, we must multiply the quantities in 
V. by those in IV., and place the products in Column VI. 
The work done by H on the whole structure is the sum of 



272 



GRAPHIC STATICS, 



the quantities in Column YL, and from above this sum 
must be zero. Therefore, sura of quantities in Column VI. 
= -00926112 - -0052 H = 0, or H = '562 ton. 

Having obtained the numerical value of H, we may then 
draw the polygon of forces, and thus deduce Y^ and F2. 
In this way F^ — 2 tons, F2 = 4'05 tons, and the effect of 
introducing this extra member was not to materially 
strengthen the structure as a whole, but rather to weaken 
it ; for while it relieved D B of half a ton, it added about 
half a ton to B C ; and if this latter member were in the 
first place only designed for a stress of 3*5 tons, the 




Pig. 127. 

introduction of the member B T would tend to destroy the 
structure by overloading B C. 

Another, but slightly different, method may be adopted 
to find the stresses in a structure which contains redundant 
members. In connection with the masonry arch, it was 
shown that the internal forces in a structure brought into 
play by the application of external forces were always a 
minimum. In the case of a structure made up of elastic 
material with hinged joints, the internal forces are the 
stresses in the members ; and conseqjuently each of these 
is a minimum. The work done against these stresses is 
given by the sum of all the quantities, ^ F^ m ; consequently. 
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the work done is a minimum, because F is a minimum. If 
the work of deformation is a minimum, it is shown in the 
Differential Calculus that the first differential coefficient of 
the work done is zero. Of all the quantities that come into 
the expression for work done, the onl;^ ones which are 
independent variables are the stresses in the redundant 
members ; for if they did not exist, the remaining stresses 
are all determined, and when the redundant members are 
introduced, the stresses in all members are affected by the 
redundant members. Hence differentiate the expression 
for the work of deformation with respect to each of the 
stresses in the redundant members, and equate each to zero. 
This will give as many equations as there are redundant or 
superfluous members, from which their stresses may be 
determined. 

Applying this to the structure, fig. 127, we obtain for the 

work done in deforming the structure from the previous 

table, the sum of all the quantities— (stress ' due to W + 

stress due to H) x elongation. Thus work done by all 

' forces on structure 

= (2-5 - -dSH) (-0126 - •00475H)+(3-6 + •82H) (-0082+ -0019 H) 

+ -0032 H2 = W, say. 

Then O = ^ = (2-5 - '95 H) (-• 00475) 

+ (0125 - -00475 H) (- -95) + (3*5 + -8211) x '0019 
+ -82 (0082 + -0019 H) + "0064 H, 
from which we obtain 

•01862 H - 0104 = O ; 
or H = '56 ton, 

the same as obtained previously. 

In the last example only one superfluous bar or member 
was introduced. We will now proceed to investigate the 
problem in its general sense with any number of redundant 
members. 

A series of articles on this subject appeared in Engineering 
during the latter part of 1894 and the early portion of 1895, 
by Mr. H. M. Martin, Wh.Sc., and numerous articles have 
appeared in the Engineer between 1886 and 1895 inclusive 
from the pen of Mr. Max Am Ende, M.LC.E., all of which 
are well worth reading. The method of treatment in what 
immediately follows is that adopted, and so well described, 
by Mr. Max Am Ende. 
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The number of superfluons members in a stmctare is 
easily determined, for where there are none 

m = 2j - 3, 

where m is the number of members and j the number of 
joints or nodes. In fig. 128 there are 9 members and 6 joints ; 
therefore, by the above eauation, there are no superfluous 
members. In the figure the members are numbered, and a 
pair of equal and opposite forces FF are applied at the 
points X and Y. 

Consider the stress in any member, say the rth produced 
by the forces F. Let Sr denote this stress and Ir the length 




Fia. 128. 



of that member, while ^Ir will represent its extension. At 
the same time, let Ar be the sectional area and E the 
modulus of elasticity. In the figure, we may replace any 
member, say number 2, by the stress in that member. 
Taking moments about the point a, we get 



F X ca - S2 X a6 = 0, 



or 



a c 



S, = -iJ- F = c, F 



ab 



(7i) 



where C2 represents the fraction ac -r- ab. In the same way 

S3 == C3 F, and Sr = Cr F. 

The coefficient c may be always found from staticcJ con- 
siderations alone, and it represents the stress in the member 
due to an appliea force of unit magnitude in the place of F. 
If the structure be elastic, the points X and Y will 
approach each other, and the different members of the 
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structure will be deformed. If dlr denote the alteration of 
length XY, then the work done by the forces F on the 
structure Will be 

and will be positive, because the points X and T move in 
the direction of the forces. The work done against the 
stress in any member 

2 2 ' 

and the work done in deforming the members of the 
structure by the force F will be 

i^iFS/i + CgF^^g + CsFs/g + &C.] 

As all these quantities of work are done by the stresses in 
the several members, the whole will be negative in sign 
relative to the work done by the forces F, because move- 
ment takes place in a direction opposite to that in which the 
stresses act.*^ 

The principle of work says that the work done by the 
extemat forces equals that done against the internal stresses ; 
or, if the proper signs be attached to show how the work i<i 
done relative to the forces F, the sum of the external and 
internal work is zero ; or 

F F 

0= o^^r - o [^1 ^^1 + C2SI2 + C^Sl^ + (fee.], 

and O = 5/f - Ci 5^1 - c^ dl^ - ^3 5/3 - &c. 

If now we replace the forces F in fig. 128 b^ a 
superfluous member, as in fig. 129 (t^e structure being 
hinged at X and free at Y), the work done by the internal 
stress in this member will be negative, because the point Y 



* There should be no difficulty in determining the sign of the work done, for 
the work done by the forces F it really energy given to the struciure by the 
agent which is acting on the utructare with the forces F. This same energy is 
stored up in the elastic structure — i.«., the structure receives it from the agent. 
Now, the ign of the energy will depend upon the point of view of looking at it— 
i.e., whether from the point of view of the recipient or of the donor. Looking 
at the question in thi8 way, it is easy to see that the work done by the eztemid 
forces equals the work dune in deforming the members of the structure. 
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moves in the opposite direction to that in which the stress 
is applied. The above equation will then become — 

where a is not an index, bnt simply implies that the 
coefficient c refers to the member denoted by the suffix in 
relation to the superfluous member X Y, whose stress is F^ ; 
thus €2^ representis the co«>fficient 

ab 

in fig. 128. In the same way €2^ would represent the same 
coefficient connecting a second superfluous bar with member 
number 2 — that is, it is the stress in member 2 produced by 
unit stress in the superfluous member 6. 

Now let the structure, fig. 129, be acted upon by the 
external forces F, Q, <&c., and let there be superfluous bars 
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in it (not shown), whose stresses are represented by 
F^, F^ , F^' , &a Let E represent the stress in any member 
produced by the external forces, without any superfluous 
member being in the structure. 

Then the whole stress in any member, say number 1, due 
to the external forces and the redundant members together, 
will be 

Si = Ri + Si« + Si& + Si*' + &c., 

where the letters a, 6, &c., denote the superfluous members 
producing that stress. 
But it has been shown that 

Si«^=Ci«F«, Si&=Ci&F*, and SiC = CiCF«; 
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therefore 

Si = Ri + Ci«F« + Ci^F* + Ci^F^ + &0. 
Similarly, 

Sg = R2 + <J2*F« + C2*F6 + C2<^F<: + &c. >. . . . (c) 
and 

S3 = R3 + C3«F«+ c^f>Ff> + €j,^¥<:+ &G,. 

and so on for all the members. 
It has also been shown that the extension of any member d I 

» strain x original length of member 

_ stress intensity ^ ; 

total stress I 



seccioniftl area E 



= ® ^ "A~T^ = S m, say . . . * • (f) 

A Hi 

For every superflaons member we shall have ail equation 
similar in form to (A), and, therefore, in the present instance 
we must have the equations — 

O = dla + Ci« «^ + C2« «/2 + C8« 5^8 + &C^ 

= 3/6+ Ci* «/i + C2* 5/2 + <J3* 5/3 + &C. > . . (17) 

O = 5/c + Ci« 8/1 + C2« 8/2 + ^Z"" *^ + <fecJ 

And so on for every superfluous member. Substituting from 
(i) in (17), we get— 

O = Sa ma + Ci« Si Wi + C2" S2 wj + C3« S3 W3 + (fea 

O = Sfe mft + Ci* Si Wi + C2* S2 ^2 + C3* S3 W3 + &a 

O =s Sc mc + Ci« Si «ii + C2^ S2 wi2 + 63* 83 ?»3 + &C. 

And further substituting from equation (e), we have — 

O - Sa Wla + Ci« mi (Ri + Ci« Sa + Ci* Sd + Ci<^ Sc + Aa)' 
+ C2" m2 (R2 + C2« Sa + C2& S6 + C2« Sc + ikc. ) 
+ C3« mg (R3 + C8« Sa + Cs^ Sft + C8« Sc + &c) 

+ <fcc. 
Similarly, }. (^) 

O = S6 m6 + c/ mi (Ri + Ci« Sa + Ci^ S6 + Ci« Sc + &c.) 
+ Ca* mg (Rg + C2« Sa + Cg^ S* + €2^ Sc + &C.) 
+ C3* mg (R3 + C3« Sa + Cg* S6 + C3<^ Sc + &C.) 

+ &a. 
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and so on for as many equations as there are superfluous 
bars. If there is only one superfluous bar A, then Ss, Sc, &c., 
will be zero ; and the last equation (6) will give the stress 
Sa in the bar, it being the only unknown quantity in the 
equation. For Ei, Rj* K3, &&, are found graphically, or can 
be calculated statically, they being the stresses in the 
members 1, 2, 3, <&a, due to the external forces alone. The 
coefficients c^^, C2^, &&, can also be found from the 
dimensions of the structure ; and m^, m2, &c., the coefficients 
of extension, are also known when the dimensions of each 
member are given. For only one superfluous member 
equation (d) becomes 

O = Sa ma + C^a ^i (R^ + Ci« Sa) + Cg^ Mq (R2 + ^2^ Sa ) 
+ C3« Wlj (Rs + Cg* Sa) + &C. 

= Sa[ma + Wi (Ci«)2 + Wig (C2«)^ + ^g (Cga)^ + &c.] 

» 

+ Ri rrii Ci« + R2 ^2 C2<* + Rg Wg Cg« + &c. 

Should it be required to find the change in the length 
X Y under the influence of the external forces alone, 
without any superfluous members at all, we simply replace 
the redundant member A between X and Y by a pair of 
external forces S"^' as in fig. 128. Then, as d/ now takes 
place in the direction of the force, the work done by the 
force will be of opposite sign to that done in deforming the 
members of the structure. The quantity dU = Sa ma will 
now be negative, and the last equation will become — 

5 Za = Sa ma = CI**- Wj (Rj + C^* Sa) + Cq^ fTlz (Rg + Cg^ Sa) 

+ Cg* mg (Rg + Cg* Sa) + && 

As we want to find the deflection under the condition of 
the external forces P, Q, &c., alone, Sa must be zero, and the 
above becomes — 

8 la = Ci« m^ Ri + C2^ m2 Rg + c^^ mg Rg + &c. 

If there are redundant members in the structure, then the 
deflection will be obtained in the same way, but including 
those members. 

As a numerical example of the foregoing, take the canti- 
lever in the upperpart of fig. 130. It is loaded at its lower 
extremity with Wi = 5 tons ; it is hinged at C, and tied 
back at D. The points C and D are maintained at a 
constant distance apart, which is equivalent to saying that 
the member 9 is absolutely rigid, and therefore its extension 
is zero. It is required to find the stress in each member of 
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the structure. The first thing to be done is to discover 
if there are any redundant members in the structure, and, 
if so, where they are situated. See what members mav be 
discarded without destroying the structure. The members 
a, 2, 6, and 5 majr be so removed, and we have left the 
structure shown m the lower part of the figure. The 
members 5, 6, and 2 can only be strained when a is strained, 
and there appears to be four redundant members. The 
necessary members are given by the equation 

m = 2J - S. 

Here the number of joints is six; hence m = 9 ; and as there 
are ten members in the structure, there can be only one 
redundant member. As 5, 6, and 2 are of no use without 
a, then a must be the redundant member. It will be 



c 


> 1 




2 


9 


\ 


/' 


y 


C 


/ 
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/\ 


^ 


3 




4 



<z 




Fro. 130. 

noticed that if 8, 7, and 4 were removed, the structure 
would not collapse ; in fact, the structure is made up of two 
similar structures, one containiug the members 1, 8, 4, 3, 7, 
and 9, fig. 131, while the other contains the members 1, 2, 6, 
5, 3, and 9, the load being applied at the point where 2 
meets 6. These two structures are superposed one on the 
other, and connected by the member a. Following out the 
method previously discussed, we remove the superfluous 
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bar a, and replace it by two forces equal to the stress in it 
acting at its extremities. Call these forces So. It will be 
most convenient to record in tabular form the results of 
the numerous calculations made. 



Table Kefebrino to Figures 130 and 181. 



I. 


It. 


IIL 


IV. 


V. 


VI. 


VII. 


VUI. 


IX. 


X. 






« 




"3 


h 


S 










i 






5^ <.; 




•5 

IS 


5 






1 


a 




1 


< 


8s§ 


1^ 


41 o8 


+ 


« 
g 


• 

s 


o 

m 


1 


• a 


1 




1 




1^ 


II 


t 


fi 




1 




a 
a 


II s 

3' 


11 








1 


40 


6 


Won 


2W, 


1 


-2 


- 1 


%0 


tAo 


2 


40 


8 


vhxs 





1 





1 




w, 


9&V 


S 


40 


6 


tbVw 


-w, 


- 2 


I 


- 1 


Tsuo 


tAjt 


4 


40 


8 


TfhlS 


-w. 





1 


1 

• 


ooo 


sin 


5 


565 


3 


lin 





V~iJ 





V'2 





sin 


6 


66-5 


5 


TftVo 





-^/H 





-v'li 



w 


Ti(r 


7 


56-5 


5 


lAn 


-W»v/2 





x/2 


V2 


- ^1 

5Su 


Tio 


8 


56-5 


8 


TiJn 


w.v'a 





-^72 


-V'i 


820 


«i<^ 


9 


40 


oo 








1 





1 








a 


40 


2 


v&o 





_ 


— 


- 


- 


- 



In the accompanying table, the first column contains the 
numbers which denote the several members, the second the 
length of the members in inches, and the third the sectional 
area of the members. In the fourth column is given the 
values of m, and the fifth contains the stress produced in 
each member when the redundant member has been 
removed. The sixth column contains the stress in the 
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members produced by unit force applied at M, fig. 131, 
while the Beventh oolamn gives a similar value when unit 
force is applied at N. The eighth column oontains the sum 
of the numbers in the two previous columns. 

Using the quantities given in this table to substitute in 
the equation (0\ namely, 

O = Sa ma + Ci« Wli (Ri + CjO So) + C2" 7/12 (^2 + ^2* Sa ) 
+ C3« ^3 (Ra + C3« Sa ) + + + <:»« Wn (R» + C2« Sa ), 

which reduces to 

Q ^ _ Ci<^mi Ri + (?£« lyig R2 + C g^mg R3 + 4- + Cn ° mn Rn 

ma+mi(Ci«)*^ + m2(C2«)2 + m3(C3«)^+ + +Wn(Cn«)* 

we obtain 

So = -445 Wi = -445 X 5 = 222 tons. 





Fio. 131. 



To find the stresses in the individual members, replace 
So, fig. 131, by 2*22 tons, and if we multiply all the numbers 
in Column VI. by 2'22, we shall obtain the stresses in the 
members due to 2*22 tons applied at M, fig. 13L These 
numbers are given in the second column of the next table. 
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The third oolnmn ffives the stresses in members due to 
W]^ - Sa applied at i^ in a downward vertical direction. 
This is given by the product of 



(Wi - Sa)and 



R 



The true stress in any member is the sum of the numbers 
given in the second and third columns of the last table. 
The last column contains the stresses in members when the 
member a is assumed to support half the load Wi. It will 
be observed that the true stresses are not far from those 



Member. 


KaSa 
tons. 


tons. 


True stress 

In member 

in tons. 


Stress in 

1 members with 

the assumption 

that half the 

load W, is 

supported by a. 


1 


2-2 


5-6 


7-8 


7-5 


8 


2-2 


• • 


2-2 


2-5 


S 


-4-4 


- 2-8 


- 7*2 


-7-5 


4 


• • 


- 2-8 


- 2-8 


- 2-5 


6 


31 


• • 


8-1 


3-5 


« 1 


- 3-1 


• • 


- 3*1 


- 8-6 


7 ' 1 

1 


• • 


- 3-95 


-3-«5 


-8-5 


8 

1 


• • 


3-«5 


8-95 


8-5 


1 

» i 


2-2 


• • 


2-2 


2-5 


a 


• • 


• • 


2-2 


2-5 



obtained by the assumption mentioned above in this par- 
ticular instance, but they may vary very considerably from 
those values if the transverse dimensions of the redundant 
member are much reduced. 

It may be instructive to solve this same problem by the 
method of least work. Divide the structure, as shown in 
fig. 131, and let the upper portion be loaded at M with 
Sa tons, while the other portion is loaded at N with a force 
of W, tons downwards and Sa tons upwards, or a net force 
of ( Wi - Sa ) tons in the downward direction. The stress 
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produced by the upper load Sa alone in the different mem- 
bers will be found m the third column of the following 
table, and the stresses produced by the load (Wi - Sa ) are 
given in the second column. The sums of the numbers in 
these two columns are given in the fourth column ; while 
the work done by each stress is given in the last column in 
the form— 



2AE 



F2 wi 
"2— 



1 


Stress in 

member 

produced by 

alone at N. 


Stress in 

ruember 

produced 

bvSa 

alone 

at M. 


Total stress in 
member. 


-A 


Work done in 

^training member 

= (lotai stress)' 


1 


, 2(Wi-8a) 


Sa 


2 W^ - Sa 


lAo 


(2W. -e«)«x,A« 


2 





Sa 


Sa 


vho 


Sa» X TTj\m 


3 


-(W.-Pa) 


-28a 


-(W» + 8a) 


j^an 


(Wi + Sa )« X jiAn 


4 


-(Wi-Sa) 





-(W. -Sa) 


vAo 


(W, -Sa)* X tr\»o 


5 





Say/2 


Sa'v/2 


vis 


8a« X ,lo 


6 





- Sa\72 


-Say/ 2 


Tl^O 


Sa» X xn\o 


7 


-(Wi-Sa)A/2 





-(Wi-Sa-/^ 


TO^«B 


(W»-Sa)2 X ^n^,„ 


8 


(Wj-Sa)v'2 





(W. - Sa ^1 


lio 


(W»-8a)* X|,i„ 


9 





Sa 


Sa 





• 




a 




1 


Sa 


Sa 


thxf 


Sa« X tAo 



The sum of all the quantities in this last column is the 
work done in deforming the structure. If this is differen- 
tiated with respect to the stress Sa in the redundant 
member, the dinerential coefficient must be zero. Let U 
denote the total work done ; then 

TJ ^ ( 2Wi -SaV-^ 4. So^ 4. ( Wi + S a )« (Wi^_Sa )^ 

3600 1800 3600 " 1800 

. Sof Sa2 (Wi - Sa )2 (Wi - Sa )^ Sa^ 

640 1060 1060 640 1200* 
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Collecting the qaantities, and differentiating, we get — 



= 



dU 

d Sa 



= - -000564 (2 Wi - Sa ) + 00779 Sa 



+ -000554 (Wi + S« ) - -00632 (Wi - Sa ) 

and Sa "- '45 Wi approximately, 

a result similar to that obtained by the other method. 
The slight difierenoe between the two numbers, *45 Wx and 
*445 Wi, is due to the fact that these calculations have been 





Fio. 182. 

done with a pocket calculator, a form of circular slide rule, 
and numerically exact results have not been aimed at. 

If in the cantilever in the last example a second superfluous 
member (h) is introduced, and at the same time the structure 
be loaded at two joints as shown in the lower part of fig. 
132, the stresses in the members, including the redundant 
members, may be obtained in the manner previously 
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indicated in connection with equation (0). Let the second 
load be denoted by W2, and the stress in the bar & by S& ; 
also let the sectional area of this member be 4 square inches. 
Bemove the superfluous members, and replace the member 
(a) by unit stress acting at its extremities on the structure 
in the same way that Sa would do. This unit stress produces 
stresses in the several members represented by the symbol 
c^ with the suffix number of the member j e.g,, the stress so 
produced in (5) is Cs<)^, the suffix a denoting that the unit 
stress is applied in the same manner as Sa. The diflerent 
values of c^ are given in the sixth column of the following 
table. Now remove this unit stress and apply it in the 
position of the member 6, and in the same manner that S& 
would act The stresses c^ produced by it in each member 
are found in the seventh column of the tabla The fifth 
column contains the stresses produced by the external loads 
Wi and W2 when the superfluous bars a and b are removed. 

Table in Connection with Fig. 132. 



I 
§ 



2 



8 



6 



8 


a 
h 






40 
40 
40 

40 

56-5 
66-5 
M'b 

56-5 

40 
40 
40 



1- 
H 

I 



6 



6 



8 

00 
2 

4 



g 



iVn 



Tl 



son 



xtaii 



900 



rin 



rn^n 



TOBfl 



vta 



«•'• 



Tson 



R 


-1 


c* 


c«mR 


c*mR 




•• 


2Wj 


1 


90U 


900 


tAo 





1 











vha 





- <w, + W,) 


-1 


1 


w, + W, 
1800 


-(W, + W,) 


Ti\in 


r^oo 


1800 


-w, 


1 





vuo 





vhn 





w,V"Ji 


V^ 


-V2 


820 


82U 


.in 


v4« 





-V2 











sla 





-V^'CWi+Wj) 


V"^ 


-v"^ 


-rw, + w,) 


W, 4- W, 
580 


tin 


riff 


580 


\/2W, 


-V-i 





820 





irirn 








I 


1 

















• ■ 


• • 


• • 


• • 


• • 


• • 
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Insert the several values found in the table, in the 
following equations, which are simply equations (0) 
repeated, with the terms that are not required left out : — 

O = Sama + Ci«mi [Ri + C^^Sa + Ci^Sft] + C2«m2 

[Rg + Cg^Sa + Cg^Sft] 

+ t-'s^wig [Rg + Cb* Sa + Ca^Sd] + + + Cy«m9 

[Ro + Co«Sa + Ce^Si] 

O = S6m6 + Ci^Wli [Ri + Ci«Sa + Ci*S6] + Cg^Wg 

[Ra + C2«Sa+ Cg^Si] 

4- Cg^ms [Rg + Cg'^Sa + Cg&Sfr] + + + C^* fflo 

[Ro + Cj,«Sa + Ce«iS6] 

and we obtain the following simultaneous equation — 
•01503 Sa - 0051 Sft = -00664 Wi - 00177 Wg 
- 0072 Sa + 0069 Sft = - 003 Wi + 00612 Wg, 

which gives Sa = 45 W^ + '28 Wg, 

and S6 = -035 W^ + 118 Wg. 

If the load Wg were removed, the second superfluous bar 
(6) would have little effect in altering the stresses in the 
members ; but if the load Wg were replaced and W^ 
removed, it then exerts considerable influence on the 
remainder of the structure. The load Wi does not 
appreciably aflect the stress in (6), but the load Wg affects 
both a and 6 to a much greater extent. 

Lattice Girder with One Superfluous Member. 

In the upper part of fig. 133 is shown a short lattice 
girder, loaded at the joints of the lower boom and supported 
at its extremities. A much longer girder, or one having a 
greater number of diagonals, is generally to be .found in 
actual practice ; but the principle of solution is identical in 
both cases. The girder has been loaded at every joint to 
show the influence of every weight on the stresses in the 
members. The structure contains one more member than is 
required for statical equilibrium. This is shown in the 
equation m = 2j - 3. 

Either of the end posts may be removed without the 
collapse of the structure. Let us remove number 17 ; it will 
then be found that numbers 5 and 13 are then useless, and 
we get the figure shown in the middle of fig. 133. Its 
appearance is peculiar, but if Wi = W2 = Wg, the iseveral 
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stresses are given in the stress diagram on the right in the 
usual manner. But as it is more interesting to study the 
effect of every individual load on the structure, the stresses 
have been ouculated by the ^^ method of sections," and 
where necessary the ordinary polygon of forces. These 
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stresses are to be found in the Hf th column of the following 
tabla The members 5 and 13 are now replaced, and the 
stress Sa is inserted in^ the place of the redundant bar 17. 
(This stress is put in, in the positive direction, and if the 
numerical value is negative, it shows the stress is the 
opposite to tension, namely, compression.) The stress in 
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each member produced hj onit stress applied ia the place of 
8a is given in the sixth colnnrn of the following table. The 

TaBLX of yOANTlTIKB IN CONNKCTION WITH FiG. 133, 









„■ 


a. 


" 


>sc«B XIO'. 




:aw, + 2W, + w,) 




!50<SW,+ 2W,+ W,) 


^ 


-w. + iWj + aw^ 


-1 


i25(+w,-iw,-aw. 


■0005 


6 W, + 2 Wi + 3 w,> 




ia5{6W,+2w,+ 3W,, 


-MH 


l(sw,-2W, + w,) 




2S0(8W, -sw,+ w. 


■O0OT6 


K8w,+aw, + w,) 


-1 


lS7(8W,(-2W,+aWJ 


-OWSTS 


i(2W,+ »W,-t.2WO 




-»4(iW.+4W,+3W0 


'OOOSTS 


- (W, + W,,) 




TSO(W, +W,( 


■00OT5 


2-^<SW,+2W,+W,) 


-s^ 


2M{3W, + aw, + w,) 


■001 


^^CW.+2W.+W,, 


Vi 


TIKI(!W, + SW, + W,) 


■ms 


^,<^W,+2W.W„, 


-Vi 


700(aw,+3w, + w,) 


■0028 


^,,sw,+.w,+w,, 


nT^ 


MOCSWi + SWj + Wj) 


■001 




-Va 




■001 


V."w, 


vi 


1*00 w, 


■0014 


-V^w, 


-N^ 


uoftw. 


-oou 


Va (w, + w,) 


Vi 


10W(W, + W,) 


-001 


- (W, + W,) 




500 (W, + W,) 


^ 



seventh column is the product of the numbers in the fourth, 
fifth, and sixth, multiplied by one million for the sake of 
getting rid of the cyphers after the decimal place. Inserting 
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the several quantities in equation (^), and not forgetting to 
divide the sum of the quantities by one million, we get — 

O = -0005 Sa + -01347 Wi + -0038 W2+ '00465 Wg + -01386 Sa. 
which reduces to 

Sa = - -94 Wi - -265 W2 - '325 W3 ; 

the negative sisns showing that each load helps to put the 
redunoant member in compression. 

For the sake of comparing the results obtained by 
assuming the girder to be composed of two simpler girders, 
and those obtained by the more correct method, a further 
table of comparative stresses has been made, and is given 
on page 291. The second column contains the stress in each 
member produced by the stress in the redundant member, 
namely — 

Sa = - -94 Wi - -265 Ws - '325 W3. 

This is obtained by multiplying the stress Sa by the 
coefficient c^ in the sixth column of the previous table. 
The third column gives the actual stress in each member, and 
is obtained by adding together the qui9kntities in the second 
and third columns. The last column contains the stress in 
each member when the girder is broken up into two 
elementary girders, as shown in the lower i)art of fig. 133. 
A comparison of the stresses thus obtained with the actual 
stresses will show at once how ver^ wide of the mark they 
are. This column has been put in because it is so often 
stated in text-books that the girder can be broken up in 
this way, whereas the stresses thus determined do not at 
at all agree with the actual stresses 

In general, the bracing members are more numerous than 
are shown in fig. 133, but the method of calculation is the 
same in all respects. 

A similar girder to that just discussed, but in which the 
inclination of the bracing members to the horizon is 60 deg. 
instead of 45 deg., is shown at A, fig. 134. It is used as a 
riveted structure for short spans, and as a pin structure for 
lon^ spans. The Memphis and Indiana Bridges in the 
United States are of this form. Short-span riveted girders 
of this type are sometimes made with quadruple bracing, 
as shown at B. In general, the diagonals are riveted 
together where they cross one another, making the structure 
very rigid, similar to a plate girder. At C is shown a 
modification of the form shown in fig. 133, which is alwajrs 
used for long spans. The Pegram truss at D, fig. 134, is 

V 
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an economical form, on aoconnt of the shortness of the 
compression members in the upper boom. There are three 
redundant members, two of which are shown dotted. A 
swing bridge is shown at E, containing three superfluous 
members. When sustaining a load, it rests upon four 
supports, and does not act as a cantilever, but as two girders 
supported at their ends. The Baltimore truss is shown at 
P, fig. 135, the dotted lines representing superfluous 
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Fig. 134. 



Fio. 135. 



members. It is used for long spans only, as are the next 
two specimens, the Petit truss at G, and the girders of the 
Hawksbury River Bridge, New South Wales, at H. In 
both instances the dotted lines represent members inserted 
merely for the purpose of stiffening the compression 
memllers. A double cantilever with central girder is shown 
at K. The latter contains two superflaous members, and 
the outer ends of the cantilevers are anchored to the 
masonry. A very complete classification of bridges will be 
found in Professor Olaxton Fidlers treatise on "Bridge 
Construction.'' 
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Table of Comparative Stresses. 



1 

i 

1^ 


Stress in each member 

produced by redundant 

bar 17 = ca X 8a 


True stress in each mem- 
ber = R + stress produced 
by the redundant bar. 


Stress in each member 
computed by dividing 
the girder up into two 
simple Rlrders. 


1 


- -94^^!- -265^^3- -825^^., 


-•2IW1 +-285W2+ •676W3 


•5Wa 


2 


•94 W, + •265W2 +'-325W, 


•69W| +-765W,+1'076W3 


•5W,+ •6Wj+ -SW, 


3 


- •94Wi--265W,--325W3 


•3lWi +-235W,+ •426W3 


•5Wi+ •6W,+ •5W, 


4 


•94W I + •265W, + 326 W3 


•19Wi +-765W2+ •O76W3 


6W, 


5 


- •94Wi--266W,--S26W, 


-'94W, -•265W2- -325 W3 


- •76Wi - -asw. 


6 


•94Wi + -265Wj + -325W., 


-•6«Wi -•735W,- •I76W3 


- •75W, - Wa - •25Ws 


7 


- •94Wi--265W,--325W3 


- 1-44W, - 1-266W2 - •826W3 


-•75Wi -Wa-^26W, 


8 


•94W, + -265W,+-325W3 


- •06W, + -266W2- •675W3 


-•76Wi -•25W3 


9 


l-32Wi+'375Wj+ •62W3 


•27 W,- •325Wj+ •nWa 


-•7W, 


10 


-1*32W, -•375W,- •52W3 


-•27W,+ •825W,-- 'VrW^ 


•7W, 


11 


l-32Wi + -376W,H- •52W3 


•27W, - •325W2+ •17W3 


•7W, 


12 


-l-82Wi-'376W,- -52 W3 


-•27Wi+ •325W,- •nWa 


-•7W, 


13 


l-32Wi + -376W3+ -52 W3 


r82W,+ •376W,+ •62W3 


1-06W, +-86W3 


14 


-l-82Wi--875W,- •62W3 


•O94W1- •375Wj- •62W3 


•86W1 -•86W3 


15 


l-82Wi + -376Wa+ -62 W, 


-2-734Wi--376W,- •62W3 


-'36W, +*85W3 


16 


-l-32Wi--875Wj- •62 W 3 


•094Wi- •376Wa+ •894W3 


•86Wi +1-08W3 


17 


- •94Wi - •265W, - •826W3 


-•94Wi- •265Wj- -826 W3 


- •76W, - •26W3 


18 


•94W, + -265W,+ -326W3 


-•06W,+ •265W,- •675W, 


-•26W, -•75W3 



Deflection. 

Given any structure composed of members hinffed together 
at their extremities, it is required to find the aeflection of 
any point in that structure, in any direction, due to any 
load ; and further, to find the force that must be applied at 
that point to prevent any deflection of that point A very 
simple pin structure has been selected, fig. 136, the left-hand 
-end being fixed, and the right-hand end free to move horizon- 
tall v on a frictionless support. The three upper joints are 
loaded with the weights indicated in the figure in tons, by 
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numbers attached to the arrows. The span is 40 ft, and the 
lengths of the individual members are to be found in the 
accompanying table, in the second columa 





Table of 


Quantities Relating to 


Fig. ; 


136. 




Member. 


a 
t 


5 • 
"3"^ 

1- 
14 


1 

a 
a 

1 


lOOOms 


c« 


Rc«m 


1000 X 


1 
1 

1 


1000 X 1000 X 


1 


21-6 


84 


1-62 


-2 88 


-•8 


8^6 


-l^l j -•H 

1 


1-84 




3-9 


2 


21-6 


14 


84 


1-52 


-2-33 


-•3 


8*6 


-11 


-•14 


184 


3-9 


S 


21-5 


14 


84 


1-52 


-2-33 


-•3 


8-6 


-11 


-•14 


1-84 


3-9 


4 


21-5 


14 


84 


1-52 


-2-33 


-•3 


86 


-11 --14 

1 


1-84 


3-9 


5 


7-5 


4 


24 


1-86 


- -76 


-•034 


105 


- 37 , -•0165 


•25 


•52 


6 


10 


3-5 


20 


2-9 


- -76 


-•043 


1*62 


-•1 -0058 

1 


•03 


•28 


7 


7-6 


4 


24 


1-86 


- -76 


-•084 


105 


-•37 ' --0165 


•25 


52 


8 


23-6 


2 


11 


11-75 











-•85 --U 


1 





9 


28-5 


2 


11 


'W 











-•85 --11 


1 





10 


24 


80 


-104 


' -^ 


152 


-127 


1-86 


1^45 -12 


1-68 


1-77 


11 


24 


80 


-97 


•8 


1-35 


-•105 


1^47 


2 -^155 


3^2 


2^16 


12 


24 


80 


-97 


• 

-9 


1-35 


-•105 


1-47 


2 ' -^155 


3-2 


2^16 


18 


24 


^0 

• • 


-104 


•8 


1-62 


-•127 


1-86 


1^45 --12 


168 


1^77 


• • 


• « 


• • 


• • 


Sum 


-1775 


•04478 


.. -1^3688 


•0196 


•02478 



The sectional area of each member is given in the third 
column of the table, and the stress in each member, as found 
by the stress diagram, is given in the fourth column. 

We will first proceed to find the deflection horizontally of 
the right-hand end. If a superfluous member be inserted,, 
tving the two ends together, the stress in which is Sa, we 
shall have the relation already indicated in equation (^),. 
namely, 

O = Sama + Ci«?»i (Ri + Ci«Sa) + Cg^mg {R2 + C2«S«) 

+ C3«Wl3 (R3 + Cg^Sa) -f &C.,. 
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in which Sa ma is the extension d U of the member (a), as shown 
by the equation (^). If the movement of the end of stracture 
take place when there is a member (a) inserted, it will be 
of the same sign as the other extensions, because they aU 
take place in directions opposite to those in which the 
stresses act If the superfluous member (a) be replaced by 
forces Sa equal to the stress in that member, the sign of 
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the movement of the end under the action of Sa will be of 
opposite sign to the other extensions, because it takes place 
in the same direction as the force acts. This was explained 
in connection with equation (5), Replace the member (a) 
by a pair of forces So, as indicated in the middle of the 
fig. 136, then the deflection Sama = ^^ais of opposite sign to 
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that of all the other terms in the above equation ; conse- 
quently we may write — 

Sama— 5/a = Ci^mi (Ri + Ci«Sa) + Cg^Wlg (R2 + Cg^Sa) 

+ Cs^TWg (R3 + C3«Sa) + (fee, 

in which Slaia the deflection of the free end. 

The member (a) does not exist in the upi)er part of the 
figure ; therefore Sa = O, and 

dla = mi Ri Ci^ + W2 R2 ^2* + mj R3 + C3« + <fec., 

a sum of the quantities in the seventh column of the 
table, 

= - 1775 in. 

The result is in inches, because all lengths have been 
reduced to inches. The negative si^n indicates that the 
movement takes place in a direction opposite to the 
supposed force Sa. 

If the free end is prevented from moving under the load, 
S la will be zero, and Sa will be the force which must be 
applied to the end horizontally to prevent deflection. In 
the last equation but one, put Sla= 0, and we have 

O = - 177 + Sa [(01*^)2 + (C2«)2 + (C3«)2 + &C.], 

= - 177 + -0448 Sa, 
and Sa *■ 39*5 tons. 

Now tie the two ends together with a superfluous 
member (a), whose sectional area is 5 square \nches. Using 
the last equation but three, which is a repetition of 
equation (^), we get — 

O = -008 Sa - 177 + -0448 Sa, 
from which Sa = 33'5 tons. 

Also the extension d la of the member (a) 

= strain x length = ?*^® x I 

= -§7x^x^2^ ^^^.^ 
12000 

Hence the deflection of the free end horizontally when the 
redundant member is put in is - '268 in. 

Now take out the superfluous member (a), and find the 
vertical deflection of the topmost point of the structure. 
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Proceeding as before, we put in a pair of forces in the line 
of the required deflection, these forces really being substi- 
tuted for the stress in a redundant member occupying the 
same position. Let suffix b denote the quantities referring 
to this second superfluous member or its equivalent forces. 
Using the second of the equations (^), we have, after 
changing S6 mb into - S h. 

Sib = c^^ m^ Ri + 02^ m^ Rg +C3* ma Rg + <fea 

The right-hand side of this equation will be found in the 
tenth column of the previous table, and 

5^6= - 1-37 in., 

the negative sign showing that the deflection took place in 
a direction opposite to that in which the force m(^ O) 
was applied. (See lower part of fig. 136.) 

If the superfluous member (a) exists in the structurei the 
deflection of the topmost point will be very different from 
that found above. Thus, from equation {0\ 

8h = Ci^mi (Ri + Ci« Sa) + Cg^mg (R2 + Cg* Sa) 

+ Cg^mg (Rg + c« Sa) + <fec. 
-■ S (R m c* ) + So(cia Ci^ m^ + Cg* Cj" «*2 + Cg^ Cg« wig + <kc. 

= - 1-37 + 33-6 X 02478 

= - -54 in. 

The quantities inside the second bracket above are given 
in the last column of the foregoing table. 

Lastly, let there be a redundant member (6) (sectional 
area 6 square inches and 10 ft. long) as well as (a) existing 
in the structure at the same time ; then from equation (0) we 
get the simultaneous equation — 

O = Sa Wlx + Ci« mi (Ri + Ci« Sa + Ci^ S* ) + C2^ mg 

(Rg + C2«Sa + C2* Bb ) + Cg^mg (Rg + Cg«Sa +Cg& S6 ) X <kc. 

O = S6 m6 + Ci* mi (Ri + Ci« So + €2^ Sft ) + Cg* m2 

(R2+ C2«Sa + C2* S6 ) + C36 mgCRg + Cg«Sa + cg^ Sft )+<fec.; 
and after substituting and reducing, there remains 

1-77 = -0528 Sa + -02478 Si, 
1-37 = -02478 Sa + '0017 Sft, 
from which we obtain 

Sa " 7-05 tons and Sb = 56*7 tons ; 
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6 12000 

J «; 667 ^ 10 X 12 vMiKj- 

and sh= - —X -^^^^ --mm. 



Tbussed Pine Beam. 

Thas far we have dealt only with hinged stractnres 
having saperflaons members, but it is a common occurrence 
to find structures composed partly of hinged members and 
partly of continuous elastic members. The method of 
treatment of such problems will be here indicated, but 
space will not permit of many examples being worked out. 

The trussed beam, fig. 137, is 40 ft. long, and rectangular 
in section. It is loaded at any point D with 4 tons. It is 
required to find the tension in the two tie rods, the com- 
pressive stress in the strut, and the maximum stress, both 
tensile and compressive^ in the beam. The beam is 15 in. 
deep and 12 in. wide, and is made of pine, whose modulus of 
elasticity is about 600 tons per square inch. The tie rods 
are of wrought iron 20*45 ft. long, and 2 square inches in 
sectional area. The strut is of cast iron 4 ft. long, 4 square 
inches in sectional area, and whose modulus of ^ elasticity is 
about 7,000 tons per square inch. The point D is at quarter 
span. 

Let P be the thrust in the strut in tons ; then the work 
done on the strut is given by the expression 

pa ^ = -000857 P'-* inch-tons. 

Similarly, if S represent the stress in each of the tie rods, 
then 

S«- 
2 

is the work done on each of them. But the stresses in the 
tie rods and the stress P are represented by the three sides 
of a triangle, from which we find 

S = 2-55 P ; 

therefore the work done on the two ties 

= 2 X (2-55 P)2 X ^ = -0671 P^ inch-tons. 
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The work done in compressing the beam by the horizontal 
components of the stresses in the tie rods 

= ( S )% ^ ^(gMlx,^^,^ 12 =00115 P'inch-toP8. 
\511/ 2 261 12x15x600 

There is, lastly, the work done by P in bending the beam. 
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Fio. 187. 

It was shown [equation (7)] that the work done by any 
force on a piece of material, when working in conjunction 
with other forces, was 

force in question ^ g^m of all the forces x m. 

In the same way the work done in bending an element of 
material by a force in conjunction with other forces is 

bending moment ^ ^^^j^ through which element is bent 

The bending moment is the average over the element due 
to the first-mentioned force alone ; while the angle through 
which the element is bent is that due to all the forces acting 
on the element. The beam in fig. 137 is subject to the forces 
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shown in the middle part of the figure, namely, at the left- 
hand end the supporting force upwards is 3 tons and the 
component of S in a vertical direction downwards, which 
equals' *5 P ; at E there will be the upward thrust of the 
strut, and at the right-hand end there will be the supporting 
force of 1 ton upwards and a downward force '5 P, equal to 
the vertical component of S. 

Let ft be the radius of curvature of the neutral surface of 
the beam at any point, and d <P the small angle between the 
tangents at the extremities of an element of the neutral 
line, fig. 137 (lower portion), whose length is d I. Then 

Rd<f> = dl, 

1 M 

and d<f> = dl, ^= dl, =^=- [see equation (29)]. 

This small increment of angle d ^ is due to all the forces 
acting on the beam ; similarly, M is the average moment 
over the element of beam producing the increment of angle 
dtp. As we require to find the work done on the whole 
structure by the force P, the work done by P in bending 
the element of the beam will be ^ x moment over element 
caused by P, X (i i>. 

Let the moment over the element due to the force P alone 
be Ml, then work done by P in bending beam 



-/t^'. 



the integration to be taken in sections over the whole 
length of the beam. The reason for integrating in sections 
from F to E, from E to D, and from D to C, is that in 
passing over the end of any one of these sections the 
generating function is not continuous in the sense used in 
the calculus, and an expression can only be integrated 
between certain limits when the generating function is 
finite and continuous between those limits. 

Now, inserting the value ot d(l> obtained above, we obtain 
for the work done 

Between F and E the bending moment M, at any section 
G, distant I from F, is 



(P W\ 
— - — - j ^ ton-inches. 
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and the bending moment M^ due to P is 

p 

— I ton-inches. 

Inserting these values in the above equation, we have for 
the work done by P, in bending the beam between F and E, 

L 

o 

where L denotes the length of span in inches. 

Performing the integration, we get for the work between 
FandE, 

4EI\2 4/L3J. 



PL 



m (^ - ?) '^^^■*^^- 



192 
Between C and D the bending moment due to F will be 

2 

where I is measured from C to the right, and the bending 
moment due to all the forces will be 



(2 -i^)'- 



and the work done between C and D will be 

L 



i-i/'^'a-*")^' 



o 



Between D and E the bending moment due to P will be 

2 

when I is measured from C. The bending moment due to 
all the forces will be 
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and the work done by F between D and E 

L 
1 

Collecting terms, we have for the work done by P in 
bending the beam from end to end — 

PL « fp - ^ + ? - ^ ^ + ^^-P - ^i Wl 
192 El L 2 8 16 16 ^^ J 

= -57 P* - '39 P W inch- tons. 

Then the total work done by P on the whole structure, 
including itself, is zero ; or, 

•000857 P2 + 0671 P^ + 00115 P^ + 57 P^ - 39 P W = 0, 
and P = -61 W. 

If W is 4 tons, then 

P = 2-44 tons ; 
also, S = 2*55 P = 6*23 tons. 

Stress in tie rods = -— = 31 tons per square inch. 

. 2'44 

Stress m strut = -— — = '61 tons per square inch. 

4 

The maximum bending moment occurs at D, and equals 
213*6 ton-inches, which equals ^fbd^y where / » maximum 
stress in material, b is the breadth, and d the depth. Solving 
for /, we find / = '475 ton per square inch. 

Lattice Gibder with Kiveted Bracing. 

A lattice girder is really a structure with redundant 
members, but when the bracing is close together, and riveted 
where they cross one another, the girder is made so rigid 
that it approaches very near to the ordinary plate giraer, 
and can be treated as such without introducing an error of 
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any great magnitude. It was shown in the design of a 
plate girder (figs. 99 to 102) that, first, the shear stress over 
the web was approximately constant ; and second, that there 
were in the web induced tensile and compressive stresses of 
equal intensity, over planes at right angles to one another, 
and inclined at 45 deg. to the direction of the direct stresses 
in the filanges. Eeferring to fig. 138, the induced tensile 
stress in the web is shown along a strip at C, and the 




Fio. 138. 

compressive stress at D. As the stresses are tensile and 
compressive in the directions of C and D, it will not matter 
if part of the web is cut away, leaving other strips at 
regular intervals, similar to the arrangement shown below 
in fig. 138. The compressive stresses are <t>j and 02> "^hile 
the tensile stresses are ^3 and ^4. If these are resolved 
vertically, it will be noticed their components all have the 
same sense of direction — i.e,j downwards. As these forces 
represent the action of the removed parts on the remaining 

Sarts, it is evident the removed parts will tend to move 
ownwards over those that remain ; in other words, the 
shearing force at the section in question tends to make the 
right-hand piece slide downwards over the left-hand piece. 
The sum of the vertical components equals the shearing 
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force at that section, or, if ^ is the inclination of the bracing 
to the horizon, 

shearing force = 4>i sin ^ + 02 ^^ ^ + 03 sin ^ + 04 sin 0. 

As the shearing stress over any section in a plate girder 
is approximately constant, the stresses 0i, 0q, &c., will be 
approximately equal, if the dimensions of the braces are the 
same at that section. In this wav the necessary bracing 
can be calculated for, if the loads, <S^c., are given; and 
conversely, if the dimensions and loads are given, the 
stresses may be calculated. 

Thbee-hinged Abgh. 

Let C E D, fig. 139, represent the centre line of a three- 
hinged arch, the hinges being at C, £, and D. Let the clear 
span be I feet, and the rise h feet at centre of span. Also 
let a load w tons be situated as shown in the figure, at a 
distance of x feet hozizontally from the point K The 
horizontal component of the supporting forces is H^ and the 
vertical components are represented by Yi and V2. Taking 
moments about D, we get 

also V2 = t^ - Vi = ^(i -a:). 

Considering the forces to the right of E, the bending 
moment at that point is 

V2 X I - H A ton-feet, 

and as there is a hinge at E. there can be no bending 
moment there; consequently tne last expression must be 
equal to zero. This gives 



2A \2 / 



The two parts of the arch are simply curved beams, and 
can be treated as such. The complete reaction of one beam 
on the other at E is obtained by combining the vertical 
shearing force at E with the horizontal component ol H. 
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In the present case it will be a force inclined upwards to the 
left. Only one load is given in the figure, but the method 
of procedure is the same for any number. The graphical 
method of treating the same problem is interesting. As 
before, neglecting the weight of the structure, the reaction 
at D (lower part of figure) must pass through E, as there 
are onljr two forces acting on the right-hand half, and for 
equilibrium these must be equal and opposite, and con- 
sequently must lie in the line D E. Produce D E to cut the 
line of action of w in F, and join C F. Then C F D is the 
funicular polygon for that particular load ; and if the pole 
diagram be drawn by setting down the load line h h ■- 



w. 




Fio. isd. 

and through b and k respectively, drawing b a and h a parallel 
to F D and C F, and finally the horizontal a O, then, accord- 
ing to equation (20), the bending moment at any point ^ in 
the line C D (treated as a single beam supported at and D) 

» the intercept 64* y. oa y. scale of ^ x scale of a. 

In addition to the bending moment due to the vertical 
components, as in a beam, there is the bending moment due 
to the horizontal component of the reactions, and this will be 
of opposite sign to the previous moment, and will equal 

e X scale of e x H, 
which equals 

€ X scale of e x oa x scale of a. 
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The total bending moment at e in the arch is the sum of 
these two moments — ^that is, 

(e^ — e<f>)xoax scales = eO x oa x scales. 

Similarly, the bending moment at m in the arch is 

\fi X oa X scales, 

but this moment is of opposite sign to that at e, because the 
intercept X ai is outside the arch, while e d is inside. 

We may therefore conclude that, in general, the intercept 
between the funicular polygon and the centre line of tne 
arch ring x the pole distance o a x the scales, will always 
be the bending moment when the arch is hinged at its 
extremities, aiid when the funicular polygon passes through 
those extremities. This result may have been obtained 
otherwise, thus : The resultant force in the arch at e is along 
D E, which is parallel to and represented by b a. Therefore, 
moment at e » 6 a x scale of o a x ei x scale of e i. But 
the triangle eio \a similar to the triangle boa therefore ; 
the bendiog moment at e 

= ba X €$ sin €0 i x scales 

= ba X €$ X ^ X scales 

ba 

= €d X oa X scales. 

As there can be no moment at E, there can be no intercept 
there, and consequently the funicular polygon must pass 
through K 

Summing up, we may state that the bending moment at 
any point in an arch ring can be expressed as — the vertical 
intercept at that point between the funicular polygon and 
arch rinff x horizontal pole distance x scales ; or by the per- 
pendicuUr let fall from the point in the arch ring on to the 
nearest side of the funicular polygon x the force in the 
pole diagram corresponding to that side in the funicular 
polygon X scales. 

The same holds whether there are two or three hinges, 
provided that the funicular polygon be so drawn that it 
passes through the two hinges situated at the springers of the 
arch. An example is given in the upper part of fig. 140. 
In the same figure is represented a section through the 
above two-hinged arch at C, and which has a solid web. We 
find, adjacent to the section A 6, the line F G of the funicular 
polygon, which means that the force K, acting along G F, 
maintains the remainder of the arch in equilibrium, together 
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-with the forces to the left of the section A 6. From C, the 
neutral point of A B, drop a perpendicular on to F O, and 
let its length be p ; then tne oending moment at A B is 




/?^ it? 



^f 



Fio. 140. 



B, X p. Resolve R along and perpendicular to the neutral 
fibre at C, and we have — 

R COS ^ = direct thrust over section A B » T, 
R sin ^ = shearing force over A B = S. 



Arch with no Hinqes. 

In fig. 141 is shown an arch rigidly attached to the founda- 
tions at the abutments, and lower down in the figure will 
be found the neutral line of the arch ring. Consider any 
element of the arch ring whose length is ds, and whose 
4X)-ordinates at its middle point are x and y. Also let the 
load on the portion of the arch to the left otdsheW^ 
acting througn its centre of gravity, as shown in the figure, 
at a distance X from d s. Further, let the horizontal com, 
ponent of the reaction at A be Hi, and the vertical component 
oe Yi. Let the moment at A be represented bv Mi. Now 
if the ends of the arch are rigidly maintained in position, 
w 



Wf 
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As the points of support do not move under any circum* 
stances, the deflection of either point horizontally or 
vertically is zero, and the work done by Hx or Y^ on the 
structure is zero. 

Let dh he the horizontal deflection of either end. Work 
done by 

HTj d h 
1 = Jii ^1 

and this must equal the work done by Hx in deforming the 
structure. 
The change of angle between the ends of the element c^ « is 

El ' 

and the work done by Hx in bending element d s through 
this angle » ^ x moment over element produced by Hx x 
change of angle 

= i X Hxy Xg^(i5, 
and total work done by Hx in bending arch ring 

=/HxXM ds- Hi /^y ds 

Let A be the average sectional area of element d s, and T 
the total thrust along the axis of element, while is the 
angle made by the axis of the element with the axis of x ; 
then 

T = Vi sin + Hi cos - Wx sin <f>. 
Extension or compression of element 

^ T ,d8 
AE * 

and work done by Hx in compressing d 8 

Hi cos ^ T. ds 
" 2 "AE"' 

Also total work done by Hx in compressing the whole arch 
ring 



• 2E->^ A 



"1 
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Over the element d s there will be a shearing force S, say ; 
then the work done by Hx in tending to shear the element 
transversely 

_ Hi sin S . d a 
2 """AG" 

where G is the transverse modulus of elasticity, sometimes 
called the shear modulus. 




Fig. 1429 

The total work done over the whole arch rib by H^ in 
tending to shear 

^_ Hi /• S sin J - 



A 
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Collecting the above quantities together, we obtain for 
the total work done by Hx on the stmcture — 

O » work done by H^ in defleoting ends of arch rib 
+ work done by H^ in altering the angle between the 

ends 
+ work done by H^ in compressing the arch rib ; 
+ work done by H^ in shearing the arch rib. 

The first of these quantities is zero, because the deflection 
is zero. We then have left — 

. Hi /• S sin J - /^ X 

'^m(~K — '^'- <''> 

There will be the following equation similar to the last, 
due to Vi— 

A A 

'*' 2W ~K- • '^ *- <") 

From equations («), (X), (/*), H^, V,, and Mi can be 
calculated, and all the other quantities, including the stresses, 
can be derived after these are known. 

The Anchor Ring. 

An anchor ring is an annulus, and its section is generally 
circular, though not necessarily so. It is required to find 
the resistance to ru])ture when strained in a manner similar 
to the links in a chain. A few links are shown in elevation 
on the left side of fig. 143. Consider any individual link. 
It is acted upon bv two equal and opposite forces, 
each equal to the pull exerted by the neighbouring link. 
Let this pull be represented by W. Each link is symmetrical 
with respect to a vertical centre line, and consequently can 
be split up into two equal parts by that centre line, as 

shown in the middle of fig. 143. We shall then have ^ 
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acting, as shown, at each end of each half ring, and the 
action of W on the ring as a whole is to bend it to a smaller 
radins of curvature at the sections where the forces are 
applied. Let the moment due to this bending action be Mi ; 
then at the top and bottom sections of the link one half of 
the link will act upon the other with a bending moment of 
Ml. On the right side of the figure is shown the centre 
line of a half link, acted upon by two equal and opposite 

forces each equal to ^->, and two equal and opposite moments 



• • VvN/V.' 





• !!.•>- FlO. 148. 

each equal to Mi. Consider any point P in this neutral 
Una The bending moment at P will be 

^. PQ-Mi = ^RBin^-Mi, 

where R is the radius of the neutral line. The change of 
angle between the ends of an element at P, whose length is 
d 8, due to all the forces and couples, is 

where <t> is the angle between the ends of the element, and 

M is the bending moment over the element due to all the 

forces and couples, 

w 
= -■■- R sin ^ - Ml. 

If the two halves of the link were hinged together at the 
top and bottom, there would be no bending moment Mi, and 
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hence Mi can be looked upon as the moment due to a 
redundant member, and the work done on the structure by 
Mimust be zero. 

Work done by Mi in bending element through the change 
of angle d <f> 

= M ^^ -M ^^* 
- Ml — - Ml -^^j. 

The work done over the arc C D = work done over the arc 
D E, and work done over the whole ring = twice the work 
over C E = four times the work over the arc C D. Therefore 
the work done by Mi in deforming structure 

'r-M Uds 2Mi 5-„ , 2Mi A,„^, 
= o = 4/Mi2E-i = -^/Mds = -^/URde. 

or = /'M^.de =/(^Ksin^- Mi)c^^ 



= [- ^Rcos^ - Ml ^]^'= J(WR - xMi) 

M WR 
or Ml = 

IT. 

This result might have been obtained from slightly different 
considerations, thus : The total change of angle between the 
ends of the quadrant D is zero, the sections at the ends 
remaining parallel to themselves ; hence by equation on 
page 298 

TT TT IT 

which gives the same result as abova 

Let r be the radius of the section of the material of the 
ring, and/6 the stress produced in the outer fibres by 
bending. At D 

M =^R- Ml 
2 ^ 



312 GRAPHIC STATICS, 

and A-M^_r/WR WR\_WRr/j. 1\ 



•235 WR 



r^ 



At the same section 



then 






/ / _i. / 235 W R . 159 W 

= :^(-235R + 159 r). 



Stress in Spokes of Bicycle Wheel. 

First assume that the segments of the rim of the wheel 
are so rigid as not to alter their shape when a load is 
applied at the centre of the wheeL Let the load be W ; then 
there will also be the pressure of the earth on the tyre 
upwards, equal to W. Now, from the equation, 

n = 2 ; - 3, 

it will be seen that there is one superfluous member, and 
that one is L, in fig. 142. Only eight spokes are shown, 
but the method is the same, however many there ara Next 
assume the spokes are put in without any initial tension ; 
then the load W will compress C L. But the spoke of a 
bicycle wheel is not capable of sustaining a compressive 
stress of any appreciable magnitude, and therefore we may 
conclude that C L in the position shown does not contribute 
to the stability ot the wheel, and may therefore be removed. 
The line of action of the load W is produced through the 
centre of the wheel, and is represented by C L ; while the 
reaction W, and the two segments C B and L B, are replaced 
by the two stresses C B and L B. We now have acting on 
the structure three external forces, namely, C L, C B, and 
L B. The stress diagram is found immediately underneath 
the wheel, and it will be noticed that the stresses in all the 
spokes are the same, while the stresses in the remaining 
segments are the same. This may have been found analyti- 
cally by the method of sections, for cutting any pair of 
segments of the wheel with a line p q ; and taking moments 
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about the centre, the stress in each segment must be the 
same, because the distance from the centre is constant. If 
the stress in each segment is the same, then the stress in 
each spoke must be the same. 

Bicycle wheels are constructed so that the spokes have 
an initial tension before any load W is put on the wheel. 
Let T be this initial tension in each spoKe ; then, as the 
load is applied at the centre, the centre will be depressed, 
and all spokes above the horizontal through the centre will 
be elongated, while all the others will be shortened. Let 
V be this vertical deflection of the centre ; then the work 
done on the wheel by the load W will be 

W 

This is spent in deforming the spokes of the wheel. 
Consider the action on the rth spoke, fig. 142, making an 
angle B with spoke number 1. The rth spoke is elongated 
by the amount 

dlr = V cos 0, 

If there are n spokes in the wheel, the circle will be 
divided by them into n equal angles, each of which is 



and consequently 



— radians, 
n 



2 TT 

^ = — X r radians. 
n 



Let Br denote the increase of the stress above T in the rth 
spoke due to the load W applied at the centre ; then 

Initial stress before elongation = T. 

Final stress after elongation = T + Sr . 

Average stress during elongation = J" =T + -^ . 

Work done during elongation = \T + -^f dlr , 
Work done on all the spokes during application of load 

= (t + -|i) d;, + ( T + ^^^) di, + + + 



(t + 1") 



+ IT + S?) dln = 



Wv 
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which may be simplified thus — 

JKy^T{dl^+dl2+dl^ + + +dln) 
+ \ (Si C? ^1 + S2 C? ^2 + S3 C? ^3 + + + Sn C^ In), 

Now, every spoke that is elongated will have a companion 
spoke in the same straight line that has been shortened a 
like amount, and consequently 

d li + dl2 + dl^ + + + dln = ; 
hence 

W V = Bi d li + S2 d I2 -^ Bq d l^ + + +Bndln. 

It was shown in equation (d) that 

d I = Sm, and therefore S = — : 

m 

hence 

7n>i 7H2 97^3 Tlfln, 

The spK>kes being all the same size, m^ = m2 = 77^3, &c. 
Putting in the value of 

dlr = V cos 

n 

for each spoke we get — 

W = :?^ fees'' 23 + cos" i^ + coa'' i^ + + + coa^ ^^ 
m \- n n n n J 

Replace cos^ 6 by its equivalent, 

1 + cos 2 g 
2 ' 
and we have — 

Wv fn , I ( 4t, Stt, 12 x,, 4nirl "I 
■" — 7. + 5 "I cos — + COS — + COS — + + cos J- I 

m L2 I n n n n ) J 

The series enclosed within the wave bracket is of the 
form — 

cos a + cos 2 a + COS 3 a + COS 4 a + + + COS « a, 

the sum of which is^ 

n d 






a 

sing- 



Vide Todhunter's " Plane Trigonometry/' page 244, College edition. 
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Inserting this Value in the above eqnation, we get 

\ 2 / n 2 n 



2m 



n + 

sin 
2n 



2 / n 2 n 

81^5- J 



_ V n 
^ 2 m' 
becanse sin 2 ^ is zero for all values of n ; 

also V = dli = Si mi ; 



therefore W 



_ Si n 

~ IT' 



Also dl2^ dlj, cos — = v cos — and c? /2 =" ^2 ^2 ? 

ft n 



therefore W = 



vn _ S2 « 



2 m ^^„ 2 IT* 
a cos — 
n 



J Q 2W 2ir 

and So = cos — : 

^ n n * 

also Sr = — cos ?^ (r - 1), 

n n 

and actual stress in spoke = T + Sr 

= T + ?^ cos ^ (r - 1). 
n n 

If every spoke is in tension, and the stresses are a mini* 
mum, the least stress in the lowest spoke is zero, and 

T-2W. 
n 

At the same time the stress in the highest spoke will be 

2W 4W 



T + 



71 fl 



The segments of the rim have been assumed to be rigid ; 
hence the effect is the same whether a load be applied at a 
single point in the rim or distributed symmetrically ov^er 
it. Let the arrangement, fig. 142, be turned upside down, 
and we have the large Graydon wheel at Earls Court. 
Therefore, in that case, the uppermost vertical spoke has 
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no stress in it, while the lowest spoke has a stress eqaal to 
four times the load applied at its extremity. This stress is 
doable the initial tension in the spoke. 

Graphical Determination of Area of Plane Figure. 

Let it be required to find the area of the irregular plane 
figure, fig. 144, enclosed by the heavy line 7, «, ^, &o. Select 
the point which occupies the extreme left of the figure. This 
point is 7. Through it draw a horizontal line extending on 
the right beyond the area to be measured. Divide the area 
above the horizontal through 7 into four-sided parts by 
vertical lines (shown dotted) through «, ^, <&a, and label the 
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spaces between these vertical lines A,B,C, &c. At some 
point H in the horizontal through 7 draw the vertical line 
e m ; then bisect each of the portions 7 «, st^ tu, &C., of the 
boundary line, and through those points of bisection draw 
horizontal lines to cut em in a, 6, c, &c (one of these is 
shown through b). Now take any point O as pole in 
7 H, and draw the radial lines shown. Beginning at the 
point 7, draw through the spaces A, B, C, &c., lines parallel 
to O a, 0€), O c, t&c., as in a funicular polygon. Then the 
area enclosed between the irregular outline, the vertical u v, 
and the horizontal 7 H, equals the true length of the intercept 
5 1 X true length ofOH = 5i x OH x scale of 5 i x scale 
of O H. This result can be proved thus : The area included 
between the verticals through t and 3 above the horizontal 
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7 H »= average height x width = tme length of c H x true 
length of2.4. = cHx2.4. X scales. Also the triangle 
2.3.4 is similar to the triangle O c H ; therefore 

?-^ = fr^J or 3-4 X H = 2-4 x c H. 
c H OH 

But 2 . 4 X c H =B area included between the two verticals 
through t and 3, if the figure is drawn full size; but if 
drawn to some scale, then the left-hand side of the equation 
must be multiplied oy the scales to give the true area. 

Now, the portion 3 . 4 of the intercept 3 . 1 is the vertical 
projection of 2 . 3, and consequently the area between the 
verticals through s and t wul be given by the vertical 
projection otx ,2 x OH x scales ; also the area between 7 
and the vertical through 8 will be given by the vertical 
projection oi7 x x O H x scales. Therefore the whole area 
above the horizontal 7 H between 7 and the vertical through 
3 will be— (vertical i)rojection of 7 a? + vertical projection 
otx2 + vertical projection of 2.3) x OH x scales a 8.1 x 
O H X scales. In the same way, the area up to the vertical 
««tB5t X OH X scales. The area below the line 7 H can 
be represented in the same way, and consequently the area 
of the whole figure to the left of any vertical ttv a 5.6 x 
O H X scale 015.6 x scale of O H. 
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